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BBEJAEHUE

Meronnueckue yka3zaHus COCTaBJIEHBI HA OCHOBE NMPAKTUYECKUX 3aHATUH, KO-
TOpPBIE aBTOPBI IPOBOJAWIM Ha IPOTSHKEHUH MHOTHX JIET NPENOJAaBaHUS JUCLUILIMH
«MaremaTtuka» u «Bpiciiasg marematuka» B Bure6ckom rocy1apcTBEHHOM TEXHOJIO-
rM4ecKkoM yHHUBepcureTe. [IpuBe€HHBIN MaTeprall IPOBEPEH HAa HECKOJIBKUX IIOKO-
JEHUSIX CTYJEHTOB U COJAEPKUT HEOOXOIUMBIE CBEJIEHUS AJIs OYIAYLIUX WHKEHEPOB.
Cpenn pacCMOTPEHHBIX B yKa3aHHUSX THUIOBBIX MPUMEPOB €CTh 3aJlayd, UMEIOIINE
MIPAKTUYECKYIO HAIMPABIECHHOCTh U CBA3AHHBIE C JUCLUUILUIMHAMHU, KOTOpbBIE OYyIyT
U3y4aTh CTYJEHThl MEXAHUKO-TEXHOJIOIMYECKUX CIIELHMAIIBHOCTEN B CIEAYIOIIUX Ce-
MECTpax.

JlaHHBIE METOAMYECKUE MAaTepuasbl MpeJIHa3HAYEHbl JJI1 CTYJEHTOB MEXaHU-
KO-TE€XHOJIOTHYecKoro (akynprera. B padoTe mpuBeneHbl TEOPETUUECKUE BOMPOCHI
IUISL CAYM OK3aMEHA, COJIEpPKaHUE W TEMaTUKA NMPAKTUYECKHUX 3aHATHNA IO yKa3aH-
HBIM JUCLUUIUIMHAM. MeToAnYecKue yKa3aHusl HallMCaHbl B COOTBETCTBUU € Y4eOHOM
IIPOrpamMMoON AUCHUIUINHBI «MareMaTrnka» U «BpIciias MaTeMaTuka» Uil CTYACHTOB
nepBoro roga odydenus cueruansaocreii: 1-36 01 01, 1-53 01 01-01, 1-40 05 01-01.

B MeToauyecknx yka3aHUsAX pacCMOTPEHBI TP pa3zesia IucuuImiMH «Martema-
THKa» U «BbIcIIasg MaTeMaTukay: aHaJIUTHYECKasi TEOMETPUS, TUHENHAs U BEKTOPHAsI
anredpa. CornacHo ydyeOHOM mporpamme KypcoB «Marematuka» u «Bpicias mate-
MaTHKa» JJI CTYJICHTOB MEXaHUKO-TEXHOJOTMYECKUX CHEUaIbHOCTEH BCE 3TU pa3-
JeNbl CTYJIEHThI TOJDKHBI M3y4duTh Ha 17 aynutopHsix 3aHaTuax. Kaxnoe npakruye-
CKO€ 3aHATHE NPENCTaBIIAeT COOOM METOIUYECKU MaTepual JAJid €ro MpOBEICHUS,
COJIEPKUT PELICHUs] TUMOBBIX NMPUMEPOB U MOJOOPKY PEKOMEHIYEMBIX K PEIICHUIO
3a/1ay 1o TeMe 3aHATUA. B Hayane KaXqoro mpakTUYECKOTo 3aHATUS MPUBEIEH KpaT-
KU TEOpEeTUYECKH Marepuai, KOTOPbId HEOOXOOUMO 3HAaTh CTYACHTY HpH MOArO-
TOBKE K ayJIMTOPHON M CaMOCTOSATEIIBHOM pabdoTe IO 3aJaHHOW TeMe, OJIHAKO ATHUX
CBEJICHUI HEIOCTAaTOYHO JUIS CIAa4M 3K3aMeHa mo npexamery. [Ipexne yem npucty-
[IaTh K PEIICHHIO 33/1a4 MPAKTHYECKOrO 3aHATHSI WIM BBIIOJHEHUIO JIOMAIIHEro 3a-
JaHMsl, CTYIEHTY HEOOXOANMO U3YUUTh TEOPETUUYECKUI KypC JIEKLIMOHHOIO MaTepua-
Ja uin oOpaTUThCS K aKaJeMHUYECKUM HU3JaHUsAM Uil 0ojiee AeTaJbHOrO0 M3y4eHHUs
paszienoB Kypca, KOTOpbIe €ro MHTepecyroT. HanMmeHoBaHME 3aHATHI, a TaKXKe UX
CTPYKTYypa MOCTPOEHBI B COOTBETCTBUHU C y4E€OHON MPOrpaMMOil yKa3aHHBIX JUCIIH-
IUTMH J1J1s1 CTYJIEHTOB MEXaHUKO-TEXHOJIOTUYECKHUX CIEeHHUAbHOCTEH, a TaKKe MOTYT
MPUMEHATHCS Ha MPAKTUYECKUX 3aHATUSAX CTYJACHTAMH APYTIUX CHElHalbHOCTEN pas-
Tu4HbIX popMm 00yueHus. CTylneHThl 3a04HOM (HOpMBbI OOYUEHHUS] MOTYT MPUMEHSThH
U3JI0KEHHBIA B METOAMYECKUX YKA3aHUSAX TEOPETUUYECKUU U MPAKTUUECKUN MaTepu-
an Juisl CaMOCTOSITEIbHOW PabOThI MO MPEAMETY U BBIMOJHEHUIO KOHTPOJIBHBIX 3a/1a-
HUM.

[IpeniokeHHbIE METOIMYECKHE YKa3aHUSl TakKe MOMOIYT CTYJEHTaM IOATO-
TOBUTBHCS K IIPOXOKJIEHUIO TECTA MO OTAEIBbHBIM TEMaM M paslenaM Kypca, TaK Kak
IIPOBEJICHHUE 3a4€Ta WJIM IK3aMEHa MOYKET MOJApPa3yMeBaTh 3JEKTPOHHBIM KOHTPOJIb
3HAHMM.
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INEPEYEHB BOITPOCOB YYEBHOM ITPOI'PAMMBI ITIO KYPCY
«MATEMATHUKA» U «BBICHIASI MATEMATHUKA» JIJIS1
CHEIUAJBHOCTEM 1-36 01 01, 1-53 01 01-01, 1-40 05 01-01
(MIEPBBIY KYPC, IEPBBIM CEMECTP)

. BeickasbiBanus. Jlornyeckne onepanyuy HaJl BBICKa3bIBAHUSAMU.

. Bynes! ¢pyHKIINN.

. MuoxectBa. Ilyctoe u yHuBepcanpHoe MHOXKeCTBA. [lomMHOXKecTBa.

. Onepanuu HaJ MHOKECTBaMHU.

. CBoiicTBa onepanuii HaJl MHOKECTBaMHU.

. BEeKTOpBI 1 IMHEWHBIE ONIEPALIMK HAJl HUMHU.

. [IonsTie nuHenHoro npocrpancTsa. [IpuMepsl TMHENHBIX IPOCTPAHCTB.

8. JluneiiHass 3aBUCUMOCTb U JIMHEWHAas HE3aBHUCHUMOCTb CHCTEMbI BEKTOPOB

~NOo ok~ W NP

JIMHEWHOTO NPOCTPAHCTBA.

9. JluneliHas 3aBUCMOCTbD W JIWHEHHAs HE3aBUCHMOCTh CUCTEMBI T€OMETpUIE-
CKUX BEKTOPOB.

10. Pa3smepHOCTH U 6a3uC JIMHEHHOTO MPOCTPAHCTBA.

11. TIpoekius TeEOMETPUUECKOTO BEKTOpa Ha OCh, €€ CBOMCTBA.

12. CkansipHoe pou3BeIcHIE BEKTOPOB U €r0 CBOUCTBA.

13. BerunciieHue CKaJIIpHOTO IPOU3BEACHUS B OPTOHOPMUPOBAHHOM Oa3uce.

14. BekTOopHOE MPON3BEICHUE BEKTOPOB U €r0 CBONCTBA.

15. BeiuncneHre BEeKTOPHOTO U CMENIAaHHOTO MPOM3BEJCHUSI B OPTOHOPMHUPO-
BaHHOM Oasuce.

16. CmenranHOe MPOU3BECHIE BEKTOPOB U €r0 CBOMCTBA.

17. OcHOBHBIC 331Ul AaHATUTHYECKON reoMeTpun (PacCTOSHUE MEXKITY TBYMS
TOYKaMHU, JIeJICHUE OTpe3Ka B JAHHOM OTHOIIEHUH, IJIOMIAb TPEYTrOJIbHUKA, 00BEM
MUPaAMUJIBI).

18. YpaBHeHue npsaMon MpoxXoAsield 4epe3 TOUKY, C 3aJaHHBIM HOPMaJIbHBIM
BekTOpoM. OO111ee ypaBHEHHUE TTPSIMOM Ha MJIOCKOCTU U €70 UCCIIEI0OBaHUE.

19. BextopHO-napamMeTpruiecKkoe, MapaMeTpUdecKoe, KaHOHUYECKOE ypaBHE-
HHUE MPSIMOU HA IUJIOCKOCTH. YPABHEHUE NPSIMOU IMPOXOIAIIECH 4Yepe3 JABE TOYKU U
ypaBHEHUE MPSMOIM B OTpe3Kax. YpaBHEHUE MPAMOU C 3aJaHHBIM YTJIOBBIM KO3 du-
LHUEHTOM.

20. OTkJIOHEHHE M PACCTOSTHUE TOYKU OT Tpsimoil. HopmanbHOE ypaBHEHHE
MPSAMOM Ha IUIOCKOCTH.

21. B3auMHOE pacnosoKeHHue MPSIMbIX Ha MJIOCKOCTH.

22. YpaBHEHHUE IJIOCKOCTH, MPOXOSIICH yepe3 TOUKY, ¢ 3aJaHHBIM HOpPMaslb-
HBIM BekTOpoM. OO111ee ypaBHEHHUE TIJIOCKOCTH B MPOCTPAHCTBE U €0 UCCIIEIOBAHUE.
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23. YpaBHEHUE TIJIOCKOCTH, MPOXOAIICH Yepe3 TpU TOUKH. YPABHEHHE ILIOC-
KOCTH B OTpPE3KaX.

24. B3auMHOE pacrojioKeHue MI0CKOCTEH B MPOCTPAHCTBE.

25. OTKJIOHEHUE U PACCTOSTHUE TOYKU OT IIockocTH. HopmanbHOe ypaBHEeHHE
IJIOCKOCTH B MPOCTPAHCTBE.

26. BekTopHO-TIapaMeTpUuecKoe, MapaMeTpruueckue, KaHOHUYECKUE YpaBHe-
HUSI IPSIMOM B ITPOCTPAHCTBE. Y PaBHEHUE NPSIMOM, TPOXOIALIEN YEPE3 BE TOUKH.

27. Ob1ee ypaBHEeHUE MpsiMOid B IpocTpancTBe. [IpuBenenue obiiero ypaBHe-
HUA NPAMOU K KAHOHUYECKOMY BUY.

28. B3zauMHoOe pacnosiokeHue npsiMoi U MIOCKOCTH B IPOCTPAHCTRBE.

29. Martpuirsl. JIuHeitHbIe oneparuy Hajl MaTPUIIAMHU.

30. Onpenenurens N-ToO mopsiika. BeraucneHne onpeaenuTensi BTOPOro U Tpe-
THETO MOPSAKA.

31. CroiicTBa ompeaeauTelIs.

32. AnreOpandeckre TOTIOJHEHUS U MHHOPBI DJIEMEHTOB OTpeaeauTeNs. Teo-
pema 0 pasyIoKEHUHU OTIPEAETUTENS M0 3JIEMEHTAM CTPOKHU (CTOJIOLA).

33. ObpaTtHas maTpuua. Teopembl CylIeCTBOBaHUS U €IMHCTBEHHOCTH oOpaT-
HOW MaTPULBL.

34. Obuue MoHATHS O CUCTeMax JIMHEHHBIX ypaBHeHHH. Pemienne cucreM me-
toqaoM ["aycca.

35. Pemienne cucteM TUHEHHBIX ypaBHEHUH MOCPEACTBOM MATPUYHOTO UCUHIC-
nenus v o popmynam Kpamepa.

36. Panr matpuiipsl, ero cBoiicta. Teopema Kponekepa —Kanemu.

37. UccnenoBanue MpoOU3BOJIBHBIX CUCTEM JTUHEHHBIX YpaBHEHUH.

38. OnHOpOAHBIE CUCTEMBI JINHEWHBIX YPaBHEHUHN.

39. EBxin10B0 MpOCTPaAHCTRBO.

40. Marpwuria mepexojia OT OJJHOTO 6a3uca K Ipyromy 0a3nucy JUHEHHOTO MPO-
CTpaHCTBA.

41. IIpeoOpa3zoBaHKe KOOpAUHAT BEKTOpa MPHU NEPEXOAE OT OJHOro Oa3uca jau-
HEWHOTO IPOCTPAHCTBA K IPYrOMY.

42. JlunelHplil omepaTop BEKTOPHOTO MPOCTpaHCTBA. MaTpuila JTUHEHHOTO
onepatopa. Onepauuu Haj JUHEHHBIMU oreparopamu. OOpa3 U SAPO JUHEHHOTO
oreparopa.

43. CoOCTBEHHBIE BEKTOPBI M COOCTBEHHBIE 3HAUCHUS JIMHEHHOTO OTepaTopa.

44. Jlunuu BTOporo nopsiaka. [lapadona u e€ xapakTepUCTUKH.

45. DNUIC U ero XapakTepUCTHKHU.

46. I'mnepOoa u e€ XapaKTEePUCTUKH.



47. IlpuBeneHre KpUBBIX BTOPOTO TOPSAIKA K KAHOHUIECKOMY BHTY.

48. TToBepXHOCTH BTOPOTO MOPSJIKA.

49, JleiicTBUTENbHBIC Yncaa. MOaysIb JeHCTBUTEIHLHOTO YUCIIA.

50. KommnekcHeie uuncna. AnreOpanueckas (opMa 3amucd KOMIUIEKCHOTO
YHCIIa U OTIEPAIMH HAJlT KOMIIEKCHBIMU YUCJIAMH B TAaHHOW (hOpME 3aIUCH.

51. KommiekcHbie yucna. TpuroHomerpudeckas hopma 3aricu KOMIUIEKCHOTO
YHCIIa U OTIEPAIMH HaJl KOMIJIEKCHBIMU YUCJIAMH B TAHHOW (hOpME 3aIUCH.

52. Kommiekcusie uucna. [TokazarenpHas hopma 3ammicu KOMILDIEKCHOTO Yrcia
U Ollepalliy HaJl KOMIUIEKCHBIMH YHCIIaMU B JaHHOUW popMe 3arucH.

53. Yucnosele nocnenoBaTebHOCTH. CrocoObl 3alaHusl YUCIOBBIX IMOCIEN0-
BaTEJIbHOCTEM.

54. MHorowieHsl U ypaBHeHHs. OCHOBHAsI TeOpeMa aireOpsbl.

55. OrpaHnyueHHbIE U MOHOTOHHBIE YHCJIOBBIC MMOCIE0BATEILHOCTH.

56. Ilpenen ynCIOBOM MOCIEOBATENIFHOCTH U €T0 CBOMCTBA.

57. beckoHEe4YHO Masble 1 OECKOHEUHO OOJIBIINE YUCIOBBIE MOCIEA0BATEIBHO-
CTH M X CBOMCTBA.

58. [IpaBuna npeneapHOro nepexoaa sl YUCIOBBIX MOCIIEI0BATEILHOCTEH.

59. Ilpenen MOHOTOHHOM TOCJIEAOBATEILHOCTH. BTOpOI 3amMedaTenbHbIN TIpe-
Jen.

60. [Ipenen GpyHKIMM B €TO CBOMCTRA.

61. beckoneuno Mmanbeie (QYHKIIMM W HMX CBOWCTBAa. beckoHeuHo Oomblime
(yHKLHMH U UX CBOMCTBA.

62. [IpaBuna npenensHOTO TIepexoaa st GyHKIIUMN.

63. 3ameuarenbHbIC PESTbl QYHKITHIA.

64. Paznuunbie ompeneneHrs HEMpepbIBHOCTH (PyHKIMU B Touke. Kmaccudu-
KaIusi TOYeK pa3phiBa.

65. [IpowsBoanas pynkmuu. Teopema o cBsa3u nuddepeHIpyeMoit U Hempe-
PBIBHOM (PYHKIUU.

66. 'eomeTpryecKuii CMBICT MPOU3BOAHON. YpaBHEHHE KacaTelbHOW M HOP-
MaJu.

67. [Ipon3BogHast CTENEHHOW U MOKa3aTEIbHOU (PYHKITUH.

68. [Ipon3BogHAS TPUTOHOMETPUUECKHUX (DYHKITHIA.

69. [IpousBoanas oOpatHoit GpyHkiuu. [IponsBoaHas oOpaTHO TPUTOHOMETPHU-
YeCKUX QYyHKIUH.

70. IlpousBognass oOpatHoM QyHkuuu. I[lpousBoaHas morapudmuyecKoit
GyHKIMH.



71. IlpousBoanas cnoxkHoit pyHkuuu. [IpousBonnas runepbonnueckux QpyHk-
1107058

72. OcHoBHBIE TTpaBUiIa qudhepeHITupPOBaHHUS.

73. Iuddepenunan pynkiuu. Ero reomerpuueckuii CMbICT U CBOMCTBA.

74. Jlorapudmuueckoe auddepennuporanue. [IponsBonnas GpyHKIMM, 3a1aH-
HOW HESIBHO.

75. IlpousBoaHast PyHKIIMH, 3aJaHHOW MapaMeTPUUIECKUM 00pazoM.

76. IlpousBoaHbIe BBICIIETO MOpsiAKa. MeXxaHMYeCKUid CMBICT MEpPBOM U BTO-
PO IPOU3BOIHOM.

77. Teopema Posnst 1 €€ reoOMEeTPUIECKHUI CMBICII.

78. Teopema Jlarpanxa u e€ reoMeTpU4ECKU CMBICIL.

79. Teopems! Komm 1 e€ reoMeTpU4eCKHil CMBICII.

80. IIpaBumo JlomuTansg u ero MpUMEHEHNE K PACKPBITHIO HEOTIPEICTICHHOCTEH
pa3IMYHBIX THIIOB.

81. ®opmyna Teitnopa (MakimopeHa) ¢ ocTaTouHbIM ujieHOM B ¢opme [leaHo.

82. ®opmyna Teitnopa (MakiopeHa) ¢ OCTaTOYHBIM WieHOM B (opme Jla-
rpaHxa.

83. Monotounnsie pynkiuu. Heobxoamumoe u 10CTaTOYHOE YCIOBHE MOHOTOH-
HOCTU (DYHKIIHH.

84. JlokanpHBIA SKCTpeMyM (yHKIUH omHON mepemeHHo. HeoOxomumoe
YCIJIOBHE JIOKAJIBHOTO SKCTPEMYMA.

85. JlokanpHBIA JKCTpeMyM (GYHKIHK OJHOW TiepeMeHHOW. JlocTaTouHble
YCIJIOBUS JIOKAJILHOTO SKCTPEMYMaA.

86. Haubospiiee 1 HaMMeHbIIIee 3HaYeHNE (PYHKIIMHA Ha OTPE3KE.

87. BeInyki0CTh U BOTHYTOCTh Tpaduka ¢pyHKIUU. JJoCTaTOUHOE YCIOBHUE BbI-
MYKJIOCTH U BOTHYTOCTH (YHKITUH.

88. Touku meperuba rpadpuka pynkunu. Heodxoaumoe u 1ocTaToqHOE yCIo-
BHE CYIIECTBOBAHUS TOUEK MEperuoa.

89. AcumnToTsl Tpaduka ¢yHkimu. HeobxommMoe M TOCTaTOYHOE YCIOBHE
CYIIIECTBOBAHMS aCUMNTOT rpaduka QyHKIIHH.

90. Cxema nonHOTO HUcchaea0oBaHus (YHKIIUU.

91. Bekrop-dyukmus ckamsipHoro aprymenta. ['omorpad. [Ipengen u Hempe-
PBIBHOCTb BEKTOP-(YHKIIUU B TOUKE.

92. [IpousBoaHas BEKTOP-(QYHKIHUU CKAISIPHOTO apryMEHTa U €€ CBOMCTBA.

93. BekTopHOe U mapaMeTpuyYecKUe YpaBHEHHUs JIMHUI B IPOCTPaHCTBE. Y paB-
HEHHUE KacaTeJIbHOM NPSAMOW U HOPMAaJbHOW IUIOCKOCTHU K IIPOCTPAHCTBEHHOU KpHU-
BOM.



INPAKTUKYM 110 PEHIEHUIO 3AJTAY

1 DJEMEHTBHI MATEMATHYECKOM JIOTUKA
(mpakTHYeckoe 3aHsATHE 1)

Coaep:xaHue: BbICKA3bIBAaHUS; ONEPAIMM HAJl BHICKA3bIBAHUSMU, KOHTAKTHBIC
CXeMbl; OyNieBbl (YHKIHUU; JJOTUYECKOE CIIEJICTBUE, METO/ J0Ka3aTelbCTBa OT MpO-
THUBHOTO.

1.1 TeopeTuyeckuii MaTepuaJ Mo TeMe NPAKTUYECKOT0 3aHITHUSI

Onpenesenue 1.1.1 Bricka3piBaHHEM Ha3bIBACTCS JIFOOOE TTOBECTBOBATEIHLHOEC
MIPEIOKEHHE, 0 KOTOPOM MOKHO CKa3aTh HICTHHHO OHO WJIU JIOXKHO.

BormpocutenbHble M BOCKIHMIATENIBHBIE TPEII0OKEHUS, a TaK)KE OMPEIACICHUS
HE SIBIIIOTCS BBICKA3BIBAHMSIMHU. VICTHHHOCTH WJIM JIOKHOCTHh BBICKA3bIBAHUS pac-
CMaTPHUBAETCS KaK €ro MICTHHHOCTHOE 3HAaYeHUE. DTH 3HaueHus o0o3Hadarorcs 1 u 0
JUISI 3HAUEHUM «UCTHHA» U «I0XKby». Jto0oe BhIcKaszbiBaHUE JIMOO HMCTUHHO, JIMOO
JIO’)KHO, ¥ HUKAKOE€ BBICKA3bIBAHHE HE SBIISICTCS OJJHOBPEMEHHO HMCTUHHBIM M JIOXK-
HBIM.

Ecnu cyxxnenne 00 MCTUHHOCTH BBICKA3bIBAHUSI MOXKHO TMOJIYYHTh U3 CaMOTO
BBICKA3bIBaHUS, TO TAKOE BBHICKA3bIBAHWE HA3BIBACTCS AJIEMEHTAPHBIM WJIU MPOCTHIM
BbICKa3bIBaHUEM. B mpoTUBHOM ciiyyae OyneM MMETh CJIOKHOE BbICKaszbiBaHue. M3
MPOCTHIX BBICKA3bIBAaHUI MOKHO OOpa30BBIBATH CIIOKHBIE BBICKA3bIBAHUS C MOMO-
IIBIO JIOTHYECKUX OTEPAIlUiA: OTPHUIIAHUE, KOHBIOHKIINS, TU3BIOHKIINS, WMITAKAIIHS,
DKBUBAJICHITUS U ApyTHe. VICTHHHOCTHOE 3HAYCHHE CIIOKHOTO BBICKA3bIBAHUS 3aBH-
CUT OT UCTUHHOCTHOTO 3HAYCHUS DJIEMEHTAPHBIX BHICKA3bIBAHUH.

[Tycte A m B — mpowu3BoibHBIC BBICKA3bIBAHUS, OTHOCUTEIBEHO KOTOPBIX MBI
HE TIPEIojaraeM, YTo U3BECTHBI NX UCTUHHOCTHBIC 3HAUCHHUS.

Onpenenenue 1.1.2 Ompuyanuem BbICKa3bIBaHUST A Ha3bIBAE€TCS HOBOE BbI-
cka3piBaHMEe —A (uuTaetrcs «He A» WM « HEBEPHO, 4TO A»), KOTOPOE UCTUHHO TO-
I/1a U TOJIBKO TOT/Ia, KOT/Ia BhICKa3bIBaHUE A SBIISIECTCS JIOKHBIM.

Onpenenenue 1.1.3 Kouvronkyueii BpickazbiBanuii A u B Ha3bIBaeTCs HOBOE
Bbicka3piBaHue AA B (uutaercs « A u B»), KoTopoe UCTUHHO TOT/a U TOJIBKO TO-
r71a, Korja 00a BhICKa3bIBAHHS UCTUHHBI.

Onpenenenue 1.1.4 /luzvionxyueti BrickazpiBanuii A 1 B Ha3bIBaeTcs HOBOE
BbicKa3piBaHue AV B (umtaercs « A wiu B»), KOTOpoe UCTUHHO TOT/Aa U TOJIBKO TO-
rJ1a, Korjaa XoTs Obl OJTHO M3 BhICKa3biBaHUU A M B mcTHHHO.

Onpenenenue 1.1.5 Hunauxayueii ¢ noceiko A u 3akitroueHueM B Hazbl-
BaeTCsl HOBOE BbICKa3biBaHue A — B (uurtaercs «ecnu A, To B», uim «u3 BhICKa3bI-
BaHusi A cienyer B», unu « A Biaed€r B»y»), koTopoe JIO)KHO TOra U TOJIBKO TOT/a,
KOT/Ia IMOChUTKA CTUHHA, a 3aKJITI0UEHUE JIOXKHO.

Onpenenenue 1.1.6 Oxsusanenyueii gvickasvieanuti A u B Ha3zpiBaeTcs HOBOE
BbICKa3piBaHUE A <> B (uurtaercs « A Toraa u TOJNBKO Torda, Korna By, wim « A ak-
BHBaJCHTHO B», nimm « A HEoOX0aMMO U JOCTATOYHO I BBIKa3bpiBaHUsA B»), koTo-
pO€ UCTHHHOE TOTJIa U TOJIBKO TOTJa, KOT/Ia BhICKa3piBaHusl A u B mpunuMarot oau-
HAKOBbIC UCTUHHOCTHBIC 3HAUCHUS.



Omnpenenenus 1.1.1—1.1.5 MmoxHo 3anucaTh B Tabiuibl ucTuHHOCTH 1.1.1.

Ta6muma 1.1.1 —Tabnuia HCTUHHOCTH OCHOBHBIX JIOTHYECKHUX OIepaliyii

X 1Y | =X —Y X AY XvY X =Y X oY
1|1 0 0 1 1 1 1
1]0 0 1 0 1 0 0
01 1 0 0 1 1 0
00 1 1 0 0 1 1

[TonsiTue hopMysbl JOTUKHU BBICKA3bIBAHUIA OMIPENIEIUM CIEAYIOIIUM 00pa3oM:

1) anemenTapHbie HOPMYIIBI (ATOMBI) ABISIOTCS (DOPMyTaMHu JIOTUKHA BBICKA3bI-
BaHUM;

2)eciu A u B — ¢popmynel, To —A, AAB, Av B, A—> B, A<> B Toxe saBIs-

10TCSI JOPMYJIAMHU JIOTUKHU BbICKA3bIBaHUIA;

3) TONBKO T€ BBIPAXKEHUS SIBISIOTCA (POpPMyJIaMH JIOTUKU BBICKA3bIBAHUH, IS
KOTOPBIX 3TO CJIETYET U3 IEPBOTO U BTOPOTO MMYHKTOB.

Yucno ckobok B ¢GopMyliax MOXKHO YMEHBILIUTb, €CIIM MPHUHSITH CIEAYIOLIUE
cornamenus: 1) Oyaem omyckaTh BHELIHIOK Mapy CKOOOK; 2) yHOPSAOYUM 3HAKHU JIO-
TMUYECKUX OIepaluii Mo CTapIIMHCTBY: <>,—,V,A,—. [Ipy BoccTaHOBIEHNN CKOOOK
CHayaja pacCTaBJISIFOTCS BCE CKOOKH, OTHOCSIIMECS KO BCEM BXOXKJIEHHUEM 3HaKa —,
3aTeM KO BCEM BXOKJICHUEM 3HaKa A U TaK JaJiee.

@DopMyIIbl JTOTUKHU BBICKA3bIBAaHUM, KOTOPHIE TPUHUMAIOT 3HAYEHUE «UCTUHHA
IpH J000M paclpeAesIeHUH IEMEHTAPHBIX (POPMYJI, BXOASUIMX B HEE, Ha3bIBAIOTCSA
TOX/IE€CTBEHHO MUCTUHHOU (hOpPMYJIOil, TABTOJIOTHEN MM 3aKOHOM JIOTMKU BBICKA3bl-
BaHMiA. 3amuch |= X 03HavaeT, uTo jJoruyeckas Gopmyiaa A siBiseTcs GopMysioi Jo-
TUKH BbICKa3bIBaHUI. @OPMYJIbI JIOTUKU BBICKA3bIBAaHUM, KOTOPHIE TPUHUMAIOT 3HA-
YEHHUE <WIOXKbY» TPU JIFOOOM paCIpelesieHUH dJIEMEHTApHBIX (POPMYII, BXOASIINX B
He€, HA3BIBAIOTCS TOXKJIECTBEHHO JIOKHOM (hopMyrioi uiu mpotuBopeurem. s mo-
Ka3aTeJbCTBa TOT0, 4TO (OopMyJia SIBISETCS TAaBTOJIOIMEW, HEOOXOIMMO COCTAaBUTh
TaOJIMIy UCTUHHOCTHU JJIs1 3TOU (POPMYJIBI U TTOKa3aTh, YTO BCE DJIEMEHTHI MTOCIEIHETO
CTOJIOLIA paBHBI EIUHHUIIE.

Oynkumo F (X, X,, ..., X,), KOTOpas MOXKET MPUHATH OJTHO U3 IBYX 3HaueHui 0

iy 1, oT N nepeMeHHBIX, KaXasi U3 KOTOPBIX MPUHUMAET 3TH ke 3HaueHus O wiu 1,
Ha3bIBAIOT OyJsieBoi (DyHKIHMEH OT N mepeMeHHbIX. [ moctpoeHus: OyneBoit PpyHK-
MY TIPUMEHSIOT KOHBIOHKTUBHYIO U IU3BIOHKTUBHYIO HOPMAJbHYIO (GOpMy

F(X, X,y X,) = v (xfle;"Z/\.../\xﬁ‘”),

F (X, Xg, .y Xp)=1
rae X =X, ecm o =1, X* ==X, ecau a =0.
®opmyna B HazbpiBaeTcs jgoruueckum cienctsueM popmyn A, A, ..., A, eciu

i 1F000T0 Habopa UCTUHHOCTHBIX 3HAYCHHUN 3JIEMEHTAPHBIX (OPMYJI, BXOASIIUX B
dbopmynsl A, A,, ..., A,, popmyia B monyyaer 3HaueHHE «MCTHHA» KaXAbIA pas, KO-

raa kaxaas u3 popmya A, A,, ..., A, ToJlydaeT 3HaYCHUE «UCTHHAY.
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3amuce A, A,, ..., A |= B o3nagaer, uto popmyna B — nmoruueckoe cieactue

dopmyn A, A, ..., A .
Meron nokasarenscTBa OT HPOTHBHOro. TpeOyercss OoKa3aTh CIEACTBHE
B =0,
A,A,,... A |=B. IIpeanonoxum A —li-In Ecnu cucrema umeer Xots Obl Of-
] 7 )

HO pCHICHHUC, TO CICACTBHUC HCBCPHO, €CIIN peH_IeHI/Iﬁ HCT, TO CJICACTBUC BCPHO.

HpC,Z[HO)KeHI/ISI C ICPCMCHHBIMH, NAIOIMIUC BBICKA3BIBAHHA B PC3YJILTATC 3dMCHBIL
CB060I[HBIX MNCPCMCHHBIX UX OOITYCTUMBIMH 3HAUCHUAMU, HA3SBIBAIOTCS IIPCAUKAaTaAMMU.
IIo qUCIIy IICPCMCHHBIX, BXOIAIMNX B IMPCAUKAT, Pa3/IM9ar0T OAHOMCCTHBIC, OBYX-
MCCTHBIC W TaK HaJICC IIPCAUKATHI. I[J'I}I 34lIUCH IIPCAUKATOB U BBICKA3bIBAHUM BBO-
JATCA ABa KBAHTOpA: KBAHTOP O6H1HOCTI/I N KBAHTOP CYILICCTBOBAHUA. I[J'ISI KBaHTOpPa
CyIcCTBOBAaHUA YHOTpe6J'I}I€TC$I CHMBOJ 3 , 4JI1 KBAHTOpa 06HIHOCTI/I cuMBOJ V.

1.2 Illpumepsl pelieHUs] TUMIOBBIX 32124
1.2.1 CoctaBuTh TaOIUILy UCTUHHOCTHU JJI (DOPMYIIBI JIOTUKH BHICKAa3bIBAHUM:
AA(B—>C)e AnC.

Pemenue. [l 3ananHoi (opmysibl COCTaBIIsieM TaOJIUIy HCTUHHOCTH.

A B C AAC | B>C A/\(B—)C) A/\(B—)C)(—)A/\C
1 1 1 1 1 1 1
1 1 0 0 0 0 1
1 0 1 1 1 1 1
0 1 1 0 1 0 1
1 0 0 0 1 1 0
0 1 0 0 0 0 1
0 0 1 0 1 0 1
0 0 0 0 1 0 1

1.2.2 Pemuth oruyeckoe ypaBHenue: pv gaA—g — (q < g)=1.
Pemrenne. CoctaBiseM TaOiMIly MCTHHHOCTH W BBIOMpaeM 3JE€MEHTapHBIC
Haboper  (P;Q;Q), TOpd  KOTOpHIX  (opMyla  JIOTHKA  BBICKA3bIBAHHIA
pvqA—g—(q<> () OpuHUMAET 3HAUEHNUE KHCTUHAY.
g (9 |0 |gan—Q pvan—g g<d pvaga—g—(q<> Q)
0 1

o0 ORIk~ |T
OO, IOFRIO|F|F
O OO IFP O
P ORI P OOk O
([ellell Dliellielieil
o|lor|FR|IOolkk

P IOOFRIFP OOk
=l ==
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Takum o0Opa3om, pelieHHeM 3aJlaHHOTO JIOTMYECKOTO YpPaBHEHUS SIBISIOTCS
3HaueHus BeickasbiBanui: (1;11), (0;1,1), (1,0;0), (0;0;1), (0;0;0).

1.2.3 TlocTpouTh KOHTAKTHYIO CXEMY IO 3aJaHHON (YHKIUH MPOBOJIUMOCTU
A(X;Y;Z): (X vY A Z)/\(—|X AY v—|Z). VYcTaHOBUTH, TIPU KaKUX Habopax dJie-
MEHTOB, BXOJISIIUX B IAaHHYIO CXEMY, OHa OyJeT paboTocmnocoOHa.

Pemenue. [locTpoM KOHTaKTHYIO CXeMy MO 3aJaHHOW (DYHKIIMH MIPOBOJIUMO-
CTH.

X —X Y

Y VAR -

[IpoBepumM paboTOCIIOCOOHOCTH MOJYYEHHOW KOHTAKTHOM CXEMBI, IJIs1 YETO CO-
CTaBUM TaOJIHIy ICTUHHHOCTH ISl YKa3aHHON (hOPMYIIBI.

X Y[Z]|-X|=Z|-XAY |YAZ | XVYAZ | -XAYv—Z | AX}Y;Z)
1]1]/1] 0] o0 0 1 1 0 0
1]1]0] 0| 1 0 0 1 1 1
1/0]/1] 0] O 0 0 1 0 0
ol1[1] 1] o 1 1 1 1 1
1]o0]o] o | 1 0 0 1 1 1
ol1]/0] 1 | 12 1 0 0 1 0
olol1]l 1] o0 0 0 0 0 0
ololo| 1|1 0 0 0 1 0

KonTtakTHass cxema paboTaeTr TpH 3aMbIKaHUH —pPa3MBIKAHHA KOHTAKTOB
X,Y,Z: (L10), (0;12), (10;0). Bo Bcex ocTambHBIX ClydasX KOHTaKTHas cXxeMma
SIBJISIETCS HEPaOOTOCTIOCOOHOM.

1.2.4 TlpeacTaBuTh B SBHOM BHjI€ OyJieBY (DYHKIIHIO, 3aJaHHYIO TaOJIUIICH.

F (X5 Xp1 X 1 1 1 1 0 0 0 1

(%:%:%) | @GLY) | GL0) | G0:1) | (0;11) | (1,0;0) | (0,10) | (0;0;1) | (0;0;0)

Pemenue. Ucnonb3ys cBoiicTBa OyneBbIX (YHKIMI, a IMEHHO COBEPIICHHYIO
JTU3BIOHKTUBHYIO HOPMaJIbHYIO opMy, ogydaeM (HpopmyJib:

F (5% %5) = (04 A F L% %)) v (=X A F(0; %5 %)) ;
FL Xy %) = (% AFGL X)) v (=%, AF(L0;%,));
F(0;%,;%) = (X, AF(0;1%)) v (=X, A F(0;0;,%,)) ;

F(LLx)=(X AF&GLD) v (—x AF(LL0);
FL0;%)=(X AF&0;1) v (—x; A F(0;0));
F (0,1 %)= (% AF(0;11) v (—x, A F(0;1,0));
F(0;0;%,) = (X; A F(0;0;1)) v (—x; A F(0;0;0)).
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[ToacTaBuM B HOJTyYeHHBIE (POPMYIIBI 3HAYEHHUS M3 TAOJIMIIBL.
F(0;0,%) = (% A0) v (=% AD) =—X;;
F(O:L %) =(% AD) Vv (=X, A0)=X;;
FLO %) =% AD) v (=X A0)=X;;
FLLxX) =06 AD) v (%A =1,
F(O0;%5 %) = (X, AX) V (=X, A=) = X, € X5
FLXi%) = (X ADV (X, AXg) =X, V (=X, A X))
F 04X %) =X A (X V=X, AX) V=X A (X, X))
1.2.5 MeTogoM OT MPOTHBHOTO IPOBEPHUTH CIPABEIIUBOCTD JIOTHYECKOTO
cnencreust A— B, A—> —B|=—A.

Pemenue. Ilpenmonoxum ot npotuBHoe, T0 ectb —A=0, A—>B=1 u
A — —B =1. PemaeM noyiy4eHHyI0 CUCTEMY.

A=1, A=1 (A=l
1>B=1 {B=1 {B=1
1>-B=1. |-B=1. |B=0.

Bricka3piBanne B He MokeT OBITH OIHOBPCMCHHO MCTHHHBIM M JIOKHBIM, TO
CCTb CUCTEMA HC UMCECT PCIUICHMUA. CJ'IeI[OBaTCJ'IBHO, JIOTHYCCKOC CJICA0BaHNC BCPHO.

1.3 3agaHus 1JIA pelieHUsl HA MPAKTUYECKOM 3aHATHH
1.3.1 CocTaBuTh TaOIUITBI HICTUHHOCTH JIJISA YKa3aHHBIX (HOPMYJI:
a) X AY >—-X oY v(X oY),

0) Av(B<—C)—>—-(BACVA),

B) (AAB)>(CA—-B—>AVC).

1.3.2 Pemuth JOoTMYECKUE ypaBHEHUS:

a) (A&BA—-C)<>(A—>BvC(C)=1,;

0) -(AvC >BAA)< (-AAC)=0.

1.3.3 3anucate jJorudyeckue GopMyIibl Iisi KOHTAKTHBIX CXeM (PYHKITUH MTPOBO-
JUMOCTH U TIPOBEPUTH X PAOOTOCTIOCOOHOCTD.

a) A _ 6) A C
C

— B o C

- — A B - H 1

( — 4

¢ C
s
ﬁsj_}_

uty
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1.3.4 TlocTpouTh KOHTAKTHBIE CXEMBI 10 3aJaHHBIM (DYHKIUSM MPOBOJAUMOCTH.
[Ipy xakoM 3aMbIKaHUU-PAa3MBIKAHUM KOHTAakToB X,Y Hu Z, KOTOpbIE BXOJAT B

(GYHKIIUIO TPOBOJAMMOCTH, MPEICTABICHHON JIOTHUECKON (HOpMyIIoil, 3neKTpuyecKas
1ens Oy/eT MPOBOAUTD TOK, €CITU JIoTUYecKasi (hopMyJia CXeMbl HIMEET BU/I:

a) (=X VY)AZ)V(X A=Y AZ); 0) Y A(=X V(X A(YVZ))).

1.3.5 IlpenctaBuTh B siBHOM Bue OyineBbl pyHKIHMH F , KOTOpBIEC 3a7aHbI B BU-
ae tabmui. [locTpouTh KOHTAKTHBIE CXEMBI, KOTOPbIE OTPaXKaloT (GOpMYIy JIOTUKU
BBICKa3bIBaHUI, COOTBETCTBYIONIECH IBHOMY BUAY OyJieBON (DyHKIIHMH.

1.3.6 IlpeacTtaButh B SIBHOM BHjE OyJieBY (DYHKIIHIO, 38 JaHHYIO TaOIUIICH.

a) F(X;X,) 0 1 1 0
(X5 %) ®) | o) | (0;1) | (0;0)

0) F (X5 X535 %3) 0 1 1 1 0 0 0 1

(i%ix) | GLY | @L0)| @O | (0:1D) | (10;0) (0:L0)| (0;0:1) (0;0:0)

1.3.7 MeToaoM OT MPOTHBHOTO MPOBEPUTH CIPABEIIIUBOCTD JIOTHUECKHUX CIIET-
CTBUU:

a) A>B,A—>C,BAC|=A; 6)A—>B,C—> B, ArC|=B;
B) A>B,-B|=—A; r) A>B,B->C|=A->C.
1.3.8 [IpoananmM3upoBaTh CIPABEIITUBOCTD CICIYIONTUX PACCYKICHHIA:
a)

0) ecnu 4nucio ApoOHOE, TO OHO pallMOHANBHO. Eciu uncno paoHansHoe, TO
oHO neiicTBuTeNnbHOE. CleI0BATEIBHO, €CIIM YUCIIO IPOOHOE, TO OHO JICHCTBUTEIIh-
HOE;

B) €CJIM YUCJIO YETHOE, TO OHO JCNIUTCS Ha ABa. Yucio genurcs Ha nBa. Cieno-
BaTeJIbHO, YHUCIIO YCTHOE;

') €CIIM KOPHU ax’ +bX +C He SBISIOTCS KOMIUIEKCHBIMH, TO HE BEPHO, YTO
U1 1000T0 JACHCTBUTEIBHOTO X HMEET MECTO HEPaBEHCTBO a-(ax2 +bx+c)>0.

Kophuu ax® +bx+C KOMIUIeKCHbIE TOTAa W TONBKO Toraa, korma D =b’—4ac<0.

Ecin ac <0, To He BepHO, uto D =b* —4ac <0. CrenosatensHo, eciu ac <0, To He
BEpHO, 4YTO JUIS JHOOOTO JIEWCTBUTEIHLHOTO X HMMEET MECTO HEPaBEHCTBO

a-(ax2+bx+c)>0;

n)ecmt X+3=+3-X, 10 X*+6X+9=3-X, HO X°+6X+9=3—-X Torma m
TOJBKO TOTJa, KOrJaa (X + 6)(X +1) =0, 4TO UMEeT MECTO B TOM U TOJIBKO B TOM CITy-
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yae, korga X=-—6umn X=-1. CuemoBaTelbHO, X+3=+/3—X BIe4YeT X=—6unu
x=-1.

1.4 3apanus 1Js KOHTPOJIHPYEMOIi CAMOCTOSTEILHOI PadoThI

1.4.1 CoctaBuTh TAOMUILy UCTHHHOCTU JIOTUYECKON (HOPMYJIBI OTHOCHTEIBHO
BbickaszpiBaHuil X,Y,Z: (~(X AY)<>Z)—>Z v —X.

1.4.2 Pemnts norudeckoe ypasenue X AY v X AZVY AZ v (=X > Z)=1.

1.4.3 TlocTpouTh KOHTAKTHYIO CXeMy IO 3aJaHHON (DYHKIMH IIPOBOAUMOCTH
((—|X vY)AZ ) V(X A=Y AZ). IIpu kakoM 3aMBIKAHHH-Pa3MBIKAHHH KOHTAaKTOB

X,Y u Z, xoTopsie BXOAAT B (YHKIUIO MPOBOJUMOCTH, IPEICTABICHHOMN JIOTHYe-

cKkoM (hopMyJIOii, dJIEKTpUIEcKas 1eMb Oy/1eT MPOBOIUTH TOK?
1.4.4 TlpencTtaBuTh B sIBHOM BHje OyJeBy pyHKkIuio F , KoTopas 3amaHa B BU-
7€ TaOJTUIIBI

F (X5 X1 X 1 0 0 0 1 1 1 0

(X% %) | @GLD) | G10) | (4,0;1) | (0;11) | (1;,0;0) | (0;10) | (0;0;1) | (0;0;0)

[ToCTpOUTh KOHTAKTHYIO CXEMY, KOTOpas oTpaxaeT (hOpMyiy JIOTUKHA BBICKA-
3bIBaHUM, COOTBETCTBYIOINICH IBHOMY BUAY OyJIeBON (DyHKIUU.

1.4.5 MeTtonoM OT HOPOTUBHOIO MPOBEPUTH CIPABEAJIMBOCTH JIOTMYECKOTO
creacteuss: A—>B,B—->C|=A—C.

1.4.6 [Ipoananu3upoBaTh CHPABEMIMBOCTh pacCyXiaeHus: «S moiay aoMoun
WM OCTaHYCh 37IeCh W Oyay peliaTh NMOCTAaBJICHHBbIC 3adaud. S HE MOWIYy JTOMOIA.
CrnenoBaTenbHO, 51 Oy1y periaTh NOCTABJICHHbIE 3a1aUm.

2 DJIEMEHTBI TEOPUU MHOKECTB.
(mpakTHYecKoe 3aHsATHE 2)
Conepixanme: MHOXXECTBO, ITyCTOE M YHHBEPCAJIHHOE MHOXECTBO; PABEHCTBO
MHOYECTB; OTIepaIliy HaJl MHOXXECTBAMHU.

2.1 TeopeTuyeckuii MaTepuaJl Mo TeMe NMPAKTUYECKOI0 3aHATHS

[loHATHE MHOKECTBA SIBJISIETCS IEPBOHAYAIBHBIM M HeompenenseMbiM. [lox
MHOJICECm80M TIOHUMAIOT COBOKYITHOCTb OOBEKTOB MJIM NPEAMETOB, KOTOpbIE 00B-
€IMHEHbI HEKOTOPBIM OOIIUM MPU3HAKOM. DTH O0BEKThI WIIH MPEAMETHI, U3 KOTOPBIX
COCTOUT MHOYKECTBO, HAa3bIBAKOTCS IEMEHMAMU MHOIHCECTEA.

MHO0%€eCTBO, KOTOPOE HE CONEPKUT HA OJHOTO IIIEMEHTA, Ha3bIBACTCS NYCHIbIM
MHOJCecmeom U 0003HAYAETCS CUMBOJIOM .

Bce MHOecTBa AeNATCS HAa KOHEUHbIE M OECKOHEYHbIE MHOYKECTBA.

MHoXxecTBa, KOTOPBIE COCTOAT M3 KOHEYHOI'O YMCJIA 3JIEMEHTOB, HAa3bIBAIOTCS
KOHeuHbiMu. MHOXKECTBA, KOTOPBIE COCTOSAT M3 OECKOHEYHOI'O 4YMCJIA DJIEMEHTOB,
Ha3bIBAIOTCS OeckoHeynvimu. Ecnmu A sBIeTCS KOHEYHBIM MHOKECTBOM, TO YHCIIO

€ro 3JICMCHTOB HA3bIBACTCA MOIIIHOCTHIO MHOXKXCCTBA U 0003HayaeTcs |A|
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Onpenenenue 2.1.1 MuaoxectBa A u B Ha3wIBatoTCs pasuvimu, €Cinu 1000i
AJIEMEHT IEPBOIO MHOXKECTBA SIBJISICTCS 3JIEMEHTOM BTOPOTO MHOXKECTBa M, Ha00O-
POT, KOKJIBIH 3JIEMEHT 2-TO MHOKECTBA SIBIISICTCS 2JIEMEHTOM IIEPBOTO MHOXKECTBA.

PaBenctBo nByx MHOkecTB A u B ob6o3nauaror A=B. PaBHble MHOXECTBa,
10 OIPEICIICHUI0, COCTOAT M3 OJHUX M TEX K€ AJIeMEHTOB. [ JoKa3aTenncTBa pa-
BEHCTBA MHOJKECTB HEOOXOIMMO B3SITh JIFOOOH 3JIIEMEHT OJHOIO MHOXKECTBA U JOKa-
3aTh, YTO OH IPHHAJICKUT BTOPOMY MHOKECTBY, M OOPaTHO.

Onpenesenue 2.1.2 MHOXeCTBO A Ha3BIBACTCS HOOMHOI*CECMBOM MHOXKECTBA
B, ecnu kaxapIi 31EMEHT MHOKeCTBA A SBJIIETCS DJIEMEHTOM MHOKecTBa B.

Ecnu MHOXecTBO A sBJISETCS MOAMHOXKECTBOM MHOXKeCcTBa B, TO 3ammceiBa-
10T AcC B u yuraror «MHOKeCcTBO A SBIJETCS MOIMHOXKECTBOM MHOXKecTBa B»,
WM «MHOXECTBO A COIEpPXKUTCS BO MHOXKeCTBE B», ninm « A BKIIFOUEHO B MHOXe-
ctBO B» 1. 1.

PaccmoTtpum omeparuu HaJl MHOXKECTBaMU. MHOXKECTBO, KOTOPOE COJICPKHUT
BCE MHO>KECTBA, Ha3bIBACTCSl YHUBEPCAIbHBIM U 0003HavyaeTcs OykBout U mimm Q).

Onpenenenue 2.1.3 Ob6vedunenuem MHOKecTBa A 1 B Ha3bIBaeTcs MHOXKe-
ctBo AU B, cocrosiee u3 Tex U TOJIBKO T€X 3JIEMEHTOB, KOTOPhIC MPUHAIJICKAT XO-
Ts OBbI OJTHOMY U3 MHOKECTB A uiau B (B 4acTHOCTH, OTHOBPEMEHHO 00OOMM MHOXKE-

CTBaM): AUBI{X‘XE Av Xxe B}.

O6benuHeHneM MHOXKeCTB A , | €N, Ha3bIBaeTCsS MHOKECTBO U A, cocTosIIee
|

U3 T€X U TOJBKO TEX IJIEMEHTOB, KOTOPBIE MIPUHAJIEKAT XOTA ObI OAHOMY M3 MHO-
xectB A. B uyacTHOM ciydae, OOBbEIMHEHHME KOHEYHOI'O YHCIA MHOYKECTB

n
A,A,.. A Oyrem 0o603HaYaTH k{A =AUA U..UA.
i=
Onpenenenue 2.1.4 [lepeceuenuem muoxectsa A n B HaspiBaeTcs MHOXKe-

ctBo AN B, cocrosiliee U3 T€X U TOJBKO TEX AJIEMEHTOB, KOTOpbIE MPHUHAJIEKAT
onHOBpeMeHHO MHOkecTBY A B: ANB= {X‘ Xe AAXe B}.

[Tepeceuennem mHOkecTB A, | €N Ha3pBaeTcss MHOXECTBO M A, cocTosiee
I

U3 TE€X U TOJIBKO T€X 3JIEMEHTOB, KOTOpPbIE MPUHAANIEKAT OJHOBPEMEHHO BCEM MHO-
xectBaM A . B dacTHOM ciydae, nepecedeHHME KOHEYHOTO YHCIa MHOYKECTB

A,A,.. A Oyrem 0o603HaYaTH éA =ANAN.NA.

Onpenenenue 2.1.5 Paznocmvio MHOXecTBa A 1 B Ha3pIBaeTCs MHOXKECTBO
A\ B, cocrosiiee B3 TE€X U TOJBKO TE€X 3JIEMEHTOB, KOTOPHIC IIPHHAIICKAT MHOMKE-

cTBY A M He mpuHajexaT MHOKecTBY B: A\ B = {X‘ Xe ArXg B} :

Onpenenenue 2.1.6 Jononnenuem MHOXKECTBa A 10 YHHBEpPCATbHOTO MHOXeE-

ctBa (Q HaspiBaeTca MHOKeCTBO A=Q\ A, cocrosiiee U3 TeX U TOJIBKO TEX DJIEMEH-
TOB, KOTOpbIE MPUHAJJIEKAT YHUBEPCATHHOMY MHOKECTBY U HE MPHUHAJJICKAT MHO-

xecTBy A! A:Q\A:{X‘XEQ/\XﬁA}.
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['eomeTpruueckn onepauuu HaJ MHOKECTBAMU UHTEPIIPETUPYIOTCSA C TOMOILBIO

nuarpamm OJitnepa-BeHHa.

Ha pucynkax 2.1.1-2.1.4 3amTpuxoBaHHbIe 00JIaCTH U300paxkarT 00bEMHE-
HUE, IepeceueHue, Pa3HOCTh U JOTIOJIHEHUE JIBYX MHOXKECTB, COOTBETCTBEHHO.

Q

/

)

X _—

)
v

A
C
S

Pucynok 2.1.1 — O0beauHeHue

Q
=

L)t

Al'B
Pucynok 2.1.3 — Pa3nocTts

Q

)" >

ANnB
Pucynok 2.1.2 — Ilepeceuenue

s ()

Ha

W

N

A=0Q/4
Pucynok 2.1.4 — Jlononnenue

PaccMoTprm OCHOBHBIE CBOMCTBA OIEPALIMN HAJI MHOKECTBAMH.

D A
AuQ=0Q
ANQ=A
AUA=Q
ANA="
A=A
AUA=A
ANA=A
AUB=BUA
ANB=BnNnA

Au(BuC)=(AuB)uC
AN(BNC)=(AnB)nC
Au(BNC)=(AuB)n(AULC)

ANn(BuC)=(AnB)U(ANC)

yCTO€ MHOXKECTBO COJCPKUTCS B JIFO-
OOM MHOKECTBC;

3aKOH WHBOJIIOILIHH;
3aKOH HMJIEMIIOTEHTHOCTH OOBEIUHEHHS;
UJEMIIOTCHTHOCTh TMIEPECCUCHUS;
KOMMYTaTUBHOCTh OOBETUHEHUS;
KOMMYTaTUBHOCTD TIEPECCUCHUS,;
aCCOIMaTUBHOCTh OOBEIMHEHUS,
aCCOIMaTHBHOCTD TIEPECCUCHHUS;
TUCTPUOYTUBHOCTh OOBEIMHEHUS OTHO-
CUTEBHO TEePECeUCHMUS;
JTUCTPUOYTUBHOCTh TIEPECEYCHUSI OTHO-
CHUTEIBHO OOBCIUHCHHS
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— 34aKOHBbI J€ MopraHa JJI MHOXKCECTB.

(AUB)=ANB
(AnB)=AUB

2.2 Ilpumepbl pelieHUs TUMOBBIX 3a/1a4
2.2.1 OnucaTth mepevynciieHueM Bcex 3neMeHToB MHOxectBa AUB, ANB,

A\B u B\A, com A={xeR|x’~5x+6=0}, B={xeR[x’~x—-2=0}.
Pemenue. 3anumem MHOXecTBa A U B mepeuncneHnem ux 31eMeHTOB, IIpe-
BapUTEIILHO PEIINB KBaJpaTHbIC ypaBHEHU: A = {2; 3} , B= { -1 2}.
AUuB={-1,2;3}, AnB={2}, A\B={3}, B\A={-1}.
2.2.2 Vcnionb3ys ompenesicHre PaBeHCTBA MHOKECTB M OTEpAIllii HaJ MHOXe-
ctBamu, poBeputh paBeHcTBO AU (BN C)=(AUB) N (AUC) u npownIroCTpUpO-

BaTh pPEIICHHUE C TIOMOIIBIO JUarpaMmmel Ditnepa—BeHHa.
Pemenue. PaccmoTpum JIBa MHOkECTBA M=Au(BnC) u

N=(AuB)n(AuC). Hamo nokaszarb, uto M =N . i Toro 4Tto0Obl 3TH MHOXE-

cTBa OBLIM paBHBI, HCOOXOAUMO BBITIOJIHEHUE ABYX YCIOBHUI:
1)ecmu VxeM , 10 XeN;
2)ecnu VXe N, 10 xXeM.
[TpoBepum BoIMONTHUMOCTEL yeinoBus 1). myctb Xe M =AU (BN C). Torna

BO3MOXHBI ABa ciaydass Xe€ A wmnmu XxeBNC . Ecimm Xe A, to xeAUB u
Xxe AUC. CanenosarenpHo, Xe (AUB)N(AUC)=N. Ecim xeBNC, T0 XeB

nu xeC. Ho torma XxeAuB wu xeAuC, a »3T0 o03Ha4aer, 4YTO
Xxe(AuB)N(AUC)=N. Takum o6pa3zom, B 000UX CITydasix CIPaBEIJIMBO YTBEP-

x)aenue: eciit XeM , o Xe N.
[TpoBepuM BBIOTHUMOCTH yciaoBus 2). mycth Xe N =(AuUB)n(AUC). To-

rna, Xe AUB u Xxe AUC. Eciu xe A, 7o Xe AU(BNC)=M . Ecin x¢g A, 10
Xxe BNC, a, cnenosarensno, Xxe AU(BNC)=M .

N3 BRIMOTHUMOCTH yclioBui 1) U 2) cneayeT crpaBeIuBOCTh 33JIaHHOTO pa-
BerctBa AU(BNC)=(AuB)n(AuUC).

[TponIIIOCTPUPYEM pELICHHUE C TOMOIIBIO AuarpamMsl Jisiepa — BeHHa.

"‘%’

Jlmarpamma 2.2.1 — BN C Huarpamma 2.2.2 — AU (BN C)
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Huarpamma 2.2.3 — AUB Huarpamma 2.2.4 — AUC

Huarpamma 2.2.5 — (AUB)N(AUC)

Ha nuarpamme 2.2.2 Ditnepa—BenHa 3amtpruxoBanHas 00JacTh MPEACTABISIET
coboit neByr0 4acth 3amanHoro paseHcrBa: AU(BNC)=(AuB)n(AuC). Ha

auarpamme 2.2.5 Diinepa—BeHHa 3amTpuxoBaHHas 001acTh MPEACTaBISIET COOOM
mpaByro 4YacTh 3amanHoro paseHctBa: AU (BN C)=(AuB)n(AuC). 3amrpuxo-

BaHHbBIE 00JIacTH Ha 00eux auarpammax Diiniepa-Benna coBmanatot. CiaenoBarensHo,
YKa3aHHOE PaBEHCTBO CIIPABEIJIMBO.

2.3 3apanus AJ1s1 pelieHUsI HA MPAKTUYECKOM 3aHATHH
2.3.1 Onucath 3aJaHHBIE MHOXECTBA MIEPEUYUCICHUEM CBOUX 3JIEMEHTOB.

23.1.1 A={XERX2—4X+3=O}; 2.3.1.2 A={XER‘X3—5X2—8X+12=O};

1
Iogm; < 2};

2.3.1.5 AZ{XERCOSZ3X=0}; 2.3.1.6 Az{XeR‘\/Z— :—x}.

2.3.2 N300pa3uTh Ha KOOPAUHATHOM TIJIOCKOCTH CJIEAYIOIHME MHOXKECTBA!
2321 X—-y<5 2322 y<x’; 2.3.2.3 sin2x>0,5.

2.3.3 OncaTth mepedncieHueM Bcex dJeMeHTOB MHOxkecTBa AUB, ANB,
A\B u B\A, com A={xeR|x’~3x+2=0}, B={xeR[x’+x-2=0}.

2.3.1.3 A={X€RX2—9X+8SO}; 2314 A:{xeR
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2.3.4 TlycTh 3alaHO HEKOTOPOE MHOXECTBO A= {X eR|x*—4< O} U MHOXe-

ctBo B={xe R”X‘>1}- 3amTpUXoBaTh HA YHCIOBOW NpPsAMOil HepecedeHue, 00b-

eJIMHEHKE U PA3HOCTH STUX MHOKECTB.
2.35IIycte A u B — xoneunble MHOxecTBa. Jlokasars, uto N(AUB)=

=n(A)+n(B)-n(AnB), rae n(M) — gucno snemenToB MHOKecTBa M .

2.3.6 Ucxons u3 onpeesieHUs] paBEHCTBA MHOYKECTB U OTepariii HaJ MHOXe-
CTBaMH, MPOBEPUTH TOXKIECTBA U MPOUJUIIOCTPUPOBATH PEIICHUE C MOMOIIBIO JTHa-

rpamm Oitlniepa—BeHHa.
a) A\B=A\(AnB);

6) An(BU(ANC))=(AnB)U(ANC);
B) A\(BUC)=(A\B)n(A\C);

r) A\(BNC)=(A\B)U(A\C);

1) A\(A\B)=AnNB;

e) BU(A\B)=AUB.

2.4 3aganus I KOHTPOJMPYEMOii caMOCTOSITeIbHOI padoThI
2.4.1 Vcxons u3 ompeneieHns paBeHCTBAa MHOXKECTB U OTEpaluidi HaJl MHOXKeE-

CTBaMHU, MPOBEPUTH TOXKACCTBO AN ( BuC)= (A NB)U(AN C) , TPOWJLITIOCTPUPO-

BaB pelIeHUE C OMOIIBIO TuarpamMm Jitiepa— Benna.
2.4.2 Tlyctb A —MHOXECTBO BCEX TOYEK IJIOCKOCTH, OOPa3yIOIIUX CTOPOHBI

MIPOU3BOJIBHOTO TPEYTOJIbHUKA, BIMCAHHOTO B 33JIaHHYIO OKPY>KHOCTh. Onucath 00b-
eIMHEHHUE U TMePeceUeHUe BCEX TaKUX MHOXKECTB, €CIIH:

a) TPEYTrOJIbLHUKH MPOU3BOJILHBIC;

0) TpeyroabHUKU MPaBUIILHBIC,

B) TPEYTOJIbHUKHU MPSIMOYTOJIbHBIE.

3 BEKTOPBI
(mpakTHyeckoe 3aHsATHE 3)
Copep:kaHue: BEKTOPBI; TMHEHHBIE OMEPAIIMU HaJl BEKTOPAMH.

3.1 Teoperuyeckuii MaTepuaJ Mo TeMe NPAKTUYECKOT0 3aHATHSA

B ecTecTBEHHBIX HayKax pacCMaTPUBAIOT CKAISAPHbIE U 6eKMOPHbLE BETUUNHBI.
CkansipHasi BeJIMYMHA TIOJHOCTBIO XapaKTepU3yeTCsl CBOUM YHCJIOBBIM 3HAYE€HHUEM
(macca m, Temmnieparypa T, BpeMs t u T. 1.). BekTopHas BenuunHa XapakTepu3yeTcs
CBOMM YHCIIOBBIM 3HAYCHHEM U HAIIpaBIICHHEM (CKOPOCTh V , YCKOpEeHHe a, CHiia F
UT. I.).

Bexmop sBnsieTcss MaTeMaTUYECKOM MOJENbI0 BEKTOPHOM BenuuuHbl. Cyiile-
CTBYIOT Pa3JIMYHbBIC MOJIXO0/IbI K MOHSITHIO BEKTOPA.

1. Bexmop — HaNpaBJICHHBIA OTPE30K.
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2. Bexmop — ynopsijloueHHasi Tpoika 4nce, KOTopasi onpeaenéHHbIM 00pa3om
npeoOpa3yeTcs mpu Mnepexojie 0T OAHONU CUCTEMbI KOOPAUHAT K APYTOM.

3. Bexmop — onpeieni€HHOE peoOpa3zoBaHUE IPOCTPAHCTBRA.

T'eomempuueckuii gekmop —3mo HanpasieHuvlil ompe3ok. Vicxonsa us onpe-
NEJIEHUS T€OMETPUUYECKOTO BEKTOPA, OH XapAKTEPU3YETCS NJIMHOW U HAIPABICHUEM.
JI71s1 TeOMETPUYECKOTO BEKTOPA BBOAATCSA MOHATHS PABEHCTBA, CJIOKEHUS U YMHOMXKE-

/B HUsA Ha 4ucio. Bexrtop, Hampumep E, u300paxkaercs

HaIpaBJICHHBIM OTPE3KOM CO CTPEIKOM, rjae Touka A —

A AB Hayajo BEKTOpa AB (TOuKa MpUIIOKEHUS BEKTOPA), a TOY-
ka B — xoner aToro Bektopa (pucynok 3.1.1).

Pucynok 3.1.1 —AB Bektopel mMoryT o06o3HayaThCsd MalIbIMU OyKBaMu

JaTHHCKOTO ajdasuTa: d,b,C U T. 1.
PaccrosiHre MEKIy Ha4aloM U KOHIIOM BEKTOPA Ha3bIBACTCS ONIUHOU 8EKMOpa

WJIM MOJTyJIEM BEKTOpa U 0003HavaeTcs, Harpumep, 11 Bekropa AB — ‘AB‘ :

—

Bektopet & m b HaspBaroTcs cona-

npasnennvivu 1 0603Hadarores a 11T b, ec-
JM OHU UMEIOT OJHO U TO € HampaBJICHUE.

BekTtopel C u d Ha3BIBAIOTCS NPOMuUBONo-
PI/ICYHOK 3.1.2 — COHaHpaBHeHHOCTB JIOJCHO HanpaejieHHbiMu N 0003Ha4aroTCs

¢ ™ d, ecan onn umeror IPOTUBOIOJIOK-
HbIC HarpasieHus (pucyHok 3.1.2).

lea eexmopa naszviearomes pasHviMu, €Clii OHU UMEIOT OJIMHAKOBBIE JJIMHBI U

SIBJISIFOTCSI COHAITPABJICHHBIMH.
d=b o [a)=|p[~a Tl b.

CrnenoBaresibHO, BEKTOPbI MOYKHO MEPEHOCUTh B IMPOCTPAHCTBE, MapaJIEIbHO
cebe, TOATOMY BEKTOPHBI SABISIOTCA c80000HbIMU. CBOOOTHBINA BEKTOP — 3TO MHOME-
CTBO BCEX HAMPABJICHHBIX OTPE3KOB, PABHBIX MEXKAY COOOi.

Hynesvim BeKTOpoM O Ha3bIBACTCS BEKTOP, HAYAJIO0 M KOHEIl KOTOPOTO, COBIA-
naroT. J{nmuHa HyneBOro BEKTOpa paBHA HyH0. HampaBieHue HyneBOM BEKTOp He
nMeeT. BekTop Ha3bIBaeTCs eOuHUYHbIM WA OPMOM, €CIIU IJIMHA €r0 PaBHA €AUHUIIE.

BekTopel Ha3bIBAKOTCS KOMLIUHEAPHbIMU, €CIIM OHMU JIEKAT HA OJHOU IPAMOM
WM Ha MapajuieibHBIX MPSAMbIX. BEKTOpBI HA3bIBAIOTCS KOMHUIAHAPHLIMU, €CIU OHU
JIeXKaT B OJJHOM TJIOCKOCTH WU B MapaJUIeIbHBIX IJIOCKOCTSX.

PaccMoTpum nuHElHbBIE oniepauyy HaJl BEKTOPaMH.

Cnoosrcenue eexmopos. Ilpa-

i h BUNI0 MPEY2ONbHUKA. CYMMOU O08YX
gekmopos a u b HaseiBaercs Tpe-
TUM BEKTOP, pAaBHBIA BEKTOPY

c=a+b . .
C=da+b, KOTOpBIi  COEIUHSACT

Pucynok 3.1.3 — IIpaBuiio TpeyrojibHuUKa HAYaJio BEKTOpa 8 M KOHEIl BEeKTOpa
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b , mpuuém Hayao BekTopa b coBmamaer ¢ koHIIOM BekTopa a (pucyHok 3.1.3).

—»

Ilpasuno napannenocpamma. cymmou 08yxX 6ekmopoeé a u b Ha3bIBaeTcs Tpe-
THU BEKTOpP, PABHBIA BEKTOPY

/ ¢ . 7 N C=a+b, xoropblii sBIsIETCS

b % JMaroHalIbl0 MapajieiorpaMmma,

8% _G+h IOCTPOCHHOTO Ha A3THX BEKTO-

Pucynok 3.1.4 — IIpaBuio napasieiaorpaMmma pax ¥ UMEIOLIUNA ¢ HUMHU 00111ee
Hayvajo (pucyHok 3.1.4).

Ymnoorwcenue sexmopa na uwucno. Ilpouszsedenuem OeticmeumenvpHo2o yucia

_—

Q Ha Hemynesoli 6ekmop @ Ha3bIBAETCS BEKTOP ord, KOTOPBIA yIOBIETBOPSET Cle-
JIYIOIMM YCIIOBHUSM:

1) ‘a—a‘:‘a‘-‘é‘; 2) aa™d, ecmn a>0;

3) aaTN d, ecmn a<0; 4) aa=6,ecnn a=0.

Ecnu |a|>1, To yMHOXEHHE BEKTOpA HA YHCIO COOTBETCTBYET PACTSIKCHHIO
Bektopa d B || pas. Ecim |a|<1, TO yMHOXeHHE BEKTOpA Ha 9HMCIIO COOTBETCTBYET
cxkaTuio Bekropa a B 1/|a| pas.

Bexmop —a =—1-3@ Ha3bIBaeTCS BEKTOP, MPOTHBOIOJIOKHBIA BEKTOPY a. DTH
BEKTOPA MMEIOT PABHbIC JUIMHBI U MPOTHBOTIONIOKHBIC HAMPABICHHS. Pasnocmoio

08yX 6eKmopog a u b HassiBaercs BEKTOp a — b, paBHbII cymme a + (— b)

PaccmoTpum npoctpaHcTBO V' reoMETpUYECKUX BEKTOPOB. BEKTOpHI, prHAI-
JIeXxaIMe TaHHOMY MPOCTPAHCTBY, C BBEJCHHBIMU BBIIIE JIMHEHHBIMU OIEpalUsIMHU,
OYEBHJIHO, 00JIa/IAI0T CIECTYIOIIMMU CBONCTBAMU:

1) va,beV, d+b=b+3;

2) va,b,ceV, d+(b+c)=(a+b)+c
3) vaeV,30eV, a+0=4a;

4) vaeV,3(-d)eV, a+(-a)=0;
5) vaeV, l-a=a

6) VaeV,Va,feR, (a-f)-d=a-(f-8);
7)VaeV,Va,BeR, (a ﬁ) a-a+pf-a;
8) Vﬁ,ﬁeV,VaeR a( +6) d+a-b.

3.2 Ilpumepsl penieHnsi TUMOBBIX 32124
3.2.1 Jlanbl BeKTOpHI &, b,¢ (pucyHok 3.2.1 a). M300pa3uth Ha YepTexe HX
1.

. _ 1~
JUHEHHYIO0 KOMOMHAIHNIO 28 — > b+ §C
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Pemenue. BeiOupaeM Ha MIIOCKOCTH NMPOU3BOJIBHYIO TOUKY A M OTKJIAJbIBAEM

oT Heé BekTop 2d = AB, KOTOpBI COBMAJacT MO HAIPABICHUIO C BEKTOPOM da H
UMEET JJIMHY B JIBa pa3a 0oJiblie, yeM 3ToT BekTop (pucyHok 3.2.1 6). Ot Touku B

1= -

oTknaapiBaeM BekTop BC = _Eb , KOTOPBIN 1O JUIMHE B JIBa pa3a MEHbIIEe BeKTOpa b

U TIPOTHUBOIIOJIOKEH €MY IO HalpaBJIEHUIO. 3aTEM OT MOJy4eHHOH Touku C cTpoum
— 1. . . ~

Bektop CD = §C , KOTOPBIN 1O JJIMHE PAaBEH OJHOU TPETHU BEKTOpa C W UMEET C HUM

o 01— 1.
ONHO HampaBieHue. Vickomass nuHeliHas KOMOMHAIUS BEKTOPOB 2a—§b +§C

—

n3obpaxaercs BekTopoM AD =d, KOTOpHIIi 3aMBbIKaeT MOJYYECHHYIO JIOMAaHYIO,
HAYaJi0 KOTOPOW HaxXOJUTCS B Hayalle BEKTOpa 2d, TO €CTh B TOUKe A, a KOHEI[ B

1.
KOHIIE BEKTOpa §C , 4, clieJIoBaTeNibHO, B Touke D (pucynok 3.2.1 0).

) g 6) R

T{: 2
. SEDUES [P B B
¢ d=2a—-—b+—c 27
2 3

\ 4

b
A4

Pucyrok 3.2.1 — Cymma BextopoB 2d, —b/2 u ¢/3

3.2.2 B paBaobGenpennout tpanenuun ABCD na ctopone ocHoBanust BC B3sTa

touka M, KoTOpasi IeJUT ATO OCHOBAaHUE B OTHOHJCHI/II/I‘BM HI\/IC‘ =5:1. bokoBas
ctopoHa CD npemutcs Toukot N B OTHOIIEHUHU ‘CNHND‘ =1:3. OcHoBaHHE BBICO-

el BK nemut orpezok AD B oTHOmIEHUUM ‘RH@‘zl:?. Boipa3zuts BekTOp MN

4yepe3 BEKTOPbI AD=d u AB=b.
Pemenne.  M3oOpasum  Tpamenuo

g v C ABCD c ykazanneM HEOOXOIUMBIX BEKTOPOB

(pucynok 3.2.2) . Boeipazum Bektop MN ue-
N pe3 BekTopsl AD=3 u AB=b, ucroms3ys
K IpaBUJia CIIOKEHUS BEKTOPOB M YMHOXKEHHE

— > D y
) a BCKTOpPa Ha ACUCTBUTCIIbHOC YK CJIO.

i [
[

Pucynok 3.2.2 — Tpanenus MN = MC +CN = 1 BC +1CD _
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155,11 (CB+BA+AD)—1AD—EBC—1E§+ AD =
6 8 4 8 4 4 4
3= 16+ 1,2 3-——= 1-— 3

Sap-10ap-tag-ap-tag-2a-1p.
8 48 4" 16 4716 4

3.2.3 3agan mnapamnenenunes ABCDABCD,. Brlpasure 4epe3 BEKTOPBI
A—A{:i AB=b, AD=C Bekropsl MN u ﬁ, rie M u N — cepenunsl pédep
D—D; u BC,a K —touka nepecedyeHust MenuaH tpeyronbHuka BCD.

Pemenue. ITocrpoum napamnenenunen ABCDABC D, . ¢ ykazanuem HeoOxo-
JIMMBIX BEKTOPOB (pHcyHOK 3.2.3).
BrIpa3uM BEKTOPEI MN u C K gepes

_

BEKTOPHI AA =a, AB=D U
AD =C, ucrnojb3ys NpaBuiia CII0OKe-

HHA BCKTOPOB U YMHOXKCHHC BCKTOpPA
Ha I[GﬁCTBI/ITGJIBHOG qucCio. HaXOIII/IM

BEKTOP MN
MN =MD + DA+ AB+BN =

| _— _— _—

=—D,D - AD+AB+1BC—
2 2

1—r ——

:EA&A AD+AB+;AD—

A :—1E+E—%AD_
Pucynok 3.2.3 — IMapamnenenunen _ % 540 1

—

Pasznoxwum Bextop C,K 1o 3agaHHBIM BEKTOpaM BEeKTOpHI &, b u C.

C,K =C,C+CK = A_LA+:23CO——AA_L E%C—A——AA&—E_C:

1 — 1— 1-— 1.
=—AA -=(AB+AD)=—-AA —-=AB--AD=-4 ——b——
A 3( AD)=~AA 3 3 3

3.3 3aganus AJs1 pelieHUs] HA MPAKTUYECKOM 3aHATHH
3.3.1 Ilo naHHBIM BeKTOpaMm a U b MOCTPOUTH UX JIMHEHHbIE KOMOMHAIIUU: a)
33-2b ; 6) 23+ 1p B) L5 35,
2 2 2
3.3.2 B nmapamienorpamme ABCD 3anmansl Bektopel AB=p u AD =(. Bripa-

suth uepes P u § Bexropsr OA, OB, OC u OD, rae O —TOUKA [epeCceueHns UAro-

HaJIEW mapasuiesiorpaMmma.
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3.3.3 Tpu Bektopa AB=¢,BC=4d,CA=b sBusorcs CTOPOHAMH TPEYIOJib-

Huka. Beipazute meauansl TpeyroibHuka AM, BN u CK uepes Bektopwl &,b,C.

Haiitu cymmy BektropoB AM + BN + CK..

3.3.4 B tpeyroapHuKe 3aaun 3.3.3 BeIpa3uTh BCE MEIUAHBI Yepe3 JABa BEKTO-
pa:awuc.

3.3.5 Cropona AB tpeyrombanka ABC paspeneHa Ha msATh paBHBIX 4acTel, U
Bce Touku nenenus K, L, M, N coexmreHsl ¢ npotuBosexariei Bepmmuaoi C. O6o-
3HAYMB CTOPOHBI TPEYTOJIbHUKA AC = pu AB = g , HATH BBIpAaXKEHUS JJIs1 BEKTOPOB
AK, AL, AM, AN .

3.3.6 Tpu BekTopa AB=¢,BC=3,CA=b sBistorcs CTOPOHAMH TPEYIOJib-
HUKa. HaillTu BEKTOPBI, COOTBETCTBEHHO KOJUIMHEAPHBIE OMCCEKTPHUCAM YTJIOB 3TOTO
TPEYroJIbHUKA.

3.3.7 B pom6e ABCD 3ananbl guaroHaiu AC =mm u BD = fi. Pa3I0xuTh 10
OTHM JIBYM BEKTOPaM BCE BEKTOPBI, COBIA/IAIOIINE CO CTOPOHAMH pomba: AB, BC,

CD u DA.
3.3.8 B paBuoOenpennoit tpanenuu ABCD wu3BECTHO HUXHEE OCHOBAHHE

AB =, 6okosast cropona AD =i u yron mexxay HuMu ZA = 60°. Pa3noxuts mo M
U N BCe BEKTOPHI, COCTABIISAIONINE OCTAIBHBIC CTOPOHBI M JHAroHalN 3aJaHHON Tpa-
neuuu ABCD.

3.3.9 B mpaBunsHOM miectuyronsauke ABCDEF gansl BekTOpHI AB=4 n
BC =b. Bripasuts uepes ad u b BekTopel DE, EF, AC, AD, CD, ﬁ, ﬁf, FD
u AE.

3.3.10 Ha Tpéx HekOMIUIaHApHBIX BEKTOpax AB=3,AD=b u AA =C mo-

_—

crpoen mapamtenenunes ABCDABC,D,. Bripasuts uepes d,b u € BexTOpHI, COB-

MaJarolue CO BCEMH OCTAbHBIMU PEOpaM, MUArOHANSMHU M JUArOHAJISIMU TpaHel
JTOr0 MapaJuIeIICIINIIE A,

—

3.3.11 Kakoii 0COOEHHOCTBIO JIOJKHBI 0071a/1aTh BEKTOPLI @ U b , 4TOOBI MMe-
JI0 MECTO COOTHOIIIEHHE:

1) |a+b|=[a-b|; 2) [a+b|=[a]+|o|; 3) [a+b|=|a]-|o|; 4)|a-b|=[a]+]p|.
3.3.12 B Terpadape ABCD nanbl p&Opa, BBIXOIAIIME W3 BEPIIMHBI A
AB=m, AC=f u AD= P . Beipasuts 4yepe3 3amaHHbIE BEKTOPHI OCTalIbHBIE PEOpa

terpadapa, Meauany DM rpanu BCD wu Bexktop AL, rme L —1eHTp Tsokectu rpaHu
BCD.

3.3.13 [lycte M — Touka nepeceuenuss meauan tpeyroipHuka ABC, a O —
MPOU3BOJILHAA TOUKA NPOCTPAHCTBA, HE JISKAIIAs B TUIOCKOCTH TPEYTOJTLHUKA. Bripa-

3UTh BEKTOP OM u DE 4yepe3 BEKTOPbI OA, OB, OC,tne D u E — CepeIMHbI
BEKTOPOB OA u BC , COOTBETCTBEHHO.
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3.4 3aganus 11 KOHTPOJMPYEMOii CaMOCTOSITeIbHOI PadoThI

3.4.1 Tpu Bextopa AB=a, AD = b, AA =C sBIsIOTCS p€OpaMHy Mapasuieeny-
nenra ABCDABCD,. Toukn E,F,G,H,I,J,L,M, N,P,Q — cepenunsl pébep
AB, BC, CD, AD, AA, BB, CC, DD,, AB,, BC,,C,D, nAD,, coorsercteenno. Tou-
ki O n O, ABIAIOTCS, COOTBETCTBEHHO, TOUKAMHU NEPECEUCHHUs IUaroHalIel mapal-
nenorpammoB ABCD u ABC,D,. Touku R,S,T u U — Touku nepecedyeHus Meauan

tpeyroasHukoB ABD, BCD, ABC,, ADC,, cootBeTcTBeHHO. BbIpasuts depes 4, b
U C yKa3aHHBIC BEKTOPBI.

3411 EQ,MS. 3412 EP,MR. 3.4.13 EN,NS.
3.4.14 FM,NR. 3.4.15 FQ,PS. 3.4.16 FP,PR.
3.41.7 GM, LS. 3418 GN,LR. 3419 GQ,LT.
3.4.1.10 HM, LU. 3.4.1.11 HN,KS. 3.4.1.12 HP,KR.
3.4.1.13 IP, KT. 3.4.1.14 JQ, KU. 3.4.1.15 KQ,JR.
3.4.1.16 LN, JR. 3.4.1.17 OM,JT. 3.4.1.18 ON, JU.
3.4.1.19 OP,IS. 3.4.1.20 0OQ, IR 3.4.1.21 IF,IT.
3.4.1.22 IG,IU. 3.4.1.23 JH,HT. 3.4.1.24 JG, HU.
3.4.1.25 KH,GT. 3.4.1.26 KE,GU. 3.4.1.27 LE,FT.
3.4.1.28 LF,FU. 3.4.1.29 IN,ET. 3.4.1.30 JQ, EU.

4 JEKAPTOBASI CUCTEMA KOOPAUHAT
(mpakTHyeckoe 3aHsATHE 4)

Coaep:xaHue: JIMHEHHAS] 3aBUCUMOCTh U JIMHEHAs HE3aBUCUMOCTh BEKTOPOB;
0a3uc Ha MJIOCKOCTH M B TPEXMEPHOM MPOCTPAHCTBE, JIEKApTOBasi CUCTEMa KOOPIH-
HAT Ha IJIOCKOCTH M B MIPOCTPAHCTBE, KOOPAMHATHI BEKTOPA, JIJTMHA BEKTOpa, HAIIPaB-
JISFOIIE KOCUHYCHI.

4.1 TeopeTnuecKkuii MaTepuaJ Mo TeMe NPAKTUYECKOr0 3aHATUS

—_ —

Paccmotpum cucteMy BEKTOPOB X, X,, ..., X, JIMHEHHOro mpocTpaHcTaa L.

—_—

JIuneitHoi koMOMHALMENH BEKTOPOB X, X, , ..., X, Ha3bIBAE€TCS BBHIPAKEHUE BUIA:

—_— —_— —_— n —_— —
X Xy o X =Za-X- rie ¢, € Rmi=1n.

1771
i=1
Onpenenenune 4.1.1 Cucrema BEKTOpOB X, X, , ..., X, JTUHEHWHOTO IPOCTPAHCTBA
L HasbIBaeTCs uHENHO-3a6UCUMOl, ECITH CYILECTBYIOT TaKUE YHCHA Q,,Q,,...,&,, 110

KpaliHeil Mepe, 0JIHO U3 KOTOPHIX OTJIHYHO OT HYJIs (0512 ta +..tal# O), YTO JIU-

HeifHasg KOMOMHAIMsI STUX BEKTOPOB paBHA HYMO X, +...+a, X =0. Eciu paBen-
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CTBO HYJIIO JTUHEHHONW KOMOHMHAIIUU BBITIOJIHIETCS TOJNBKO MPH HYJNEBBIX KO3(Dduiiu-

—

eHTax (al =a,=..=qQ, :0), TO CHCTEMA BEKTOPOB X, X,, ..., X, HA3bIBACTCS JUHEU-

HO-He3a68UCUMOUL.

Teopema 4.1.1 /IBa HEHYIEBBIX FEOMETPUUECKUX BEKTOPA ABIIAIOTCS JIMHEHHO-
3aBHCHMBIMH TOT'/Ia ¥ TOJIBKO TOTJIa, KOTJa OHU KOJIJIMHEAPHBIE.

Teopema 4.1.2 Tpu HEeHyJIEBbIX FTEOMETPUUECKUX BEKTOPA ABIIAIOTCS JIMHEHHO-
3aBHCHMBIMU TOT'/Ia ¥ TOJIBKO TOTJ1a, KOTJa OHU KOMILIAHAPHBIE.

Teopema 4.1.3 JlroObie YeThIpe reOMETPUUYECKUX BEKTOpPA TPEXMEPHOTO IMPO-
CTPaHCTBA SBJISIOTCS JIMHEHHO-3aBUCUMBIMU BEKTOPaMH.

JIr000i1 reoMeTpUYECKUl BEKTOP MOYKHO Pa3JIOKHUTh MO TPEM HEKOMIUIAHAP-
HBIM BEKTOpaM.

Onpenenenue 4.1.2 bazucom nuHEHHOTO TpocTpaHcTBa L, pasmepHoctu N
HA3bIBAETCS JTI00ast yopsI0YeHHAs: COBOKYITHOCTh N JIMHEHHO-HE3aBUCHUMBIX BEKTO-
POB 3TOT0 MPOCTPAHCTBA.

Basucom muneliHOro mpoctpancTtea V' sBisercs mobas COBOKYIIHOCTH TPEX
HEKOMIUTAHApHBIX BEKTOpoB. Hambosnee dacTo MCHOIB3YIOT OPTOHOPMHUPOBAHHBIN

6a3uc. OpToHOPMUPOBAHHBIN Oa3zuc B = {i : j,k} COCTOUT U3 TPEX B3aHUMHO OPTOTrO-

HAJIBHBIX €JIMHUYHBIX BEKTOpoB: | L j LK u ‘ i‘:‘ J‘:‘ k‘:l. JIro6oit BekTop &

- -

Pa3NoOKUM 10 Ga3HCHBIM BeKTOpaM i, ],K: d=ai + ayi +a,k, rne a,,a,,a, — Ko-

OpAMHATHI BEKTOpa & B JAHHOM OPTOHOPMUPOBaHHOM 0Oa3uce. KoopanHatel BeKTOpa
MPEJICTaBISIOT MPOEKIUI0 BEKTOpPAa HAa COOTBETCTBYIOLIME Oa3uCHbIE BEKTOpHI. JlJis
TOTO YTOOBI CIIOKUTH J[BA BEKTOPA, HEOOXOJUMO CIOXKHUTh COOTBETCTBYIOLIUE KOOP-
IUHATBL. Y MHOKEHHE BEKTOpA HA YHMCIIO 03HAYAET YMHOKEHUE KaXIA0W KOOPAUHATHI
Ha 3TO YMUCIIO.

Basucom nmuHeNHOro nmpoctpanctBa V2 sBiseTcs mr00as COBOKYIIHOCTh JBYX
HEKOJUIMHEApHbIX BeKTOpoB. Hambonee yacTo MCHOb3yeTcs OpTOHOPMUPOBAHHBIM

i d

0asuc B={1,]{, KOTOPBI COCTOMT M3 JBYX B3aWMMHO OPTOTOHAJIBHBIX €IMHUYHBIX

BEeKTOpoB: | L | u ‘ i‘:‘ j‘ =1. JTro0oii BeKTOp 8 pa3iioKuUM IO 0a3MCHBIM BEKTOPaM

g

i,j:d=ai+a,j, rae a, a, — KOOPAMHATHI BEKTOpa & B JAHHOM OPTOHOPMHUPO-

BaHHOM Oasuce. CllokeHHe u YMHOXCHHC BCKTOPA HA CKAJIAAP BBOAUTCS aHAJIOTUYHO,

¥ 0 KaK U JUIsl TUHeHHOoro pocTpancTaa V 2,

Jlekapmosoii cucmemoti KoopoOuHam

¥ Ha TIJIOCKOCTH HAa3bIBAE€TCS COBOKYITHOCTh
TOYKH W JIOOBIX JIBYX HEKOJTMHEAPHBIX
BekTOpoB. Hambosiee dYacTto HCIONB3yeTCs

> >  NPSAMOYTOJIbHAs JEKapToBas CUCTEMa KOOp-

o 7 x X  guHar — O,T,i}. B npoctpanctee R* mpsi-
Pucynok 4.1.1 — Cucrema MOYIOjbHas JEKapToBas CHCTEMa KOOpIU-
KOOPJMHAT Ha IIOCKOCTH HAaT NpEACTaBIsIeT CcOOOH COBOKYIHOCTB
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B3aMMHO TeprneHauKysIpHbIX oceit OX u OY , KOTOpble HA3BIBAOTCS OCAMU KOOD-
ounam, u Touku O — Hauano koopounam (pucyHok 4.1.1). EnuHUYHBIE BEKTOPHI

I u J, HanpaBieHHble BAOAL oceii OX m OY COOTBETCTBEHHO, OOpa3ylOT MPSMO-
yrojibHbld 0azuc. JIroboil Touke M(X;y) B JIEKapTOBON CHUCTEME KOOpPJIUHAT OyaeT

COOTBETCTBOBAaTh BEKTOpP I, KOTOPBIA Ha3bIBAETCs paduyc-BeKTOpoM. OH UMEET Te
e KOOpAMHATHI, 4TO U Touka M . Takum oOpazom, 000U Paiyc-BEKTOp MOKHO

eJIMHCTBEHHBIM 00Pa30M Pa3JI0KHTh IO Ga3UCHBIM BeKTOpaM: T = Xi + Vj .

AHaOrMYHO BBOJUTCS JEKAPTOBAsi CUCTEMA KOOPAMHAT B MPOCTPAHCTBE, KaK
COBOKYITHOCTb TOYKHM U JIIOOBIX TPEX HEKOMIUIAHAPHBIX BEKTOpoB. Hamnbonee yacto

UCIIOJIb3YETCS MPSIMOYTOJIbHAS IEKApTOBasi CUCTeMa KOOPAUHAT — {O,i : j,k}. B mpo-

A cTpancTBe R® mpAMOYronmbHas JeKapToBas
CUCTEMa KOOpJMHAT IPEJCTaBIsIET co00i co-
_ BOKYITHOCTh B3aWMHO TEPHEHIUKYISIPHBIX
\ oceit OX,0Y u OZ, KoTopble HA3bIBAIOTCS

£

N ocamu Koopournam, u Touku O — Hauano Ko-
v F opduﬂam (pucynok 4.1.2). EnuHu4YHbIE BEK-

TOpsI 1, u K, HampaBieHHBIC BIONb OCeit

LN OX,OY u OZ COOTBETCTBEHHO, 00pa3yloT

. Y mpsamoyromembii  Gasuc. JioGoit  Touke
. M (X;y;Z) B CHCTEME KOOpAWHAT OYyIeT COOT-

X o ~ BETCTBOBATh €MHCTBEHHBIN BEKTOp I, KOTO-
b% PBI HA3BIBACTCSA paouUyCc-6eKmopom, ¢ TEMU
e KOOpJAWHATaMH, 4TO W Touyka M . Takum
oOpazom, J000N paauyc-BEKTOpP MOMXKHO
€IMHCTBEHHBIM 00pa3oM pasJIokKHUTh MO Oa-

Pucynok 4.1.2 — Cucrema
KOOPJIMHAT B IPOCTPAHCTBE

3MCHBIM BeKTOpaM: T = Xi + Y] + K .

IIpoexyueri sexmopa @ Ha BEKTOp b HaspiBaeTCA YMCI0 NP A = ‘é‘ . cos(é;b).

Koopaunater BekTopa I = Xi + Yj + ZK B mpsSMOYToJsHOM 0a3nce COBMAAAIOT C

MPOSKIUSIMH BeKTOpa I Ha 0a3ucHBIC OPTHI I, |, K COOTBETCTBEHHO, a JJTMHA BEKTO-

Fl=yX*+y*+2%. (4.1.1)

Ecmu M, (X;Y,;2,) 1 M,(X,;Y,;Z,) — IPOU3BOJBHBIEC TOUKH POCTPAHCTBA, TO

pa I paBHa

KoopauHatsl Bekropa M,;M, paBHbI

Mle :(XZ_Xi;yZ_yl;ZZ_Zl)' (4-1-2)

Orcrona Ha ocHoBaHuH (4.1.1) paccTosiHUE MEX Yy TOUKaMH BbIpaxaeTcs: (hopmyioit
p(My Mz) = ‘Mle‘ = \/(Xz - X1)2 +(y, — y1)2 +(z, - 21)2 . (4.1.3)
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M.M

1 3
Eciu Touka M (X;y;z) memur orpesok MM, B oTHOmCHNH A = ‘— , TO €&

MM,

‘

KOOPJMHATHI OIPEAETSIOTCS o hopmynam
+ AX +A .+ Az
x=27% 2;y:—yl y2;z:—l 2, (4.1.4)
1+ 4 1+4 1+ 4
B qJaCTHOM cnyqae, CCJIN TOYKa M JACIIUT YKaBaHHLIﬁ OTp€30K I10110J1aM, TO

ectb A =1, popmynsl (4.1.4) npuHUMAIOT BUT
X:X1+X2.y:y1+y2;zzzl+22_ (415)

2 2 2
Kpome nMHEWHBIX orepanuii HaJ BEKTOPaMH BBOASTCS U JAPYryue HETUHECHHBIC
onepanuu. [Ipu paccMoTpeHun 3THX orepanuii He0OXOJUMO BBECTH MOHATHS MaT-
PUIl U OIIpeIeNIUTENICH BTOPOTO U TPETHETO MOPSIIKOB, @ TAKIKE METO/IbI PEIICHUS CU-
CTEM aNredpandyeckux ypaBHEHUH.
Mampuyeu pazmeprocmu 2 x 2 Ha3zbIBaeTcs TabJUIIA YUCEI, COACpIKaIas JiBe
CTPOKH M JIBa CTOJOIIA.

Onpedenumenem 6mopoco nopsiOka Ha3bIBACTCS YUCIIO |A| = det A, BbIaHCIISC-

Moe 1o dhopmyiie
A= —a-d-b-c. (4.1.6)
c d

Mampuyeii pazmeprocmu 3x 3 Ha3bIBaeTCs TaOJIMIA YHUCEII, COACpIKAIasi TPU
CTPOKH U TPH CTOJIOIIA.
Onpedenumenem mpemve2o NOpsaOKa Ha3bIBACTCA YHUCIIO \A

dbopmyiie

, BBIYHCIIACMOC I10

Q a
b, b b b
[Al=lb, b, bj=a|" 3—%Q 3+%q 2|, (4.1.7)
C2 C3 Cl C3 Cl C2
C1 CZ C3
NI
Q a
|Al=lb, b, b|=ab,c,+abgc +abc, —ap,c —abc,—abc,.  (4.1.8)
c, C G,

Meton BbluucneHus: onpeaenurens no gopmysne (4.1.8) Ha3pIBaeTCs «IIpaBU-
JIOM TPEYrOJIbHUKa»: CO 3HAKOM «+» BbIOMpaeM IPOU3BEIECHUE FIEMEHTOB, CTOSIINX
Ha IJIABHOM JMaroHajIu, U NPOU3BEICHHUE 2JIEMEHTOB, 00pa3yIOIIMX paBHOOEAPEHHBIE
TPEYTOJIbHUKU C OCHOBaHUSIMH, NapaJlJIeIbHBIMU TIaBHOM AMArOHAIN; CO 3HAKOM «—»
BbIOMpAEM MPOU3BE/ICHUE AJIEMEHTOB, CTOSAUIMX Ha MOOOYHON JUAroHalld, U MPOU3-
BEJICHUE AJIEMEHTOB, 00pa3yloIIUX paBHOOEAPEHHBIE TPEYTOJIBHUKH C OCHOBaHUSIMH,
napajyuiebHBIMUA MOOOYHOM IHaroHau.
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PaccMoTpuM OfMH W3 METOMIOB PEIICHUS CUCTEM JIMHEWHBIX alreOpanvecKux
ypaBHeHUH, a uMeHHO MeTon Kpamepa: X; =A/A;, rne A — omnpenenuTesnb OCHOB-

HOM MaTpuilbl CUCTEMbI (COCTOUT U3 KOIDPHUIMEHTOB MPH HEM3BECTHBIX), a A, —

OIIPEACITUTEIIb, TIOJYYSHHBIA MyTéM 3aMEHBI j-TO CTOJIOIA OCHOBHOW MATpPHIIBI CH-
CTEMBI CTOJIOIIOM CBOOOTHBIX YJICHOB.

[TonsiTHE MaTPUIT M OTIEpallMK HaJ HUMH, BEIYUCICHUE ONPEACIIUTEIICH MPOM3-
BOJIBHOTO TIOPSI/IKA, & TAKKE METOBI PEIICHUS CHUCTEM JIMHEHHBIX anre0panmdecKux
ypaBHEHUI pa300paHbl B MOJHOM 00bEME Ha MPAKTUYECKUX 3aHsATuax 14 —17.

4.2 Ilpumepsbl penieHNsi TUNMOBBIX 3a/1a4
4.2.1 B ycnoBusix 3amaum 3.2.2 HailTu koopauHathl Bektopa MN B 0Oasuce
AD u AB.

Pemenue. [pu pemenun 3agaun 3.2.2 ObUIO ONPEACICHO Pa3I0KEHUE BEKTOPA

MN o BEKTOpam AD u AB: MN = %E —%E Koadhunments npu 6a3ucHbIX

3

TN 1
BEKTOpax M MPEICTaBIAIOT KoopAuHaTel BekTopa MN = (E,—Zj B 3aJJaHHOM 0a3u-

ce.
4.2.2 B yenoBusx 3ajaun 3.2.3 HailTH KoOpAMHATH! BeKTopoB MN u @B Oa-

suce AA, AB u AD.
Pewmenue. [Ipu pemennn 3anauum 3.2.3 ObUIM MOTYYEHBI PA3JI0KEHUS BEKTOPOB

W:—%AAHAB—%AD u ClK:—M—%ﬁ—%ﬁ no sekropam AA , AB u

AD . KoadduimenTs! npu 0a3UCHBIX BEKTOpPaX M MPEACTABIAIOT KOOPANHATHI BEKTO-

poB MN u @B 3aJaHHOM Oa3uce, TO €CTh MN :(—%;1;—%j, W:(—l;—%;—%j.

4.2.3 HaliTn KOOpIWHATHI TOYKH TEepeceueHuss MeauaH TpeyroibHuka ABC,
eci u3BecTHBI kKoopauHaThl ero Bepmud: A(0;7;-3), B(2;5;7) u C(4;3;5). Boruuc-
JUTh IIUHY Meauanbl AL .

Pemenue. Halinem xoopauHaThel Touku L, KoTOpas, Mo OompeneeHUuI0 Meaua-

HBl TpeyrojipHUKa, AeauT ctopony BC momomam. Bocnombesyemcs dopmymnamu
(4.1.5):

X :XB+XC:2+4_3; y _YstV¥e _

_ 5+3:4_ , :zB+zC:7+5:
L L ! L

2 2 2 2 2 2
Haxonum nmuny menuansl AL 1o dhopmyse (4.1.3):

‘H‘:J(B—O)Z+(4—7)2+(6+3)2 = J9+9+81 =499 =311.

[Tycth Touka M sBrsieTCS TOUKOM MepecedeHuss MeIuaH TpeyrojibHuka. Ecimu
AL siBnisieTcs MenuaHoM, TO, 0 CBOMCTBY MeJMaHbl, TOYKa M JenuT MenuaHbl B OT-

6.
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2
HOILIEHUH JBa K OJJHOMY, CUMUTas OT BepIIUHbI A, TO ecTh A = 1 =2 . Bocnonbs3yemcst

X,+2-x, 0+2-3 ya+2-y, [(+2-4
opmyinamu (4.1.4); x, =2 L — =2y, =24 L — =5
dopay L4 =" 3 =0 3
Z, = ZA1+ 22' 2 _-3 +32 6 5 CrnenoBartenbHo, Touka M (2;5;3).

+

4.2.4 3aiaHbl  BEKTOPbI 5:2T+3T—2I2 , b=i- T+3|Z, 6:2T+6T+3E.
Hatitu: a) koopanHAaTHI BEeKTOpa & + b-3k; 0) pa3noxeHue BeKTopa 28 — b +4k 1o

—_—

6asucy B = {T; i; IZ} ; B) KOOpPAMHATHI opTa C° .
Pewenne. a) d+b — 3k = (2,3,-2)+(1,-1,3)—3-(2;6;3) =(3;2;,1) — (6;18;9) =

= (-3,-16,-8); 6) 2 —b +4Kk =2 (20 +3] -2k )~ (I — ] +3k) +4- (2 +6] +3Kk ) =

:(4?+6j—4|2)—(?—i+3l€)+(8?+24}+12|Z)=11T+31}+5|2;B)c—°=|§|:

C

2i +6j+3k 2i+6j+3k 2. 6. 3-

= = =—i+—-]+=Kk.
V22 462+ 3 7 ro7 T

4.2.5 Haiitn BekTop X, KOJUIMHCAPHBIH BEKTOpPY a = 4T—3i+1212, 00pazyto-

A ¢ OpTOM K TYIOM yroJI U UMEIONTUH JTHHY ‘)_(" =26.

Pemenue. Bektop X = (X;;X,;X;) SABIsETCA KOJUIMHEAPHBIM BEKTOpY &, a, Clie-

—

0BaTeNbHO, KOOPAMHATHI BEKTOPOB IIPOMOPIMOHANBHBL, TO €CTh X=qQ&a WK
X = (4a;-3a;12¢x) . To yenosmio |X|=26. Torma V16a? +9a? +144a =13|a| nm

—

la|=2. Bexrop X oGpasyer ¢ oprom k Tymoii yrom, 10 ectb X, =12 <0 u 3Haue-

Hue o <0. CnegoBaTenbHO, o =—2, a HCKOMBIA BEKTOpP HMEET KOOPJIWHATHI
X =(-8;6;-24).

4.3 3aganus 115 pelieHusi HA MPAKTHYECKOM 3aHATHH
4.3.1 Jloxaszath, 4TO IJIsl JTFOOBIX 3aJaHHBIX BEKTOPOB X, Y M Z BEKTOPHI

X+Y, Y+Z u Z—X KOMIUTAHAPHBI.

4.3.2 Jloka3aTh, 4TO JJIs JTFOOBIX HEKOMITJIAaHAPHBIX BEKTOPOB X, Y M Z BEKTO-
pel —X+5yY—3Z, X+2Y—-Z7 u Z— Y+ 3X KOMILJIaHAPHBI.

4.3.3 JlaHbl TpU HEKOMILJIAHAPHBIX BekTOpa X, Y W Z. HaiiTh 3HaveHus mapa-
METpa &, IPU KOTOPBIX BEKTOPHI X+ Y+ aZ, X+ay+Z, aX+ Y+ Z KOMILIaHapHBI.

434B Ttpanmenum ABCD  u3BeCTHO OTHOIICHHWE JUIMH  OCHOBaHMIMA:
‘ﬁ‘ : ‘ﬁ‘ =5:3. Haiftu kooparHATHI BEKTOpa BC B 6asuce B= {ﬁ,ﬁ} .
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4.3.5 3anana nupamuga ABCD. B 6a3uce u3 pédep DA, DB u DC HaiiTu Ko-

OpIWHATHI BEKTOPOB EF u W, rne E m F — cepenunsr pédep DAuBC, M -
TOYKa NepecedyeHust Meauan TpeyronbHuka ABC .
4.3.6 B terpasape OABC wmemuana AL rpanu ABC nenutcs toukod M B

OTHOUIECHUU ‘AM HW‘ =3:7. Haiitu xoopaunatsl BekropoB OM u TM B Gasuce

OA,OB,0C,atouka T — cepenuHa pebpa AB.

4.3.7 Haiit koopauHaTh! BekTopa 23 —4b +3C, ecmm d=(3;2;5), b = (1;4;7),
C =(6;3;—2) . Beruncnuth JUIMHY 33JaHHOTO BEKTOPA.

4.3.8 Beipasutb BekTop C = (1;—7) uepes Bekrops! a = (4;—2) u b =(3;8).

4.3.9 Haiitu BekTop X, KOJUIMHEAPHBIH BeKTOpy d =1 — 2] — 2K , 00pasyrommuii
C OpTOM i OCTPBIN YrOJ U UMEIOIIUHN JJIUHY ‘)_(" =15.

4.3.10 Haiiti BekTOop X, oOpasyrommii co BCeMH TpeMs Oa3MCHBIMH OpPTaMU
paBHBIC OCTPBIC YTJIIbI, €CIIH ‘7(‘ =243.

4.3.11 Taner tpu Bepmuabl A(3;—-4;7), B(-5;3;-2) u C(L2;-3) mapamieno-
rpamma ABCD . Haiitu yeTBépTyto Bepmnny D, mpoTtuBonosioxuyoo B.

4.3.12 JlaHbl 1B CMEXKHBIC BEpIIMHBI mapaienorpamma A(—2;6), B(2;8) u
TOYKa NepeceucHus quaronaneit M (2;2) . Haiitu n1Be apyrue BepInHBL.

4.3.13 Ha ocu opauHat Haiiti Touky C, paBHOymanéunyo ot Touek A(L—4;7)
u B(5;6;-5).

4.3.14 TpeyroybHUK 3a1aH KoopauHaTamu cBoux BepiinH A(3;—2;1), B(3;1,5),
C(4,0;3) . Beruncnuth pacCTosiHAE OT Hadaia KOOPIWHAT JI0 TOUYKH ITEPECCUCHUS Me-

JIMaH 3TOTO TPEYTOJIbHUKA.
4.3.15 BeruucauTh AMHY OMCCEKTPHCHl BHYTPEHHETO YIia MpU BepmmHe A
tpeyroabauka ABC, ecnm m3BecTHbl KoopauHathl ero Bepiua: AL 2;3), B(4;4;9),

C(13;6;6) .

4.4 3ananus 1J51 KOHTPOJIUPYEMOH CaMOCTOATEIbHOI PadoThI
4.4.1 Bektop X, KOJUIMHEAPHBIA BEKTOPY &, 00pa3yeT OCTPHIA Yroi C OpToM | .
Ha¥iTi koopinHATBI BEeKTOpa X, €CIIA ‘5(" =p.

4411  d=(-2,3-4), p=+/58. 4412  da=(35-1), p=+105.
4413 a=(523), p=257. 4414  d=(-417), p=+/330.
4415  d=(-38;6), p=+/109. 4416  d=(4-39), p=2+/53.
4.4.1.7 a=(3-71, p=\/17_7. 4.41.8 a=(-5;2;2), p=2\/§.
4419  a=(-12-3), p=+70. 44110 &a=(6,—7;6), p=+/149.
44111 a=(5-47), p=6\/§. 44112 a=(-6;2;-1), p:\/12_3.
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44113 d=(-1-4;-2), p=314. 44114 d=(2;3,-7), p=+/310.
44115 d=(9;-7:8), p=~/194. 44116 &=(-7;8,-5), p=+/138.
44117 &=(-54;6), p=T711. 44118 &d=(4-25), p=315.
44119 d=(2,—2;-5), p=+/165. 44120 &=(-7;-10;-3), p=+/158.
44121 d=(-116;-4), p=~/346. 44122 &=(6,-5-4), p=+/231.
44123 da=(L35), p=75. 44124 F=(-3-4,2), p=+/145.
44125 d=(-12-7:8), p=+/257. 44126 d=(10:5:4), p=+/282.
44127 a=(4-7:3), p=237. 44128 d=(-4,5-4), p=319.
44129 d=(-1-5-4), p=+/210. 44130 &=(3-13;12), p=+/322.

5 CKAJISIPHOE NPOU3BEJAEHUE BEKTOPOB
(mpakTHYecKoe 3aHATHE D)

Conep:kaHue: CKaIsIpHOE IPOU3BEICHIEC BEKTOPOB; IMPOCKIIMS BEKTOPA Ha OCh;
MEXaHHYCCKUH CMBICIT CKAJIIPHOTO IIPOM3BEICHUS BEKTOPOB; yroJl MEKIY BEKTOpa-
MH; HAIPaBIIIOIMINE KOCHHYChI, KaK KOOPJAUHATH €AMHHUYHOTO BEKTOpA; JUIMHA BEK-
TOPA; BEIYHCICHHE CKAIIPHOTO MMPOU3BEACHUS B OPTOHOPMUPOBAHHOM Oa3uce.

5.1 Teoperuyeckuii MaTepuaJj Mo TeMe NPAKTUYECKOT0 3aHATHSA
Onpeneaenue 5.1.1 Ckanapuou npoexyueu WA MPOCTO npoeKyuelr BEKTOpa

AB Ha ochk | Ha3pIBaeTCs YMCIIO, ONMPEACIICHHOS PABCHCTBOM

— [[AB] com ABME,

np, AB = (5.1.1)

~|AB, eccmn AB N e,
rne Touku A u B, — oproronanpHbie mpoekiuu Touek A u B Ha ock |, coorBer-

—

cTBeHHO. BekTop €° 3amaer Hanpasnenue ocu | .
[Ipoekuusi BekTOpa BbIYMCHSETCS 1O QopMyne: np, :‘é‘ COS¢, rae

@zé(é,gj.

Onpenenenue 5.1.2 Ckanapuvim npouzgederuem TBYX HEHYJIEBBIX BEKTOPOB
d u b HasbIBaeTCs YHMCIO, PABHOE IPOU3BEICHUIO [UIHH THX BEKTOPOB, YMHOMKCH-
HOMY Ha KOCHHYC yria ¢ = (&,b) mexny Humu:
a-b=(a,b)=[a-|p|-cosp. (5.1.2)
PaccMOTprM CBOKCTBA CKAIIIPHOTO IIPOU3BEICHUS.
1) a-6=0,a#0,b#0<alb; 2) a-b=[a-np,b=[b| np,a;
3) (e¢d,b)=(E,ab)=a(@b); 4) (a,b+¢)=(ab)+(acs);
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5) d-b=b-a; 6) |aj=va-a.
PaccMoTpum opTOHOpMHUpPOBaHHBIN Oazuc B = {T; ]IZ} [Ipennonoxum, 4to B

sTOoM Gasuce 3aMaHbl BEKTOpBI d=ai +4a,] +ak u b=hi +b,j+bk. Torna cka-
JApPHOE NIPOU3BE/ICHNE OIIpesiessieM 10 hopMmyie:

d-b=a b +a,-b,+a,-b,. (5.1.3)
Jlnuna BekTopa:|d| = /@ +a; +a; .
KocuHyc yriia Mexty BeKTopaMu: COS¢ = 8 -0 +8,-b,+3b,

\/af+a§ +a’ -\/b12+b22 +b?
N - ‘b +a,-b,+a;-b
[Ipoekiysi BEKTOpa Ha IPYroi BEKTOp: npb = 3-b+a b +3-D :
2 2 2
Ja; +al +a]
Omnpenenenue 5.1.3 Hanpasgriarowumu xocunycamu BEKTOpPA HA3bIBAIOTCSA KO-
OpJMHATHI €IUHUYHOTO BEKTOPA 110 HAIIPABJICHUIO 33JIAaHHOTO BEKTOPA.
HalieM KOOpIMHATHI €IMHAYHOTO BeKTOopa a° /1is BekTopa d = (a,;a,;a,).

g)’:i: (a;a,;8;) _ & : a, : 8
4 \/af+a§+a§ \/af+a§+a§ \/af+a§+a32 \/af +a; +a’
CrnenoBaTenbHO, HANIPABIISIIOIINE KOCUHYCHI PaBHBI
a a

2 alz 2! COSﬂZ 2 22 2! COSy = 2 32 2!
Ja, +a; +a; Ja, +a; +a; Ja +a; +a;
rae a, 3,y — yribl, 00pasoBaHHbIC BEKTOPOM & C GA3HCHBIMH BEKTOPAMH i, |, K
COOTBETCTBEHHO.

3ameuanue. Bce ykazaHHble Bbllie (DOpMyYJIbI MPUBEAEHBI AJI TPEXMEPHOTO
npoctpancTBa. Ha miockocTu ykazaHHble (OpMyJibl Takke clipaBeaauBbl. OTaudne
COCTOUT B OTCYTCTBHH TPETHEH KOOPANHATHI.

Mexannuyeckuii cMbIC] CKaJAsipHOro mpousBenenusi. Pabora A cunwer F
MMPOU3BEAEHHASA ATOM CHIIOM NPU MEPEMEIICHUM MaTEPUAIbHOM TOYKM HA ITyTH |§ |,

OTIPEICIIAEMOM BEKTOPOM S , BEIYUCIISACTCS 10 hopMyJie

A:E-§:‘E‘-|§|-COS(E,§). (5.1.4)

COSa =

5.2 Ilpumepsl penieHusi TUMOBBIX 32124

5.2.1 JlaHbl AJIMHBI BEKTOPOB ‘ﬁ‘ =4, ‘6‘ =6, u yron Mexay HuMu paen 60°.

HatiTu ckansipHOE Ipon3BeieHre a -b 1 mpoekInio BeKTopa d Ha BEKTOp b .

a-Bzgzz
[ &

Pewenne. a-b = \é\-‘ﬁ‘ .cos(a,b)=4-6-cos60° =12, np.d =
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5.2.2 3agaHbl BEKTOPHl @ = 30— 4]7 +12k : b=—6i + 3T 2k u C=4i+3K.
Boruncnute a-C, £ (é, 6) u np66 . HaiiTu koopauHaTBl €IMHUYHOTO BEKTOpa a’.

Kakoii yroJ1 (OCTpBI# Ml TyIOit) 0Gpa3yeT BEKTOp & ¢ OpToM | ?
Penrenue. Beraucnnm ckansipHOe POU3BEICHUE BEKTOPOB 8 | C :
C=3-2-4-0+12-3=42.
JUIst OIpeIelIeH st yTIIa MeX/Ty BEKTOPaMH 8 1 b HAXOIMM KOCHHYC yIiia
MLy STHMH BEKTOPaMH:

(f) a-b 3.(—6)—4-3+12-(-2) _ 54
cos|a,b
a- \b\ JF+ (42 +12% . [(-6)2 +F +(-2)? 91

CrenoBaTenbHO, / (a, b) =arccos(—54/91) = = —arccos(54/91).

BrruncnymM nmpoekiuio BeKTopa b na BEKTOp C :
- b.¢ —6-4+3.0-2-3 -30
npb =——= = =—6.
c| A+ 02 +3 5

—_

I[JBI OIIPCACIICHUA KOOPpANHAT CAMHUYIHOI'O BCKTOPA a’ BBIYUCIIICM JINHY

BEKTOpa a: ‘é‘ = \/ 3% + (—4)* +12° =13. HaxoauM KOOPAUHATLI HCKOMOTO €IHHUY-

HOTO BEKTOpA:
— a 4j+12k 34 4 . 12 -
QA =—= —i——J]+=k.
\a\ 13 13 137 13
KOOpI[I/IHaTBI CAMHUYIHOI'O BCKTOPA ABJIAKOTCS HAITPABJIAIOIMIMMU KOCHMHYCAMU,

caen0BaTeNibHo, COS 3 =—4/13<0, a H03TOMY yroJ Mex1I1y BEKTOPOM & U OPTOM |

SIBJISICTCS TYTIBIM YTJIOM.
5.2.3 HaiiTu 1yiMHBI CTOPOH M BETTUYHUHBI YTJIOB TPEYTOJbHUKA C BEPUIUHAMU B

toukax A(-12;4), B(—4,;2;0) u C(3;2;1).

Pemienue. Omnpenenum KOOpAMHATHI U JUIMHBI BEeKTOpoB AB, AC u BC:

AB=(—4—(-1);2-2,0-4)=(-3,0;-4), \Eﬁ\:\/(—s)z +0% +(-4)" =5;
AC =(3—(-1);2-2;1- 4) =(4,0;-3), [AC| =4 + 07 +(-3)" =5;
BC =(3—(-4);2-2,1-0)=(7;0;1), [BC|=V7°+0°+1° =5V2.

AB-AC -3-4+0-0-4-(-3)
Haxonum yriael TpeyroiabHukKa: COSA=— =

I

torna ZA=90°. Tak kak ‘AB‘ = , TO TPEYTOJIbHUK SIBJIIETCS PAaBHOOEAPEHHBIM,

0
a, cienoBarensHo, /B=/C = % =45°,
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5.2.4 Beruucnuth paboty A cuibl F=2i -3j +5K IIPU IPSIMOJIMHENHOM T1€e-
pEeMEIIeHNN MaTepruabHON TOYKY U3 TosioskeHuss M (2;3;4) B mostoxkenne N (4;7;8).

Pemenune. Haxogum BexTOp MN = (4-2;7-3,8—4)=(2;4;4). Torna pabota
ctel F _TIPH [EpEMEICHHH MaTepUaIbHON TOYKH B HAIIPABJICHUU BEKTOpa MN paB-
Ha: A=F-MN=2-2-3-4+5-4=12 (orc.) .

5.2.5 Bektop X mepreHIuKyisipeH Bekropam a(3;6;—4) u b (8;5;—7), u yno-
BIICTBOPACT YcIIOBHIO (31 +2] + 5IZ) - X = 23. HaiiTi KoopIuHATHI BEeKTOpa X .

—_- = —

Pemrenne. O0O3HaYMM KOOpIMHATHI BeKTOpa X B 0asmce {i ; j;k} uepes
X,, X,,X;. ECITM BeKTOpa MepneHIUKYIISPHBI, TO X CKaISIPHOE NMPOU3BEICHHE PaBHO
HyTi0, TO ecTh 4-X=0 u b-X=0. B pe3yibTaTe MPUXOINM K CHCTEME JIHHEIHHBIX
areOpanyecKuX ypaBHCHHUH
3%, +6Xx, —4x, =0,
8%, +5X, — X, =0,
3X, +2X, + 5%, = 23.
Pemum cucremy no opmynam Kpamepa: X; =A/A;, rne A — onpenenurens
OCHOBHOW MaTPHIIbI CHCTEMBI, @ A; — OIPEIEIUTEND, NOTyICHHBIA IyTEM 3aMEHBI |-

ro cTosidiia cToa01oM CBOOOAHBIX WICHOB. BhIUKCINM HEOOXOMMBIE ONPEICTUTENN
o ¢hopmyiie (4.1.8):

3 6 4
A=|8 5 —-7|=3-5-5-7-6-3-4-2-8+4-5-3-8:6-5+7-2-3=-253,;
3 2 5
0 6 4
A=|0 5 -7|=0-5-5-7-6-23-4-2-0+4-5-23-0-6-5+7-2-0=-506;
23 2 5
3 0 4
8 0 -7|=3-0.5-7-0-3-4-23-8+4.0-3-8:0-5+7-23-3=-253,;
3 23 5
3 6 0
8 5 0(=3-5-23+0:-6-3+8:-2-0-0:5-3-8:6:23-0-2-3=-759.
3 2 23
Penrenue crcTeMbl MPENCTABISIOT OO0 KOOPAUHATHI KCKOMOTO BeKTOpa X !
A, 506 A, 233 _ _ Ay =739

=2, X,= = =1, X, =—= =
A -253 A —253 A —253
Urak, X =2i + | +3k =(2:1;3).
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5.3 3aganus 115 pellleHUs] HA MPAKTHYECKOM 3aHATHH

5.3.1 Haiitu &-C, ecau [d|=2, [C|=8, £(&;C)=7/3.

5.3.2 Bekropsl & u C o0pasytoT yron ¢ =27/3 u ‘é‘ =4, |6| =5. BeucauTs:
a)a°=4d-a;06) (4a-3C)-(3a+2C); B) (a-C)°.

5.3.3 IIpu kakom 3Ha4YeHUU @ BEKTOpPBHI a=aP+30 u C =3P+ af okaxyrcs
KOJUTMHEAPHBIMH, €CJTU BEKTOPBI P U (] HEKOJUTUHEApHbIE?

5.3.4 Haiiti yroj Mexay eIMHHYHBIMH BEKTOpDAMH € W €, , €CJIH HU3BECTHO,

—_—

YTO BEKTOPHI 8 = 16e_f> + 4@ ub= Ze—f —3e, TMEPICHANUKYISPHBIL.

5.3.5 BbunciauTh é-6+6-6+6-§, €CJIM U3BECTHO, YTO |§| =1, ‘6‘ =4, |€| =5
md+b+C=0.

5.3.6 HaiiTu yron Mexxay BeKTOpamMu a u b, ecin ‘5‘ =4, ‘6‘ =5 a.b=-10.

5.3.7 Haiitu yros Mexay BEeKTOpamMu a u b, ecan (a+ 46)2 +(a —56)2 =188,
a=3, jp|=2.

5.3.8 Berancnuts paboTy CHITBI F, KOTOpasi, ICUCTBYS Ha TEJIO, BEI3BIBACT €TO
nepemeinenye Ha 20 MeTpoB 1o yrioM 60° K HalpaBICHUIO CUJIBI, €CIIH |F| =20H.

5.3.9 3agaHbl BEKTOPHI 5:4T—4T—2I2, 5:2T+6T+3I2 U 6:7—2]+2I2.
Botancurs b-C, £(4,b), (3a-C)-(20+5€), [4d -3¢, np,b m np, ;. (A-b-C).
Haiitn KOOpAuHAaTBl €IMHUYHOTO BEKTOPA ;5. Kaxkue yrnsl (ocTpble WM TyIbIE) 00-
pasyer BEKTOp a ¢ GasMCHBIMU OPTAMH | , | U k ?

5.3.10 Haiiti 1jvHBI CTOPOH W BEJTUYHHBI YIJIOB TPEYTOJbHUKA C BEPIIMHAMU
B Toukax A(1;2;3), B(4;,-2;1) u C(-3;1,2).

5.3.11 Haiitu yron Mexay auaroHaiasMu mapamienorpamma ABCD, ecnu 3a-
nanel TpH ero BepimmHbl A(2;1,5), B(-3;-6;2) u C(-3;4,-2).

5.3.12 Haiiti koopauHATBI BEKTOpa X, KOJUIMHeapHOro Bektopy a(3;5;,—1) u
YIOBJICTBOPSIOIIETO yCIIOBHIO a - X =—70.

5.3.13 Bektop X mnepneHauKyjIspeH BekTopam a(4;5;-22) u 6(2;3; -12), u

yroierBopsieT ycinosuio (31 —3j + 2k) - X =5. Haiiti KoopauHaTh BeKTOpa X .

—

5.3.14 Beruuciaute paboty A paBHOJEWCTByroUed cuibl F i cun
El(G; -5-5) u E;(—Z;S; —7) Tpu TPSIMOJUHEHHOM TIEPEMEIICHUA MaTepHaTbHOU
toukn u3 nojoxenus M (3;15;5) B monoxenne N (19;15;17). Haiitu yrom mexmy
HAIPABJICHUSMHU PaBHOACHCTBYIOIICH CHIIBI Fu HIepEeMEIICHHUS.

5.3.15 Bekrops! &, b u € umeror paBHBIE IJTUHBI U 00PA3yIOT MOMApPHO PaB-
Hble yribl. HaiiTi koopauHats! Bektopa ¢, ecim d=1+ ], b =] +k.
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5.4 3ananus 11 KOHTPOJHMPYEMOH CaMOCTOATEIbHON padoThI
5.4.1 Hanbr detsipe Touku A(X;V:Z), B(X,Y,:Z,),

D(X,;Y,:;Z,) B OpPTOHOPMHPOBAaHHOM Oa3uce {T; i IZ} TpeOyercs:

a) BBIYUCIUTH JJIMHBI CTOPOH U YIJIbI B TpeyroibHuke ABC

0) BBIYMCIUTH IPOEKIHIO BekTopa AD Ha BekTop BC

C(X3’ y3’ 23)

)51

B) BBIUHUCIUTH paboOTy paBHOAEHCTBYIOMIEH cuiibl F cun E =DA, E; = DB,

F,=DC, mpuioxeHHbIX K MaTepualbHOW Touke D, koTopas mox BO3aeHCTBHEM

CHJIBI TIEpEeMEIaeTCsl MPSIMOJIMHEHHO W3 Touku D B TOUky mepecedeHuss MeanaH
TpeyronbHuka ABC;

I') HAUTH KOOPJAMHATHI €IMHUYHOTO BEKTOpa /Uil BekTopa BD wu 3anmcars, Ka-

KH€ YTIIbI (OCTPBIE WM TYTIbIe) 00pa3yeT BekTop BD ¢ 6a3ucHbMu opTamu |1, ] K ;

- =

1) HAMTH KOOPJIMHATHI BEKTOpa X , KoJutnHeapHoro Bekropy CD u ynoBieTBo-

PSIOIIETO YCIIOBHIO AB-X=t.

5411
5.4.1.2
5.4.13
5414
5.4.1.5
5.4.1.6
5.4.1.7
54.1.8
5.4.19
5.4.1.10
54.1.11
5.4.1.12
5.4.1.13
5.4.1.14
5.4.1.15
5.4.1.16
5.4.1.17
5.4.1.18
5.4.1.19
5.4.1.20
54.1.21
5.4.1.22
5.4.1.23
54.1.24

A(5;2;6), B(5;7;4),C(4;10;9), D(1;8;2),t = 40.
A(-5;7;-7), B(5;-3;1), C(2;3;7), D(7;2;2),t =180.
A(6;5;8), B(3;5;8), C(8;4;1), D(1;-1,3),t =168.
A(L;2;0), B(3;5;7),C(2;-3;5), D(4;2;10),t =378.
A(-2;3;5), B(4;2;10),C(1,2;7), D(5;3;7), t =30.
A(4;0;6), B(2;6;5), C(6;4;-1), D(3;2;5),t =60.
A(3;3;6), B(2;-3;9), C(L2;5), D(2;1,7),t =44.
A(3;—-2;1), B(4;5;6), C(3;3;2), D(0;4;5),t =57.
A(-10;1), B(1,7;3),C(8;5;8), D(3;-1,2),t =128.
A(LL5), B(4;9;3),C(3;6;7), D(2;4;3),t =121.
A(2;-1,5), B(1;6;3), C(3;,-9;8), D(0;7;1), t =-1290.
A(4;6;6), B(4;2;0),C(1;2;6), D(6;1;1), t =—306.
A(5;4,7),B(2;4,7),C(7;3;7), D(6;8;2),t =-24.
A(7;10;2), B(2;8;4), C(9;6;9), D(4;4;10),t =-217.
A(8;7;4), B(5;10;4),C(4;7;8), D(3;5;4),t =-18.
A(4;9;5), B(4;6;11), C(6;9;3), D(6;6;5), t =—105.

A(10;5;-5), B(5;6;—8), C(8;10;7), D(8;,-6;4),t =-28.

A(4,2;10), B(2;3;5),C(5;3;7), D(1,—2;7),t =-9.
A(5;3,-7),B(L2;7),C(4,2;0), D(2;3;5),t =-154..
AL 9;7), B(0;2;0), C(5;3;10), D(4;3;5),t =—-36.
AL 4;9), B(2;-5;8), C(5;4;2), D(2;1,6), t = 200.
A(6;3;1), B(3;2;8),C(2;-3;7), D(2;-1,7),t =-18.
A(-16;1), B(-L16),C(0;4;-1), D(3;1,4),t = 320.
A(5;8;3), B(1,2;-2),C(-1,0;2), D(3;5;4), t =—392.
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5.4.1.25 A(-3,7:1), B(5,7;8),C(6;9;2), D(9;5,5), t = 270.
5.4.1.26 AL-14),B(351), C(5:8,-1), D(5;54), t =-165.
54.1.27 A(9;4,4), B(4,5,7),C(7,9;6), D(7,5;3), t =52.
5.4.1.28 A(0;7;1), B(0;2;7),C(1;5;0), D(4;2;5),t =—135.
5.4.1.29 A(6;9;4), B(2,10;10), C(7:5;9), D(4;6;5), t = 22.
5.4.1.30 A(28,-2), B(9;8;9), C(7;10;3), D(10;9;6), t =-594.

6 BEKTOPHOE ITPOU3BEJIEHUE BEKTOPOB
(mpakTuyeckoe 3ansaTue Ne 6)
Conep:kanue: OpUCHTAIMS BEKTOPOB; BEKTOPHOE MPOM3BEICHHUE BEKTOPOB;
MEXaHUYECKUN M TEOMETPUUYCCKHUIN CMBICI BEKTOPHOTO TIPOU3BEICHUSI BEKTOPOB; BbI-
YUCJIEHHWE BEKTOPHOTO IIPOU3BEICHUS B OPTOHOPMUPOBAHHOM 0asuce.

6.1 TeopeTuyeckuii MaTepua 1Mo TeMe NPAKTHYECKOT0 3aHATHS
Onpenenenue 6.1.1 Tpoiika BekTopoB &, b, C, Havyama KOTOPHIX COBMEIIICHBI,
HAa3bIBACTCS Npasoll, €CIU CMOTPETh C KOHIA MOCIEIHEr0 BeKTopa C, KpaTyauluun

MOBOPOT OT TIEPBOTO BEKTOpa & KO BTOPOMY BEKTOpY b ocymiecTBisieTcss mpoTHB
YaCcOBOM CTpeJNIKU. ECiM MOBOPOT OCYIIECTBISAECTCS MO YACOBOM CTPEIIKE, TO TPOUKa

BEKTOPOB &, b, C Ha3bIBAETCH J1€B0I.
Omnpenenenue 6.1.2 Bexmopnvim npouszsedenuem BeKTOpoB d u b Ha3pBaer-

cst TpeTuii BekTop € = d x b =[d,b], yaoBneTBopsommii TpeM yCIoBHsIM:
1) ] :‘éxﬁ‘ =\a’\-‘6‘ -sing, rae ¢:(§,b);
2)claclb;
3) BekTopa &, b, € 06pasyoT IpaByko TPOIKY BEKTOPOB.
PaccmoTprm cBOMCTBA BEKTOPHOTO MPOU3BEAEHUS BEKTOPOB.
1. JIBa HEeHyJEBBIX BEKTOpa KOJUIMHEAPHBIC TOTJA U TOJILKO TOT/A, KOT/Ia MX

BEKTOPHOE MPOU3BEICHUE PABHO HYJICBOMY BEKTOpY, TO ecTh a || b <> daxb =0.

2. JInuHa BEKTOPHOTO MPOM3BEICHUS IBYX HEHYJIEBBIX BEKTOpOB d U b paBHa
VIO IapajjIesiorpaMma, IOCTPOCHHOIO Ha JTUX BEKTOpax, TO €CThb

S :‘a’xﬁ‘ :‘5‘-‘6‘-Singp.
3. axb=—(bxa).
4. [xd,b]=[a,ab]=«-[4,b].
5. (A+b)xE=axC+bx€ CEx(@+b)=Cxa+Cxb.
PaccMoTpuM opTOHOpMHUpPOBaHHBIN Oazuc B = {T; i; IZ} [Ipennonoxum, 4to B
6Gasuce 3aaHBl BEKTOPHI d = 8,1 +a, ] + ang, b=hi+b,j+ bslz, C=ci+c,]+ck.
Torna BeKTOpHOE MPOMU3BEICHUE BEKTOPOB BBIYUCIIACTCS MO (hopMyJie:

39



a, 8
b,

—

I s (6.1.1)

b, bl b,

MexaHM4eCcKHd CMbICJ BEKTOPHOI0 NMpoM3BeleHus. Bpamaromuyii MOMEHT

M cuer I_f, MIPUJIOKEHHBIN K Touke B Tena, 3aKperui€HHOro B Touke A, BBIYHCIIA-
eTcst o opmyiie:

M =ABxF. (6.1.2)

I'eomeTpuyecknii CMBICJ BEKTOPHOI0 Npou3BeaeHuss. Moayiib BEKTOPHOTO

IMPOU3BCACHUS IBYX BCKTOPOB aub PaBCH IIOAAX IMapaluicjiorpamma, rnmoCTpocH-
HOI'0 Ha 3TUX BCKTOpax.:

S, =‘éx6‘. (6.1.3)
Paccmorpum tpeyronmsauk M;M,M, ¢ Bepmmuamu B Toukax M, (X;V,;Z),
M, (X,;¥,:2,) s M;(X5; Y, Z,) . Ilnomane TpeyronbHUKa BEIYUCIIAETCS 110 (hopMyIIe
i i k
1 1 1
S, :E-SD :E“Mle X MlMs‘:Emod X, =X Y,=Y, Z,-7z|. (6.1.4)
=X Ys= N L4
Ecmu tpeyronsuuk M;M,M, 3a1an Ha IUIOCKOCTH, a BEPIIMHBI UMEIOT KOOP-
auHatel M, (X;Y;), M,(%,;Y,), M;(X;;Y;) , TO IUIOIIAAE 3TOr0 TPEYroNbHUKA paBHA
X —_ —
S — lmod 2 Xl y2 yl
X3=% Y=Y

. (6.1.5)

t2

6.2 IlpuMepsbl pemieHUsi THNOBBIX 33124
6.2.1 BeraucnuTh mIomanp mapaienorpamMma, MOCTPOSHHOTO Ha BEKTOpax

d=2p+34 ub=3p—4q, ecu |p|=4, [§|=5, £(p;q) =30°.
=|(2p+34)x(3p-4d) =

=|6Ppx P—8pPpxG+90x p—12Gxq|=|0 —8pxG—-9pxG—0|=
:|—17ﬁxq’|=17-|ﬁxq’|:17-||5|-|q|-sin(|6;q’):17-4-5-sin3o° =170 (xs. €0.) .

Pemenne. S_= ‘é xb

6.2.2 Bextop X meprneHaukyaspeH Bektopam a(3;6;—4) u 6(8;5;—7) U yJo-
BIETBOpACT yclIoBHIO (31 +2] + 5IZ) - X =23. BeiuucimTh JIMHY BeKTopa X .
Pemenne. O003HAYMM KOOPAMHATHI BEKTOpa X, KOTOPBIM 3amaH B 0Oasmce

{T; [k IZ} TPOMKOM 4YHUCeN X, X,, X;. HMcxoms w3  ycnoBus 3amadd, HUMeEEM
Xxlax.Ll b—X || a x b>X=a- (é( X 6) Haiiném BeKkTOpHOE MPOM3BEICHUE BEKTO-
poBaub:
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[

T . 6 4. |3 -4/. 3 6|~ - -
adxb=[3 6 -4|= I — ]+ k=-22i —-11] -33k.
5 -7 8 —7 8 5

8 5 -7

CrnenoBatelbHoO, X’zd-(éxﬁ):—ZZ-a-r—ll-a-T—B3-a-lz. Bocnons3y-

eMcsl CKalspHBIM TIPOu3BeieHueM BekTopos (3 +2] + SIZ) -X =23. CnenoBaTenbHO,
3-(-22c) +2-(—11ax) +5-(—33- @) =23 mim « =—1/11. Haxoaum KOOpAUHATHI BEK-

- - e 1 - 1 = l e = e —
Topa X:a-(axb):—ZZ-(—ﬁj-l —11~(—ﬁj- J —33(—ﬁj~k =21+ ] +3k. I[Ipu

OJIHOM U TOM K€ ycioBuM 3a7a4 5.3.11 u 6.2.2, HO pa3nMYHOM MOAXOAE K PEUICHUIO,
MOJTy4aeM OJIHH U TE€ e KOOPIUHATH HICKOMOTO BekTopa X . Haxomum maiuHy BEKTO-

pa X: ‘)?‘:\/22 +17 + 3 zx/ﬁ(ﬂuﬂ. ed.).

6.2.3 B mapamenorpamme ¢ BepmuHamu A(L;2), B(4;6), C(8;7) u D(5;3)

HAWTH BBICOTY h = ‘ﬁ‘ , TpoBeI€HHYI0 K cTopoHe AD.

Pemenune. Ilnomane nmapamnenorpamma HaxoguMm 1o (opmyne S_ = ‘ﬁ‘ -h,
OTKYyJla h=S_ / ‘ﬁ‘ . Haxomm JUTIHY BEKTOpa
\E\ = J(5-1)%+(3-2)? =17 (un. 0.

[Imomanp napasienorpaMma paBHa
4-1 6-2 3

= mod
5-1 3-2 4

CnenoBaTenbHO, IJIMHA BBICOTHI paBHA h=S_ / ‘ﬁ‘ = 13/ J17=3,2 (1un. eo.).

S_=mod

4
1‘ =mod(—13) =13 (xs. €0.).

6.2.4 HaiiTu KOoOpAMHATHI BPAIIAIOIIETOCS MOMEHTA CHUJIBI F=3+ 2] — 5k |
npuiiokeHHoM k Touke B(6;8;13) orHocurensHo Touku A(4;5;9).

Pemenue. Bocnonb3yemcst ¢popmysoii (6.1.2), mpenBaputensHO Haas KOOp-
JMHATHI BEKTOpa AB = (6—4,8-5;13—-9)=(2;3;4).

i ] k
— — = . 3 4. 2 4|, |2 3 - - .
M=ABxF=2 3 4|= I — ]+ k =-231 +22j -5k .
3 2 .5 2 -5 3 5 3 2

6.2.5 3aman Tpeyrosibank ABC ¢ Bepmmuaamu B Toukax A(L0;3), B(2;3;5) u
C(4;2;6) . Beruuciuts 1uioriaas Tpeyroibauka ABC.

Pemenue. JIJisg BRIYMCICHUS TIOMAAN HAHIEM KOOPAUHATHI HEOOXOIUMBIX JIJIS
3TOr0 BEKTOPOB: Né(l;S; 2) u A—Cf(3; 2;3).
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g

ik
. 3 2.1 2. [t 3-
sAzlmod(ABxAC):Emodl 3 2/=1mod i — i+ K |=
2 2 2 3 33 [32
3 2 3
:%mod(shsj—?lZ):%.\/sz+32+(—7)2_—“23(mea)

6.3 3aganus AJs1 pelieHUs] HA MPAKTUYECKOM 3aHATHH
6.3.1 Bekroper & u Cobpasyror yron ¢=57/6, a Takxe W3BECTHBI JTHHBI

. 6) |(33—5€)x (24 +5¢)|;

3THX BEKTOPOB: |§| =3, |§| =6. Brraucnute: a) |éx C
B) [(8—C)x(a-C)|.

6.3.2 Kakomy yCIIOBHIO JJOJDKHBI YJIOBIETBOPSITH BEKTOPBHI & U D , 4TOOBI BEk-
Topel 28 —3b u 38 —2b ObUTH KOJUTMHEAPHBIE?

6.3.3 [apamnenorpamMm nocTpoeH Ha Bekropax d u b . Haiftu BeicoTy mapai-
JIeTIOrpaMMa, OIyLICHHYIO M3 KOHLIA BEKTOpa & Ha BeKTop b , ecim laj=4, ‘6‘ =7mu
Z(3;b) =150°.

6.3.4 Haiitu momiags mapajiienorpamMma, IOCTPOSHHOTO Ha  BEKTOpax
d=p-3Gub=6p+7q, ecimn |p|=6, |G|=3, £(p;q)=60°.

6.3.5 UssectHo, uto |d|=3, ‘6‘ =10 u £(&;b)=135°. Beipasuts uepe3 BEKTO-

—_—

pbl @ u b enuHMUHBI BekTOp C°, MEPIEHAMKYIAPHBIA BeKTOpaM d U b Takoi, uro:

a) TpOiKa BEKTOPOB {é,b,c°} npaBas; 0) TpoiKa BEKTOPOB {b,co,ﬁ} JeBasl.

6.3.6 3amanbl BexTophl a(2;7;-3) u 6(4;5;—2). Haiiti KoopAMHATBI BEKTOPOB:
a) daxb;6) (3a—2b)x(2b+34d);8) (53+2b)x(2a—7b); 1) (A—2b)x(d+2b).
6.3.7 B mapamienorpamme ¢ BepmuHamu A(2;2), B(4;5), C(8;6) u D(6;3)

HAWTH BBICOTY h = ‘ﬁ‘ k cropone CD.

6.3.8 BerurciuTh miomaas TpeyrojbHUKa ¢ BepimrHamu B Toukax A(l;3;4),
B(3;5;9) u C(7;9;,-6).

6.3.9 B tpeyronbuauke ¢ BepmmHamu A(6;8;1), B(—4;7;3) u C(0;3;5) naiitu
BBICOTY h = ‘M‘

—_—

6.3.10 Belyucauth  KOOpAMHATHI  Bpamiaromierocss MomeHra M cunbl
F=-3 —2j+6k, npunoxennoii k Touke B(7;12;19) OTHOCHTEIbHO TOYKH

A(5;9;13).
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6.3.11 [lansl Tpu CUIIBI ﬁ:2i”+3i—|2, €=—3T— j+ K u E:4T+2T—3E,
NPUJIOKEHHBIX K Touke B(4;7;16). BeuncinuTh BEIWMYMHY ¥ HANIPABISIONINE KOCHHY-
Cbl MOMEHTA PaBHOJICHCTBYIOIINX 3TUX CHJI OTHOCHTEIbHO Touku A(6;10;20).

6.3.12 Bextop X meprennuxyisiper Bekropam a(l2;—-5) u b(4;3;2), u ymo-
BieTBopsieT yciosnio (2 —3] —4K) - X =372 . BbIUHCIUTD [UIHHY BEKTOpa X .

6.3.13 HaiiTi KOOpMHATHI BEKTOpa X, €CJIM U3BECTHO, YTO OH MEPICHIUKYJIS-
pen Bektopam d(1;2;3) u €(5;1;2), o6pasyer c oprom K ocTpbii yron u |X| = 1004 .

6.4 3aganus 1)1 KOHTPOJIMPYEMOii CaMOCTOSITeILHOH padoThI
6.4.1 Haiitu miomans TpEyrojibHUWKA, TOCTPOCHHOTO Ha  BEKTOpax

a=ap+aq ub=bp+bq,ecm [pl=m, [d]=n, (5§ =0.
6.411 @=2p+374, b=4p-5q, |p|=1 |d|=2 ¢=150°.

6412 a=6p—74, b=8p+9G, Ip|=2, |d|=3, ¢=135°.
6.413 a=10p+11G, b=12p-13q, |p|=3, |[g|=4, p=120°.
6.414  d@=13p-14d, b=15p+16q, |p|=5, |G|=6, ¢p=90°.
6.415 a=17p+18G, b=19p-20q, |p|=7, |q|=8, ¢=60".
6416 a=6p-5d, b=4p+3q, |p|=2 |G=5 p=45".
6.417  d@=7p+304, b=2p-74, |p|=4, |4/=5 ¢=30".
6.418 @=7p-4G, b=5p+6q, |p|=4, |6|=8 ¢=150°.
6.419 @=9p+6d, b=5p-3q, |p|=7, [6|=4, =135
6.41.10 &@=5p-24, b=3p+4q, |p|=1 |6|=10, p=120°
6.41.11 a=11p+12G, b=10p-d, |p|=5, [d|=12, ¢=90°
6.41.12 @=10p-10G, b=p+12q, |p|=4, |4 =7 ¢=60°
6.41.13 a=3p+5G, b=7p-6q, |p|=12, |§|=13, p=45"
6.41.14 a=16p-154, b=14p+13q, |p|=3 |d|=15 ¢=30°
6.41.15 a=p+q, b=p-d, |p|=24, |=25 ¢=150°.
6.41.16 d=4p-8d, b=3p+7q, |p|=6, [q|=5 ¢=135°
6.41.17 @=3p+24, b=4p-3q, |p|=5 |d|=14, ¢=120°
6.41.18 @=6p-4, b=7p+9q, |p|=11 |G|=13 @=90°
6.41.19 @=2p+9G, b=6p-5G, |p|=4 |4 =17, p=60°
6.4120 a=4p-q, b=2p+5q, |p|=4, |4=18 @=45°



6.41.21 @=12p+13G, b=p-4d, |p|=6, [q]=9, ¢=30°
6.41.22 @=5p-94, b=9p+5d, |p|=5 |d|=9, ¢=150°
6.4123 d=2p+34, b=5p-6q, |p|=9, [G|=10, p=135°
6.41.24 d=15p-124, b=13p+14q, |p|=8, |G|=12, @=120°
6.41.25 a=4p+2G, b=p-8G, |p|=3 [d]=1 ¢=90°
6.41.26 a=6p-57, b=4p+3q, |p|=9, |d|=11 @=60°
6.4127 d=-3p+7G, b=-2p-5d, |p|=8, |d|=11, p=45°
6.41.28 d=6p-9G, b=5p+3d, |p|=6, |G|=12, p=30°
6.41.29 @=6p+5q, b=3p-8G, |p|=4 |d=3 ¢=150°
6.41.30 @=2p-37, b=3p+2d, |p|=3 |d=2 ¢=135".

6.4.2 laner weteipe TOukM  A(X;VY;Z), B(XY,Z,), C(X33VsiZ) m
D(X,;Y,;2Z,) B OPTOHOPMHUpPOBaHHOM O0azuce {T; i; IZ} (koopounamor mouex 0nn

Kasicoozo eapuanma npueeoensl 6 3aoaue 5.4.1). TpeOyercs:
a) BBIYUCIIUTH IJI0IIa1b TpeyrojibHuka ABC

0) BBIYHCIUTH JIJTMHY BBICOTHI h = ‘W‘ tpeyronbarka BCD;

B) BBIYUCIIUTh BEIMYMHY MOMeHTa cuibl F = AB, npunoxeHHOW K maTepu-
asibHOHM Touke D, koTOpas mox BO3AEHCTBHEM CHIIBI IEPEMEIAETCS MPSIMOJIUHEIHO
u3 Touku D B TOuky nepeceyeHus: meauaH TpeyroiabHuka ABC.

7 CMEHIAHHOE NPOU3BEJIEHHUE BEKTOPOB
(mpakTHYecKoe 3aHATHE 7)
Conaep:kaHme: CMEIIAaHHOE TPOM3BEACHNUE BEKTOPOB; MEOMETPUYCCKHI CMBICIT
CMEIIAHHOTO MPOU3BEICHUS; BBIYMCICHUE CMCIIAHHOTO MPOM3BEICHUS B OPTOHOP-
MHPOBaHHOM Oasmuce.

7.1 Teoperuveckunii MaTepuaJ Mo TeMe NPAKTHYECKOT0 3aHATHSA
Onpenenenue 7.1.1 Cuewmanuvim npouzsedenuem BEKTOPOB HA3bIBACTCS YHC-

710 abC, paBHOE CKAJISIPHOMY MPOU3BEICHUIO BEKTOPHOTO MPOU3BEICHHUS BEKTOPOB

d u b, yMHO)XEHHOMY Ha BEKTOp C .

PaccMoTpuM CBOKCTBA CMEMIAHHOTO MPOU3BEICHUS BEKTOPOB.

1. CmemanHOe NPOU3BENEHUE TPEX BEKTOPOB PABHO HYJIIO TOT/AA U TOJIBKO TO-
r/1a, KOT/1a 3TU TPU BEKTOpa KOMILJIAHAPHBI.

2. CMelIaHHOe MPOU3BEJICHUE TPEX HEKOMIUJIaHAPHBIX BEKTOPOB ab,c paBHO
o0beMy mapasuielsienuiie;a TOCTPOEHHOTO Ha ATUX BEKTOpax, €ClIi TPOHWKa BEKTOPOB
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mpaBasi, U 00beMy 3TOTO MapajuieNienuIiesia, B3ITOMY CO 3HAKOM MUHYC, €CJIH TPOHKa
BEKTOPOB JICBasl.

3. (Axb)-E=a- (b xc).

4. abc=-ach.

TakuMm 00pa3oM, eciu B CMEIIaHHOM IPOW3BEICHUU MMOMEHITh MECTaMH J[Ba
BEKTOpa, TO 3HAK CMEIIAHHOTO IMPOU3BEACHUS W3MEHHUTCS Ha TPOTHBOIIOIONKHBIN
3HaK. Eciv jke B CMEIIaHHOM TPOM3BEICHUH IIOMEHSATh MECTAMH BCE TPH BEKTOPA, TO
3HAaK CMEIIAaHHOTO MPOU3BEICHUS HE H3MEHUTCS.

Tak Kak TpU HEKOMIDIAHAPHBIX BEKTOpa B TPEXMEPHOM IPOCTPAHCTBE 00pa3y-
10T 06a3uc, TO Ha OCHOBAaHWH TIEPBOTO CBOMCTBA CMEIIAHHOTO TIPOU3BEACHUS, IS J10-
Ka3aTeIhCTBA HEKOMIUTAHAPHOCTH BEKTOPOB WM JOKA3aTeIbLCTBA TOTO, YTO TPHU BEK-
TOpa 00pa3yroT 0a3uc HEOOXOAMMO TMOKa3aTh, YTO CMEIIAHHOE MPOU3BEACHUE TPEX
BEKTOPOB OTJINIHO OT HYJIA.

Ecnu cMmemanHOe mpou3BeicHHE TPEX BEKTOPOB UMEET IMOJIOKHUTEIbHBIA 3HAK,
TO 3Ta TPOWKa BEKTOPOB TpaBasi, HA OCHOBaHWU BTOPOTO CBOMcTBa. Ecim cMemanHoe
MIPOM3BEICHNE OTPHUIIATEILHOE, TO TPOHKA BEKTOPOB SIBIISCTCS JICBOM.

d

PaccmoTpum opTOHOpMHUpOBaHHBIN Oasuc B = {I Tk IZ} [Ipennonoxum, 4to B
Gaswuce 3a1aHBl BEKTOPHI A =a,i +a,] +ak, b=hi +b,j+bk, €=ci+c,j+ck.
Torga cmenianHO€ MPOU3BEIEHNE BEKTOPOB ONpeeisieM o popMmyiie

a‘l az a3
abc=b, b, b, (7.1.1)
cC, C C

1 2 3
I'eomeTpuyeckuii cMbICJ CMeMIAHHOTO nMpou3BeaeHus. OOBEM mapanerne-

MUTIe/Ia paBeH aOCOFOTHON BEJIMYMHE CMEIIaHHOTO MPOU3BEICHUS TPEX BEKTOPOB a ,

—

b u C, Ha KOTOPBIX OH MOCTPOCH:

p——— (7.1.2)
Paccmorpum mupamuny M;M,M,M, ¢ Bepmmuamu B Toukax M,(X;V,;Z),
M,(X,;¥,52,), Ma(Xs:YarZ5), M, (X, Y,:2,). O0BEM nmupamuzpsl V BBIYUCISETCS 110
dbopmyiie
1 1 =% Yo=Y L,-4
=6-‘M1M2M1M3M1M4 =2modl—x Y-y 2-2,).(7.13)

X=X Yo=Y 4,774

napan—oa

v=yv
6

7.2 Ilpumepsl penieHUsl TUMOBBIX 32124
7.2.1 Bektopel &, b um C B3aMMHO NEPHEHIUKYISPHBI, 00Pa3ylOT JIEBYIO

TPOUKY U ‘é" =06, ‘6‘ =4, ‘6‘= 2 . Haiitu abc .
Pemenne. Haliném BEKTOp BEKTOPHOTO NPOU3BEICHUS a X b. JnuHa 3TOTO
BEKTOpa PaBHA ‘éxﬁ‘ :‘é’HB‘Sin90° —=6-4-1=24; daxb 14, axb _Lb; sexropa 4,
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b u daxb o6pasyror mpasyro Tpoiiky. ITo ycroBuo Bektopel &, b u € oGpasyror
neByto Tpoiiky. CnenoBaTelbHO, a X b TN €, 1o ects / (ﬁ xb;¢ ) =180°. Haxomum
CMEIIaHHOE IIPOM3BEICHNE 3aJJaHHBIX BEKTOPOB
aﬁéz(a’xﬁ)-az\axﬁ\-\6\.coslso° = =24.2.(-1) =—-48.

7.2.2 3amanbl Bektophl a(3;4;9), 6(1;3;1) u C(5;6;2). Beruncnurhb abc . Kaxo-

Ba OPHCHTAIMS TPOHUKU BeKTOpoB &, b 1 C ?
Pemenue. Haxoaum cmenanHoe npousBeieHHe BEKTOpoB a, b u C.

3 4 9
abc=|1 3 1|=3-3-2+4-1.5-1.6-9-9-3-5-4.1-2+1-6-3=—-69<0.
5 6 2

Tak Kak cMelmaHHOE MPOM3BECHUE BEKTOPOB &, buc OTPHIIATEIILHO, TO Ha
OCHOBAHHMH BTOPOT'O CBOMCTBAa CMEIIAHHOI'O MPOM3BEICHMS YKa3aHHBIC BEKTOPBI 00-
Pa3yIoT JICBYIO TPOUKY.

7.2.3 Jlana nupamua ¢ BepmmHamu B Toukax A(L0;3), B(2;3;5), C(4;2;6) u
D(5;2;3) . Berauciuts 006&M upamuasl ABCD .

13 2
1 (Y ———
Pemtertne. Visco = Vo = 6mool(AB ACAD)=-mod(3 2 3=
4 20

=%m0d(l-2'0+3-3-4+3-2-2—2-2-4—3-3-0—3-2-1)=%=%(Ky6.€0.).

7.2.4 Jloxa3ath, 4TO BEKTOpHI & = 21 + j-3K, 6, =3 +2] -5k, & =i -]+ k
06pa3syloT 6a3uc, 1 HaiiTH KOOPIUHATHI BEKTOpa d =61 +2] — 7k B 5TOM Gasuce.

Pemenue. Bextopsl 00pa3yroT 6a3uc, eciau UX CMELIAHHOE IPOU3BEJECHUE OT-
JMYHO OT HyJsl. Beruncisem cMelanHoe IpoU3BEIeHUE BEKTOPOB €, €, U €,

2 1 -3
666 =3 2 -5=2-21-511+3-3-1+3-2.1-3-1.1-5.1.2=1%0.
1 -1 1

CnenoBaTenbHO, BEeKTOpHI €, €,, €, 00pa3yioT 0a3uc, U BEKTOp & JIUHEHHO
BBIPAKAaeTCs yepe3 Oa3sUCHbIE BEKTOPBI: = € + [3-€, + ¥ - €;, WIN B KOOPIMHATHOM

dbopme mosiydyaeM CHUCTEMY JIMHEHWHBIX YpaBHEHUH, KOTOPYIO peuuM 1o ¢opmyiam
Kpamepa.

2+ 30 +y =6,
a+2p—-y=2,
—-3a-50+y=—1.
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6 3 1 2 6 1 2 3 6

A=888=1,A=2 2 -1=1,A,=|1 2 -1=1,A,=|1 2 2|=L
7 5 1 3 7 1 3 5 7
A1 A, 1 A, 1
CnenoBatenbHo, o =—=-=1, f=—2="=1, y=—="=1wumu =6, +6€, +€
8 A N T A 1T T

7.3 3apanus AJsl penieHus HA NPAKTUYECKOM 3aHATHH
7.3.1 Bektopel @, b w C B3auMHO MepHEHAWKYJISAPHBI, 00pa3yIOT MPaBYIO

Tpoiiky u [d|=5, ‘b‘ =3, |¢|=7. Haiitu abC. Yemy paBHO CMeIaHHOE TIPOH3BE/TE-

HHUE BEKTOpOB @, b u C, ecim oHM 00pa3yroT JEBYIO TPOUKY?
7.3.2 3amansl Bextophl a(5;6;8), 6(3;1; 2) u C(6;5;3). Boruncaurp abc . Kako-
Ba OPHCHTAIIMS TPOCK

a) (d;b;c); 6) (&¢;b); B) (C;&b)?

7.3.3 YcTaHOBHTB, 00pa3yIOT JIU BEeKTOpBI &, b u C 0a3uc B MHOXKECTBE BCEX
BEKTOPOB, €CJIH:

a) a(3;2:1), b(4;15) u ¢(2;3-3); 6) a(L4;3), b(3;10) u €(4;5,2).

7.3.4 JlokazaTth, 4TO IpH JOOBIX @, b um C Bektopel d—b, b—-C u C—a
KOMILJIaHAPHBI.

7.3.5 Berancnute  00béM  mmpamugel - ABCD, ecnm AB =2 + j7+ SIZ,
AC=4i +5]+7k, AD=8i +2j +3k.

7.3.6 Beruniciute 00béM mHpaMuasl ¢ BepiimHamu B Toukax A(3;14),
B(5;0;7), C(6;3;2) u D(4;9;5). Yka3aTh OpueHTAIIO BEKTOPOB E, AC u AD.

7.3.7 lana mupamuja ¢ BepmuHamu B Toukax A(L,1,1), B(2;0;2), C(2;2;2) u
D(3;4;-3) . Berauciuts BeicoTy h = ‘ﬁ‘

7.3.8 Jlokasath, 4To BeKTOphl & =1+ ] +k, & =1 +]+2K, & =1 +2]+3k
06pa3syloT 6a3uc, 1 HaiiTH KOOPAUHATHI BEKTOpa a =61 +9] +14k B aTOM Gasuce.

7.3.9 lokazath, uto yethipe Touku A(L;2;3), B(2;6;5), C(4;3;3) u D(5;7;5)

JIEKAT B OJTHOU IJIOCKOCTH.

7.4 3aganus 1J151 KOHTPOJIMPYEMOM CAaMOCTOSITEJIbHOM PadoThI
7.4.1 Tansl  uetbipe Touku A(X;Y;;Z), B(X:Y,:2,), C(X:Yys3:Z) n

D(X,;Y,;Z,) B OpPTOHOPMHUpPOBAaHHOM 0asuce {T; i IZ} (koopounamor mouex 0

Kaxcoozo eapuanma npueedenslt 6 3aoaue 5.4.1). Tpebyercs:
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a) T0Ka3aTh, YTO BEKTOPHI AB,AC u AD oOpa3ytot 6asuc;
0) ykasath opueHrtaiuto ekropoB AB,AC u AD,;
B) HAlTH KOOPAMHATHI BEKTOpA MN B 6asuce AB ,AC, AD, ectm M — Touka

nepeceueHus Mmeauan TpeyroibHuka BCD, a touka N genut pebpo AD momonam;
I') BBIYUCIUTE 00bEM ntupamusl ABCD

1) BEIYMCIIUTD JUTHHY BBICOTHI h = ‘AH‘ nupamusibl ABCD .

8 MPSIMAS HA ITIJIOCKOCTH
(mpakTHyeckne 3aHaTHA 8—9)

Coaep:xaHue: ypaBHEHUE NPSIMOM HA TUIOCKOCTH C 3aJaHHBIM HOPMaJbHBIM
BEKTOPOM M MPOXOSAIICH uepe3 3aJaHHyI0 TOYKYy; OOllee YpaBHEHUE;, BEKTOPHO-
napamMeTpuuecKoe YpaBHEHHE, MapamMeTpUUeCKOe YpaBHEHUE; KaHOHUYECKOE YpaB-
HEHUE; YpaBHEHHE MPSMOM MPOXOASAIICH Yepe3 IBe TOUKH; YpaBHEHUE MPSIMOU B OT-
pe3kax; ypaBHEHHE MpPSMOM ¢ 3aJaHHBIM YTJIOBBIM KOAGOUIIMEHTOM; HOPMAaJIbHOE
ypaBHEHHE, PACCTOSHHUE OT TOUKHU JI0 MPSMOM; B3aUMHOE PACIIOIIOKEHHUE MPSIMBIX Ha
IIJIOCKOCTH.

8.1 TeopeTuyeckuii MaTepua 1Mo TeMe NPAKTHYECKOT0 3aHATHS

PaccmoTpum paznuuHbie ypaBHEHHS MPSIMBIX Ha IJIOCKOCTU. B 3aBUCHMMOCTH
OT MapaMeTPOB, KOTOPHIE OMPEACIIAIOT MOJI0KEHNE MPSIMOM Ha TJIOCKOCTH, paccMar-
PHUBAIOT pa3JIMUHbIC YpaBHEHUS MPSIMOI Ha TIIIOCKOCTH:

1) ypasnenue npsamou ¢ 3a0aHHbIM HOPMATLHBIM 8EKMOPOM U NPOXOOSUell Ye-
pe3 mouky (nopmanvhoiii éexkmop T(A;B) — mobol BeKTOp, NMEPHCHAUKYISIPHBINA

npsimMoit; M (X,,Y,) 1 M(X,y) —3ananHasi ¥ IpOU3BOJILHAS TOUKA HA ITOW MPSIMOH):

A-(X—x,)+B-(y—-vy,)=0; (8.1.1)
2) obwee ypasuenue npamoii (npu yenosun A’ + B? >0):
A-Xx+B-y+C=0; (8.1.2)

3) sexmopHo-napamempuueckoe ypasHeHue npsimou (Hanpagisowull 6eKmop
S(m;n) — mro0oii BekTOp, MapauienbHblil mpamoit; M, (X, Y,), M(X,y) —3ananHas n
NPOM3BOJIbHAS TOYKA MPSIMOI C paanyc-BeKTOpaMu I, u I, COOTBETCTBEHHO; t € R —

napamerp):

r=rn+t-s; (8.1.3)
4) napamempuueckue ypasHeHusi NPSIMOU.
X=X, +t-m, (8.1.4)
y=Yo+t-n;
5) kanoHuueckoe ypasnenue npsamo.
X% Y=Y, (8.1.5)
m n

6) ypasnenue npsamoii, npoxoosaweil uepes 0ge mouku M,(X;Y,) 1 M,(X,;V,):
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X=X _¥Y=% : (8.1.6)
X, =% Y= %
7) ypasnenue npsamoii 6 ompesxax (3HaUCHUE A PaBHO JUTMHE OTpe3Ka, OTCeKa-
eMOTo TpsIMOi OT ocu abclucc, 3HAUYEHHE D paBHO AJHMHE OTpE3Ka, OTCEKAaeMOTO
IPSIMOI OT OCH OPJIHAT, TO €CTh IpsiMasi mpoxoauT yepe3 Touku A(a;0) u B(0;b)):

X Yy, (8.1.7)
a b

8) ypasnenue npsamoti ¢ 3a0anHbIM Y2n06biM KOIDDuUyUenmom u npoxoosuen
yepez mouxy (mpsAMas IpoxoauT uepe3 Touky M, (X,;Y,) 1 3a1aH yrioBoil kospdu-

IIUEHT npsMoit K =tga, rie @ — yroi HakJIOHA IPSIMO# K ocH abCIUCC):
Y=Yy =k-(X=x,); (8.1.8)
9) ypasnenue npsamoti ¢ 3a0anHbIM Y2a08biM KOIDduyuenmom (s IPAMOM
3aJ1aH yriioBoi ko dunment K, u mpsimas mpoxoaut depe3 Touky B(0;b)):

y=k-x+b; (8.1.9)
10) nopmanvroe ypasuenue npamoii (R°(COSar;SiNa) — eqMHMYHBIA HOPMAaITb-
HBII BEKTOP, HAIIPABJIICHHBIM OT Hadajla KOOPAUHAT K MPSAMOU; P — pACCTOSIHUE OT

Havaja KOOpJAWHAT JI0 MPSMOH):
Xcosa + ysina — p=0. (8.1.10)

VYpasuenue (8.1.10) siBisieTcsi HOpMaJIBHBIM YPAaBHEHHEM MPSIMOM MPHU BBINOJI-
HEHMH JBYX ycloBHmii: COS* o +sin“a=1; —p<0.

s mpuBenenus obmiero ypaBHeHus npsmMoit A-X+ B-y+C =0 x HopMaib-
HOMY BHJly HEOOXOAMMO YMHOXHWTh O0O€ 4YacTh YpPaBHEHHsS Ha HMHTETPUPYIOLIUN

1
MHOXUTENb U = iﬁ, npuuém - C <0.
A% + B?

Paccmosinue om mouxu M (X,;Y,) 00 npsmou | A-X+B-y+C=0 Bpruncmus-
eTcst o popmyiie
(M.:1) |Ax, + By, +C|
P Ja 4B
PaccMoTpuM citydan B3aMMHOTO PACIIOJIOKEHUS MPSAMBIX Ha MJIIOCKOCTH.
1. Yron ¢ mexny npsameimu AX+BYy+C =0 n AXx+B,y+C, =0naxoqur-

(8.1.11)

a -n + B,B
cs 13 GopMyIbl COSQ = ———= = —— AlAzz —.
‘nl"‘nz‘ \/A1 + B1 \/Az + Bz
1 =1 Al Bl Cl
VYciioBue napauieIbHOCTH NPAMBIX: N || N, <> —=—# —.
A2 BZ CZ

B ciydae BbITIOIHEHUS TIOCTIETHETO 3HAKA PABEHCTBA MPSIMBIE COBITAIAIOT.
VYcnosue nepnenaukysspaocty npaMeix: M -, =0<«> AA, + BB, =0.
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X — — X — X —
2. Y101 @ MEKay MpsIMBIMH X Y% u 2 Y=Y HAXOJUTCS U3
ml nl m2 n2

mm, +nn,
Jm +n} Jm +nl
m n

VYcnoBre napauieIbHOCTH IPAMBIX: S, || S, <> —=—.
m n
2 2

VYciioBue NepHeHAUKYIAPHOCTH NPpAMBIX: S, -S, =0<>mm, +nn, =0

Sl

bopmMyIel COSQ =

U’l

3. Yron ¢ mexny npsMmeiMu Y =K X+b, u Yy =K,X + b, Haxonurcs u3 popmynb
_ kz — kl
1+kk,|

VYcnoBue napamuieabHOCTH IpSIMBIX: K, =K.

Ycnosue nepreHaukynspHoctu: K, -k, =

8.2 Ilpumepsl pelieHusi TUMOBBIX 33/1a4
8.2.1 3anucath ypaBHEHHE TMPSMON C 3aJaHHBIM HOPMAJIbHBIM BEKTOPOM

f(6;8) u mpoxomsimeii uepes Touxy M, (—1;—3). Ilpusectu obwee ypaBHeHHE Hpsi-

MO¥ K 00LIeMy BUIY U yKa3aTh PACCTOSHME OT HAayajla KOOPAUHAT JI0 MPSAMOIA.
Pemrenue: Bocmonbsyemcst ypaBHenuneM (8.1.1): 6-(x+1)+8-(y+3)=0. O6-

Iee ypaBHEHHE NPAMOM mMeeT Bua: 3X+4y+15=0. Jig 3amMcH HOPMAJILHOTO

YpaBHEHUS NPSIMOM YMHOXXHM 00I1lee ypaBHEHUE MPSIMOWA HA MHTETPUPYIOIIUIA MHO-

1 1
KUTCIIb H=—"F—7==—=. TOFI[a HOPMAJIBHOC YPaBHCHHUC HMCCT BHI!
N3 +42 5

3.4 .
5 X— 5 y —3=0. PaccrosiHre OT Hauanga KOOpAUHAT J0 MPSAMOU paBHO P =3.

8.2.2 CocraBuTh ypaBHEHHE TpAMOH |, KOTOpas MepneHIuKyJspHa TPSIMOil
|:3x—-7y+4=0 u npoxogur uepe3 Touky M, (2;—5). Haiitu paccTtosiHHE OT TOYKH
M, mo npsimoii | .

Pemrenue. I[To ycnosuto npsimeie |, u | nepnenaukynspabl. Clie10BaTeNbHO, B
Ka4eCcTBE HAIPABIISIONIETO BEKTOpa S, MpsiMoil |, MOXHO BBIOpaTh HOPMAJIBHBIA BEK-
Top A(3;—=7) mpsmoii |, Tak Kak OH mapaieneH TOH mpsMoit. s cocTapieHus
ypaBHEHUsI TpsiMoid |, Bocmonb3yemcsi KaHOHUYECKHM ypaBHEeHUEM TpsiMoii (8.1.5):
X—2 y+5

3 -7

Paccrosiaue ot Toukn M, 1o npsimoit | Haxoaum mo gpopmyne (8.1.11):

[3:2-7-(-5)+4] 45 45.58

plg1) =22 2
50
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8.2.3 Haiitu ypaBHEeHHE MpsIMOM, TPOXOAIIEH uepe3 JABE TOUKU Ml(Z;—S) u
M, (7;1). Yxa3ars HanpaBisoLIMii 1 HOPMAIBHBIA BEKTOP STON IPSIMOIL.

Pemenne. Bocnosb3dyemcst ypaBHEHUEM NPSIMOM, MPOXOMSIIEH Yyepe3 IBE TOY-

ku (8.1.6): x=2 = y—+3 KanoHnueckoe ypaBHEHHE MPSAMON HMEET BHJ
7-2 1+3

X—-2 y+3 . .

5 = ¢ HanpasysiromuM BekropoM § (5;4). ObLee ypaBHEHHE IPSIMON HMe-

er Bug 4X—5y —23=0 ¢ HOpMabHEIM BekTOpoM 1 (4;-5).

8.2.4 Haiitu IJI0IAb TPEYTrOJIbHHKA, OrpaHU4YEHHOIO npsIMOi
| :3x+8y —24 =0 1 KOOpAMHATHBIMH OCSIMH.

y

o X
Pemrenue. YpaBuenue npsmoit | B orpeskax (8.1.7) umeeT BuJ 3 + 3 =1, rne

a=8 u b=3 — orpesku, orcexkaempie psiMoii oT oceit koopauHat OX u Oy, coot-
BETCTBEHHO. TakuM 00pa3oM, IMOJIydaeM MPSMOYTOJIbHBIA TPEYTOJIbHUK ¢ KaTeTaMu

1
mmHoto 8 U 3 (sun. e0.). I[lnomanp TpeyrojapbHuKa: S = 5 8-3=12 (ks.€0.).
8.2.5 3anucarp ypaBHEHUE NPSAMOI, KOTOpasi MPOXOAUT yepe3 Touky M, (1;2)
1 o6pasyeT yron 45° ¢ mpsmoii Y = 2X + 3.

2_k1

1+kKk,
MEXIy UCKOMOW M 3alaHHOM mpsMoil, K, =2 — yrmoBoil kodpPHIMEHT 3a1aHHOM

Pemenne. Bocnonb3yemcs dopmynon tge = , tne ¢=45" — yron

npsamoii, k, — yrioBoii koapuIreHT uckoMoil npsimoii. Haxomum yriioBod ko3 ¢-

¢burueHT K, MCKOMOU MPsIMON W3 YpaBHEHHS K — =19 45° umm K, — =1, ko-
2K, 1+ 2k,
k, —2 k, -2
TOPO€ PAaBHOCWJIBHO JIBYM YPaBHEHUSM =1lmn =-1. Pemwaa nonyueH-
1+ 2k, 1+ 2k,

HbIC ypaBHEHHs, HaXOIUM J[Ba BO3MOXHBIX YIJIOBbIX Kod(pduumenta K, =-3 wu
1 .
k, = 3 Hcnonn3ys ypaBHeHue Y —Y,=K-(X—X,) OpsAMOi C 3aJaHHBIM YTJIOBBIM

KO3 GULIMEHTOM U MPOXOAsIIeH yepe3 Touky (4.1.8), HaXoIUM ypaBHEHHUSI HCKOMBIX
MPSIMBIX, YIOBIETBOPSIONINX YCIOBHUIO 3aaun: Y =—3X+5 Ui Yy = % + % :
8.2.6 Haiitru yron wmexny npsamoit | :3x—4y—-2=0 wu npamoi
|, :5x+12y — 22 =0. Onpenenutb KOOPAUHATHI TOYKH TepecedeHus mpsmbix |, u |, .
Pemenne. Yron Mexay npsmMeIMu HauIEM Kak yrojl ¢ MEXIYy HOPMaJIbHBIMHU
BekTopamu npsimeix |, u 1,, To ects Mexay Bekropamu A, (3;—4) u A,(5;12), coot-

BETCTBCHHO.
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3. 5+( 4)-12

2\ J3+(—4) 5 T

Yron Mexay npssMbIMU paBeH 7 — (7 —arccos33/65) =arccos33/65.
JIst onpeiesIeHus] TOUKH TePeCceUeHHsI MPSIMBIX PEIIUM CUCTEMY YPaBHEHHIA.
3Xx—-4y-2=0, 3x—4y=2
WITH
5x+12y—-22=0 S5x+12y = 22.
Pemmum cucremy o popmynam Kpamepa:

33 ( 33] 33
cosp = ==, p=arccos| —— |=x —arccos—.
65 65

-4 - 3 2
A= =56,A, = =112, A, = = 56.
5 12 22 12 5 22
A 56 A 56

Touka nepecedenust npsmeIx |, u |, umeer koopaunarer M (2;1).

8.3 3apanus AJ1s1 pelieHUs] HA MPAKTHYECKOM 3aHATHH

8.3.1 B 3amauax 8.3.1.1-8.3.1.3 tpebyercs:

a) 3amucarb ypaBHEHHUE MPSMOM, IPUBECTH €ro K OOLIEMYy BUIY U MOCTPOUTH
psMYIO;

0) mpuBecTH 00lllee ypaBHEHUE MPSAMONM K HOPMAJIbBHOMY BHUJY M YKa3aTh pac-
CTOSIHHE OT Havajia KOOPAMHAT J0 MPSIMOH.

8.3.1.1 Ipsimas | 3aana Toukoit M (3;—2) 1 HOpMaBHBIM BeKTOpoM 11(3;—4).

8.3.1.2 Ipsimast | 3aana Touxoit M (1;2) n Hanpasmstroumm Bekropom S (12;-5).

8.3.1.3 Ilpsimas | 3anana nBymst ceoumu Toukamu M, (5;8) u M, (13;14) .

8.3.2 U3 Toukn M (3;1) BBIXOAMT Jyd4 cBeTa mox yrioMm ¢ =arctg3 k ocu OX

U oTpakaeTcs oT He€. HammcaTh ypaBHEHHUS MaJarOMIEeTo U OTPAXKEHHOTO JTyJen.
8.3.3 CocTaBuTh ypaBHEHHUE MPSIMOM, KOTOpasi MPOXoauT yepe3 Touky M (4;1)

¥ OTCEKAeT OT KOOPJMHATHOTO yIJIa TPEYTOJIBHUK C IUIOMIAIbI0 PaBHOH 8.
8.3.4 3agana npsimast | : —3x+4y—-1=0 u Touka M (5;3). Tpebyertcs:

a) BEIYMCIUTD PACCTOSIHHAE OT TOUYKU M 1o mpsmoii | ;

0) HanmcaTh ypaBHEHHE NMpsMoH |, , mpoxosmieii yepes Touky M, mapanens-
HO TIpsiMoii | ;

B) HamMcaTh ypaBHEHHE NpsMoii |,, mpoxonsdmieil yuepe3 Touky M, meprenau-
KYJISIpHO TipsiMoid | .

8.3.5 B 3amauax 8.3.5.1-8.3.5.4 mccnemoBaTh B3aMMHOE PACIOJIOKCHHE 3a-
naHHbIX mpsMbIX |, u 1,. Tlpu 3TOM B ciyyae mapajuieIbHOCTH HAWTH PACCTOSHHE

MCXKAY 3TUMHU NPAMBIMHU, a4 B ClIydac INEPECCUCHUS, HaUTH YIoJI MEXAY 3TUMHU IIPs-
MBbIMH U TOYKY HUX IMCPECCCUCHU.

8.35.11:3x—-2y—-11=0, |,:

X+2 y+4
4 6
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&352I157;—:—7—n l,:4x -5y +36=0.

8353 I,:4x—5y—2-0, I:X=3_Y"2
10 8

8.3.5.4|1:XT_3=%2, l,:3x— 7y +11=0.

8.3.6 Tpeyronpark ABC 3aman koopamHatamu cBoux BepmmH A(3;4),
B(7;7) u C(8;16). TpeOyercs:
a) HanMcaTh ypaBHeHHE CTOpOoHbI AB;

0) Hanmcats ypaBHeHue BbicOTbl CH u Bbuuciuts ee jimmHy h = ‘CH ‘ ;

B) HalTH yroa ¢ mexnay Beicoto CH u menuanoit AM ;

') HaMMCaTh YpaBHEHHMS OHMCCEKTPUC BHYTPEHHErO W BHEIIHErO YIJOB MpU
BepuiHe B.

8.3.7 HanucaTth ypaBHeHUE MpsIMOil, mpoxoasiiel yepe3 Touky M, (3;2) mon
yriaoMm 7z/4 x upsmoit |:x=2—t, y=3+4t.

8.3.8 Harucath ypaBHeHHME mpsiMOoH, mpoxoxsmier depe3 Touky A(L4) Ha
OJIMHAKOBBIX paccTossHusaX ot Touek B(3;7) u C(6;1).

8.3.9 Hamucats ypaBHeHus cTopoH TpeyroiapHuka ABC, ecnu 3agana ogHa u3
ero BepumH A(7;13), u ypaBHeHus aByX Meanan X—5=0 u 4x—-3y—-3=0.

8.3.10 Hamucatp ypaBHeHUs cTOpoH TpeyroibHuka ABC, ecnu 3amana ojHa
u3 ero BepmmH B(1,1), u ypaBHeHuUs ABYX BBICOT 2X+ Y —23=0 u 4x—-3y—-11=0.

8.3.11 YpaBHeHue 0HOM U3 CTOPOH HEKOTOporo yriaa 2X—9y—-3=0, a ypas-
HeHue ouccektpucekl 4X — Y +11=0. HaliTu ypaBHeHHE BTOPOI1 CTOPOHBI yTiIa.

8.3.12 Hanimcatp ypaBHEHHSI CTOPOH TPEYTOJbHHKA, 3HAs KOOPIWHATHI OJHOMN
u3 ero BepimH A(4;5), a Takke ypaBHeHHs OMCCeKTpUchl 4X —3Y +5=0 u BBICOTEHI

3X—4y —-15=0, koTopbIe MPOBEACHBI U3 OJHOU BEPIITUHBI.

8.3.13 Hammcatp ypaBHEHHS] CTOPOH TPEYTOJbHHUKA, 3HAs OJHY €0 BEPIIHHY
B(6;9), a Taxke ypaBHeHus mMeauanbl X —3Y +13=0 wu BbicoThl X+ Y —7 =0, mpo-
BEJCHHBIX U3 Pa3IMYHBIX BEPIIHH.

8.3.14 Hanmcath ypaBHEHHS CTOPOH TPEYroJIbHUKA, 3HAS OJIHY U3 €r0 BEPIINH
C(5), a rakke ypaBHeHHs MemuaHbl 3X+4y—25=0 w© OHCCEKTPHCHI

X =3y +4 =0, npoBeAEHHBIX U3 PA3IUYHBIX BEPILHUH.

8.3.15 B tpeyronsauke MNP nanbl ypaBaerus ctopoHbl MN X+7y—-6=0u
ouccektpuc X+Yy—2=0 u X—3y—6=0. HaifTu KoOpIuHATHI €r0 BEPIIHH.

8.3.16 Haiitu Touky, cummerpuunyto Touke N(1,7) oTHOCHTENTHHO TpsIMOU
2Xx—-5y+4=0.

8.3.17 JIBe cTopoHBI KBajpara JIeKaT Ha NpsIMbIX: X+Y—-2=0, Xx+y+2=0.

Beraucnuth miomnaas 3a1aHHOTO KBajpaTa.
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8.4 3aganus 111 KOHTPOJIMPYEMOii caMOCTOSITeILHOIH padoThI

8.4.1 Jlansl koopauHaThl BepuinH TpeyroisHuka ABC: A(X;Y,), B(X,;Yy,) u
C(X5:Y,) . Tpebyercs:

a) 3amucarhb obmiee ypaBHeHHe npsiMori AB ;

0) HailTh KaHOHHYECKOe ypaBHeHuE npsimoii BC ;

B) HaliTH ypaBHeHHE BbICOTHI CH 1 BhIUMCIHTH ee amuHy h = ‘CH ‘ ;

') HalTH ypaBHeHHE Meauanbl AM ;
1) HaTH TOuky nepecedeHus meauansl AM u BbicoThl CH , a Takxke yrou
MEK]1y BBICOTOW ¥ MEAUAHOM;
€) BBIYUCIUTH paccTossHue oT Touku C 1o npamon AB;
’K) HaIMcaTh ypaBHEHHUS OMCCEKTPUC BHYTPEHHErO M BHEIIHETO YIJIOB IPHU
BepinHe A.
8411 A(l%-1),B(42),C(3-5). 8412 A(6,-4),B(410),C(-4,2).
8.41.3 A(-74),B(5-5),C(-7;-2). 8.4.1.4 A(4-5),B(-3;1),C(10;-2).
8.415 A(-35),B(4,0),C(-2,-6). 84.16 A(-7,-4),B(3,2),C(0;2).
8417 A(0;7),B(-24),C(L-3). 84.18  A(-31),B(0;4),C(25).
8.419 A(l44),B(6:8),C(-3-2). 8.4.1.10 A(-L4), B(9;5),C(L0).
8.4.1.11 A(6),B(61),C(-2-3). 8.4.1.12 A(7;3),B(110),C(4;-3).
8.4.1.13 A(25),B(-3-4),C(7;6). 8.4.1.14 A(511), B(4-1),C(38).
8.4.1.15 A(6;-5),B(-8,-1),C(35). 8.4.1.16 A(52),B(7;3),C(4-3).
8.4.1.17 A(47),B(5-5),C(48). 84.1.18 A(6,-3),B(-71),C(-45).
8.4.1.19 A(L-2),B(4,7),C(3-8). 8.4.120 A(3-5),B(-54),C(2;,-6).
8.4.1.21 A(9-5),B(3-1),C(-6;4). 8.4.122 A(6;-5), B(L1), C(30).
8.4.1.23 AB;),B(0;-1),C(37).  8.4.124 A(2-1),B(31),C(4-4).
8.4.1.25 A(-6),B(-3-1),C(L5). 8.4.1.26 A(8,-10), B(-5;7),C(-3;8).
8.4.1.27 A(9;11), B(10;12),C(12;9). 8.4.1.28 A(4,-5), B(-5;6), C(6;-4).
8.4.1.29 A(0;2),B(12;5),C(3;—4). 8.4.1.30 A(5-6),B(-3;2),C(4;1).

9 IJIOCKOCTbDb B ITIPOCTPAHCTBE
(mpakTH4yeckoe 3ansitue 10)

ConepskaHue: ypaBHEHHE TUIOCKOCTH C 33JIaHHBIM HOPMAJbHBIM BEKTOPOM U
MIPOXOJISINIEH Yepe3 TOUKY; 001Iee ypaBHEHHE IOCKOCTH U €ro UCCIIEeIOBAaHUE; YPaB-
HEHUE TJIOCKOCTH, MPOXOASIIEH Yepe3 TPU TOUKH; YPAaBHEHUE MIIOCKOCTH B OTPE3KAX;
HOPMAJIbHOE YPABHEHUE TIJIOCKOCTH; PACCTOSHUE OT TOUKHU JO IUIOCKOCTH; B3aUMHOE
PACIIOJIOKEHUE TUIOCKOCTEN.

9.1 Teoperuyeckuii MaTepuaJ Mo TeMe NPAKTUYECKOI0 3aHATHSA

PaccMoTpuM pasnuyHble YypaBHEHUs IDIOCKOCTEM B IPOCTpPaHCTBE. B 3aBucu-
MOCTH OT IIapaMeTpPOB, KOTOPBIE ONPEACIIAIOT IOJ0KEHUE IIJIOCKOCTU B IPOCTPaH-
CTBE€, PaCCMATPUBAIOT PA3JIMYHbIC YPABHEHMS IIIOCKOCTEN:
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1) ypasuenue niockocmu ¢ 3a0aHHbIM HOPMATLHLIM 6EKIMOPOM U NPOXOOsUfel
yepes mouxy (nopmanvnwiti eexkmopn(A; B; C)) — mo0oii BeKTOp, MEepHCHIUKYISAP-

HBIM mnockocty; M (X)) Y,:Z,) 1 M(X;y;Z) — 3amaHHas U IpOU3BOJIbHAS TOUYKA HA
3TOM IJIOCKOCTH):

A-(X=X%)+B-(y-y,)+C-(z—2,)=0; (9.1.1)
2) o6wee ypasuenue niockocmu (pu yenosuu A’ + B +C? >0):
A-x+B-y+C-z+D=0; (9.1.2)

3) sexkmopHo-napamempuueckoe ypasHeHue niockocmu (Hanpasisiouue 6eKx-
moper P(P;; P,; P3), G(0;;0,;0;) — JHOOBIE JBa HEKOJIMHEAPHBIX BEKTOpA, Iapall-

aenbHbIe TIocKocTH; M (X5 Yo:Z,), M(X;Y;Z) — 3amaHHas u mMpom3BOJIbHAS TOYKA
TUIOCKOCTH C paauyc-BeKTopamu I, u I, COOTBETCTBeHHO; @ € R, € R — mapamer-
pBI):
r=n+a-p+4-q; (9.1.3)
4) napamempuyeckue ypagHeHus nI0CKOCHU.
X=X +a-p+p-q,

y:y0+a-p2+ﬂ-q2, (9-1-4)
Z=2+a-p;+ -0,
5) ypasnenue NI0CKOCMU, npoxoosiuyerl yepes mpu MOYKU

M, (X;;Y;:2),1=1,2;3:
X=X Y= -4
X, =% Y=Y, Z,—-7|=0; (9.1.5)
X=X Y=Y L34
6) ypasnenue niockocmu 6 ompeskax (3Ha4eHHE @ PaBHO IJIMHE OTpPE3Ka, OT-
CCKACMOTI'0 IINIOCKOCTHIO OT OCHU a6CHHCC, 3HaueHue b pPaBHO TJIMHC OTPC3Ka, OTCCKaA-

€MOTr0 IJIOCKOCTBIO OT OCH OpAMHAT, 3Ha4Y€HUE C PaBHO JUIMHE OTPE3Ka, OTCEKAEMOI0
IUIOCKOCTBIO OT OCH alIUIMKAT, TO €CTh IUNIOCKOCTh mpoxoaut yepe3 Touku A(a;0;0),
B(0;b;0) u C(0;0;c)):
5+X+E:1; (9.1.6)
a b c
7) HopmanvHoe ypasHenue niockocmu (Bektop N°(COScr;CoS B;C0Sy) — ean-
HUYHBII HOPMAaJIbHBIA BEKTOP, HAIIPABJICHHBIN OT Hayajla KOOPAUHAT K IJIOCKOCTH; P

— pacCTOAHUC OT Ha4ajJla KOOpaAuHAT a0 HJ'IOCKOCTI/I):
XCOoSa +Yycosf+zcosy — p=0. (9.1.7)

VYpasaenne (9.1.7) sBisieTcss HOPMATbHBIM YPaBHEHHEM IIJIOCKOCTH TIPU BHI-
TIOJTHEHHUH JIBYX YCIOBHiL: COS or +C0s° f+¢c0s’y=1; —p<0.
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Jlna npuBenenus oouero ypaBHeHus miockoctu A-X+B-y+C-z+ D=0
HOpMaJIbHOMY BHUJy HEOOXOJMMO YMHOXXHUTh 00€ YaCTH YpaBHEHUs Ha UHTEIPUPYIO-

A MHOKUTEIb == , mpuaém - D <0.
JA’ +B?+C?

Paccmosnue om mouxku M (X,;Y,:2,) 00 naockocmu 7. AX+By+Cz+ D=0

BBIUMCIIAETCS 110 hopMyIie

AX, + By, +Cz, + D
;ﬂM&ﬂ)=|0 Yo ¥ ~2o |. (9.1.8)
JA? + B2 +C?
VYron @  MeXIy  INIOCKOCTSMH . AX+By+Cz+D =0 u

,. AX+B,y+C,z+ D, =0 paBeH yriy Mexay HOPMaJIbHBIMUA BEKTOPAMH IIJIOCKO-
CTEH, a, ClIeI0BaTENbHO, €r0 MOKHO OIIPEAENIUTH 110 (hopMyIie

n-n, _ AA +BB,+CC,

- |, \/Af +B +C} \/AZZ +BZ+C?

B, C _.D
A_B G D
A2 BZ C2 DZ
B cityyae BbINOIHEHHUS MTOCIIEIHETO 3HAKa PABEHCTBA IJIOCKOCTH COBIAIAIOT.
Vcnosue  NMepHEeHIMKYJIAPDHOCTH — IIocKocTed: My LN, «<>n -f, =0«

<~ AA +BB,+CC, =0.

COS¢ = (9.1.9)

YcnoBue nmapamuiebHOCTH IIocKocTel: N, || A, <>

9.2 Ilpumepsl pelieHUsi TUMOBBIX 33124
9.2.1 HanucaTh ypaBHEHHE IUIOCKOCTH 7,, HPOXOJAIIEH uepe3 TOUKY

M,(2;1;3) napamnensno miockoctd 712X —6Y +3z+1=0. BorauciuTh paccTosiHue

MEXAY IUIOCKOCTSAMMU.

Pemenne. Tak kak miIOCKOCTH IapajieIbHbl, TO HOPMAJIBHBIE BEKTOPHI SBJIS-
I0TCSl KOJuTMHEapHbIMU. ClieI0BaTeNIbHO, B KAYECTBE HOPMAJIbHOT'O BEKTOPA IMJIOCKO-
CTH 7, BBIOMPAaeM HOPMaJIbHBII BEKTOP MJIOCKOCTU 77, TO €CTh HOPMAJIbHBIA BEKTOP

IJIOCKOCTH 77, UMEET KOOPJAWUHATHI: ﬁl(2;—6;3). Bocnonbszyemcsa ypaBHEHUEM ILJIOC-
koctH (9.1.1): 2-(x—-2)—-6-(y—-1)+3-(z—3)=0 wm 2x—-6y+32—-7=0.

PaccTossHne Mexay TUIOCKOCTSMH HaWAEM Kak pacCTOSHHE OT TOYKHU
M, (2;1;3) mo miockoct 77 :2x—6y +3z+1=0 no popmyze (9.1.8):
_ |2-2-6-1+3-3+1 8

J2+(-6)2+32 T

9.2.2 HailTu ypaBHEHHE IUIOCKOCTH, MPOXONSAIIEd Yepe3 TpU TOUKH

M, (3;4;5), M,(5;7;9) u M,(6;8;6). Onpemennts yron MexIay MOTy4EHHON ILIOC-

p(miz)=p(Myir)

KOCTBIO ¥ TIJIOCKOCTBIO 77, 3aJaHHOM B 3amaue 9.2.1.
Pemenue. Haxonum ypasaenue miockoctd M;M,M,, ucnones3ys ypaBHeHue

TUIOCKOCTH, MPOXOosieit uepes tpu Touku (9.1.5):
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Xx-3 y-4 z-5
2 3 4 |=0 nwm 13x-10y—-z-4=0.
3 4 1
Onpenenum yroi Mexay MmiockocTblo 13Xx—10y—-z—-4=0 u mI0CKOCTBHIO

2X—06y+3-2—7=0. Yron Mexay IJOCKOCTIMU HAXOAUM KakK YroJ MEXIy HOp-
MaJIbHBIMH BEKTOpaMH ILUTOCKOCTeH 1Mo popmysie (9.1.9):
Ny, Mg 13-2+(-10)-(-6) +(-1)-3 83
i 132+ (—10)2 + (-1)2 - /22 + (-6)* +3°  214/30

CoS =

.

n anMzMa

Torma yron Mexay TUIOCKOCTSIMH paBEH 3HAYCHHIO ¢ = arcCos 83 :
21430
9.2.3 HanucaTth ypaBHEHHE IIJIOCKOCTH, Mpoxoxsmieil yepe3 Touky M, (1;2;3)
napajuienbHo BekTopam a(3;5;7) u €(4;1;3).
Pemenne. BekTopsl @& u C mapajuleNbHBI TUIOCKOCTH, a, CIIEJIOBATEeIbHO, BEK-
TOP UX BEKTOPHOTO MPOU3BEACHUS OYIET MEePIEHANKYIISIPEH MIIOCKOCTH U €70 MOKHO
BBIOpaTh B KAYECTBE HOPMAJILHOTO BEKTOPA.

i ] k
Lo . 5 7. 13 7. 3 5- . . ~
n=axc=13 5 7|= I — ]+ k=8 +19)-17k .
41 3 1 3 4 3 4 1

Bocnonb3yemcst ypaBHenreM miockoctu (9.1.1):
8-(x-1)+19-(y-2)-17-(z-3)=0 wimm 8x+19y-172+5=0.
9.2.4 Beruucnuth 00BEM MUPAMUJIBI, OTPAHUYEHHON KOOPJAUHATHBIMU TIOCKO-
CTSIMU U INIOCKOCThIO 7. 3X—4y+62—-24=0.

Pemenue. 3anumem YPaBHCHHUC IINIOCKOCTU 77 B OTPE3KaX, TO €CTh BOCIIOJIbB3Y-

X'y

eMcsl ypaBHeHUEM TutockoctH (9.1.6): 3 6 +—=1. Torma

1

nUpamMuobL = g " Oocnosanun ) 8 ’ 6 4= 32 (K@. ea) '

.

Wik @

9.3 3apanus AJs pelieHUs HA MPAKTUYECKOM 3aHATHHI
9.3.1 Hanucath ypaBHEHHE IUIOCKOCTH 77;, HPOXOASIIEH uepe3 TOUKy

M, (4; 2, 5) napajuiesibHoO TiockocTu 77 :12X -3y +4z—-13=0. Beruuciuts paccros-

HUE MEXAY IIIOCKOCTSIMHU.
9.3.2 Hanucath ypaBHEHHUE IJIOCKOCTH, MPOXOISAIIEH Yepe3 TOUKY M0(1;2;3)

napayuiensHo Bektopam &,(0;1,2) u a,(-1,0;1).
9.3.3 Hammcats ypaBHeHHE ILIOCKOCTH, IpoxoAsuieil yepe3 Touku M, (2;5;4)

u M, (4;8;3) napamensro Bekropy a(3;2;7).

S7



9.3.4 Hanucath ypaBHEHHE TIUIOCKOCTH 77,, HPOXOASIIEH uYepe3 TOUYKU
M, (3;4;5) uM,(1;-3;0) nepuennukyspHO miockoctu 712X —3y+5z2-3=0.

9.3.5 Hanucath ypaBHEHHE IUIOCKOCTH, MPOXOJIALICH dYepe3 TpU TOUYKHU
M, (1,2;0), M,(3;,0;1) u M,(2;1;1).

9.3.6 Boruncnuth 00BEM MHpaMUbl OTPAHUYEHHON KOOPAWHATHBIMU IJIOCKO-
CTSIMH U TUIOCKOCTBIO 77 5X—3y —72+105=0.

9.3.7 B 3amavax 9.3.7.1-9.3.7.3 wuccienoBaTh B3aUMHOE PaCIOJIOKCHHE 3a-
JaHHBIX IJIOCKOCTEN 7, U 7,. [Ipu 3TOM B cilydyae nmapajuieIbHOCTH HallTH paccTosi-

HHUC MCIKAY IIJIOCKOCTAMH, a B CJIydac MCpCCCUCHUS, HaWTU YIoJI MCIKAY 3TUMHU I1JIOC-
KOCTAMMU.

9.3.7.1 7,:2x-3y+62-5=0, x,:12x+3y—-4z-19=0.

0.3.7.2 7,:12x -8y +32-25=0, 7z, 2% +%=1
2 3 8
. Xy 2
9.3.73 7,:20x+15y 122 -60=0, m, i3+~ £ =1

9.3.8 HanucaTh ypaBHEHUS IUIOCKOCTEH, JEISMIMX MONOJNaM ABYTPaHHbIE YI-
Jb1, 00pa30BaHHBIE IIIOCKOCTAMU 77, : X—3Y+2Z2-5=01u 7,:3x-2y—-z+3=0.

9.3.9 Hanucatp ypaBHEHHE IUIOCKOCTH, PaBHOYJAIEHHON OT JBYX 3aJaHHBIX
IUIOCKOCTEN 77, :4X—Yy—22-3=0u 7x,:4X-y—-22-5=0.

9.4 3ananus 115l KOHTPOJHMPYEMOH CAMOCTOATEIbHON padoThI
9.4.1 lansr uetblpe Touku A(X;Y;;Z), B(X:Y,:2,), C(X:Ys3iZ) m

D(X,;Y,;Z,) B OpPTOHOPMHUpPOBAaHHOM Oasuce {T; i IZ} (koopounamosr mouex 0

Kaxcoo2o eapuanma npueedensl 6 3aoaue 5.4.1). TpebGyercs:

a) HaiiTH ypaBHeHue miaockoct ABC

0) HaliTu HOpMasbHOE ypaBHeHue miockoctu ABD u ykazath pacctositHue ot
ATOM IJIOCKOCTH JIO Havasia KOOPINHAT;

B) HAlTH ypaBHEHHE MJIOCKOCTH, KOTOpas MapaijieibHa BEKTOpam AD u BD un
MIPOXOIUT Yepe3 TOUKy C;

T') BRIUUCITUTH paccTosiHue oT Touku Dm0 mmockoct ABC

1) HaifTu yros Mexay miockoctbio ABD u mitockocteio ABC.

10 IPAMASA U IIJMIOCKOCTD B IPOCTPAHCTBE
(npakTH4yeckoe 3ansTue 11)

Conepskanue: BEKTOPHO-TTAPAMETPUUYECKOE YPABHEHHE MPSMOW, NapaMeTpu-
YECKOE YpaBHEHUE IPSAMOM, KAHOHUYECKOE YPABHEHUE NPAMOM, YpaBHEHUE IIPSIMOH,
MPOXOSIEl Yepe3 BE TOUKH, YpaBHEHUE MPAMON B OTpe3Kax, olliee ypaBHEHUE
IIPSAMON U €€ NPUBEICHUE K KAHOHUYECKOMY BUY, B3aUMHOE PACIOJIOKEHUE MIPSAMBIX
B IIPOCTPAHCTBE, B3aMMHOE PACIOJIOKEHUE MIPSAMOU U INIOCKOCTH B IIPOCTPAHCTBE.
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10.1 TeopeTnueckuii MaTepuas Mo TeMe NPAKTUYECKOT0 3aHATHS

PaccmoTpuM paznuuHble ypaBHEHUS MPSIMBIX B POCTpaHCTBE. B 3aBucuMoOcTH
OT IMapaMETPOB, KOTOPBIE ONPEIEISIOT MOJOKEHUE NPSIMOM B MPOCTPAHCTBE, pac-
CMaTpPUBAIOT Pa3INyYHbIE YPaBHEHUS MPSIMOM:

1) obwee ypasnenue npsimotl 6 npocmpancmae:

Ax+By+Cz+ D, =0,
AXx+B,y+C,z+ D, =0;
2) sekmopHo-napamempuyeckoe ypaenenue npsmou (Hanpasisiowuil 6eKmop
S(m;n; p) — r000i#i BEeKTOp, MapayuIedbHbINA mpsiMoit; M, (X,; Y, Z,), M(X;Y;2) — 3a-

(10.1.1)

JaHHAs U IPOU3BOJIbHAS TOYKA MPSMOM, ¢ paanyc-BeKTopaMu I, u I, COOTBETCTBEH-
HO; t € R — mapamerp):

r=n+t-s; (10.1.2)
3) napamempuueckue ypasHenus npsImo.

X=X, +t-m,

y=y,+t-n, (10.1.3)

Z=17,+t-p;
4) kanonuwecKkue ypasHeHus NPMoll.

X=X Y=Y 7%, (10.1.4)
m n p

5) ypasnenue npsmoti, npoxodsiweti uepes 0se mouku M. (X;V:;z2.),1=12:

X_X1: Y- Y — Z_le (1015)

=% Yo=Y 4,74

X_Xlzy_ylzz_zl " X—X2:y—y2:Z—Zz
ml nl pl m2 n2 p2

COBIAJAET C YIJIOM MEX1y HalpaBJIAIOIUMHU Bektopamu S (m,n, p,) 1 S,(M,,n,, p,).

Yron ¢ Mexay npsMbIMHA

CrnenoBaTeNnbHO, YTOJI MKy MPSMBIMU HAXOJIUTCS U3 (POPMYJIIbI

- =

S *S mm, +nn, +
COS¢: _}1 3 — - 12 2 21 2 2p1p22 - (10.1.6)
‘Sl"‘sz‘ \/ml o+ P ’\/mz Ny + P,
.3 llc ml _ nl _ pl
VYcnoBre napauieIbHOCTH IPSIMBIX: S, || S, <> —=—=—,
m2 n2 p2

VYciioBue nNepneHauKyIsIpHOCTH NpsAMBIX: S, L S, «<>mm, +nn, + p,p, =0.
X=X — Y—Y% _ -1,
m n p
A-x+B-y+C-z+ D=0 coBnagaer c yrjioM MEXIy HaMpaBJSIIONIUM BEKTOPOM

Yron © wMexay nOpsSMoi U  IUIOCKOCTBIO

S(m;n; p) opsmoii u HopMansHEIM BekTopoM N(A; B;C) miockoctu. CiaemnoBaTenbHO,
YroJl MEKIY HIPSIMOM U ITOCKOCTBIO HAXOIUTCS U3 (DOPMYJIBI
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- =

. |5 - A ImA+nB + pC|
SINO =——= .
8]-|A| \/m2+n2+p2~JA2+BZ+C2
YcnoBre napamieabHOCTH IpIMOi U mtockoctu: S 1 N <> mA+nB+ pC =0.
m n p

YcnoBre neprneHIuKyIIPHOCTH IPSIMOM U THIOCKOCTH: S || 1 <> A"BTC

(10.1.7)

10.2 IlpumMepsbl penieHUus1 TUMOBBIX 32124
10.2.1 Hamucatp ypaBHEHHE MEPHEHAMUKYJSAPA, OMYIICHHOTO U3 TOYKH

M, (5;—17) na mwiockocts 4X+7y—9z+3=0.

Pemenne. Tak kak ypaBHEHHUE IPSIMOM SABIIAETCS NEPIECHANKYJIIPHON 3a1aHHON
IJIOCKOCTH, TO B KaueCTBE HAMPABISIONIETO BEKTOpa MPSAMOI BHIOMpaeM HOpMaib-
HbIil BekTOp iockocTH: N(4;7;-9)=35. Ucnons3yst KAHOHMYECKOE yPaBHEHHE IIpsi-
X=5 y+1 z-7

7 -9
10.2.2 Haiitn Touky mepeceueHus mpsimord | u mimockoctu 7, 3ammcaB ypas-

HCHHC prIMOﬁ | B kaHOHMYECKOM BHUAC, CCJIU 3a/laHbl YPABHCHUA Hp}IMOP'I H ITJIOCKO-
CTH.

Mot (10.1.4), monyyaem UCKOMOE ypaBHEHUE MPSIMOIA:

3X+4y-6z2-11=0;
2X—-3y+9z2+4=0
Pemenwne. 3anumem ypaBHeHue npsmoi | B xaHoHmueckom Bupe. s ompe-
ACICHUA TOYKH, KOTOpPad IMPHUHAIJICKUT pr[MOfI, IMPCAIIOJIOKHNM, YTO OJHA M3 IICPC-
MEHHBIX paBHa Hymto. Hampumep, nycts Z=0. B pe3ynbrare npuxoaum K CHUCTEME
U3 IBYX YPABHEHUM C IBYMSI HEU3BECTHBIMMU:
3X+4y =11,
2X -3y =—4.

Pemenue cucrempr X=1, y=2. Takum oOpazoM, ToUKa I\/|0(1;2;0) MIPUHA/I-

w:X+4y—-72-4=0.

nexut npsamoii | . B kadecTBe Hampapisromero BekTopa npsiMoi | Bo3sMEM BeKTOp
BEKTOPHOI'O ITPOM3BEICHUS HOPMAIBHBIX BEKTOPOB IUIOCKOCTEW, KOTOPBIE 3aJar0T
npsimyto | .

—

i j k
S=fxf,=3 4 -6/=181 —39]-17k.
2 3 9

x-1 y-2 2
= = . Hotst
-39 -17
ONPEIEIICHNUS] TOUKU IIepEeCcCeUYeHUs MPSIMOM U IUIOCKOCTH 3allUIIEM ypaBHEHUE IIpsi-
MOW B ITapaMETPUYECKOM BUJE:

Torma ypaBHeHue npsiMoii | B KaHOHMYECKOM BHIC:

60



X =1+18t,
y =2-39,
z=-17t.

HOI[CT&BJIH}I NEPEMEHHBIC X, Y U Z B ypaBHCHHEC IUIOCKOCTH 77, HaXOJIUM

sHayeHue mapamerpa t: 7:1+18t+4-(2-39t)+17t-4=0, t= % [MoncTaBnss

3HAYCHUC I1apaMcTpa { B mocieaHo0 CUCTCMY, OIIPCACIIAACM KOOPAHUHATBI TOYKH IIC-

peceuenus npsimoii | ¢ miockocteo 7: M, (21%21;47 121; _8%21) .

X-2 y+5 7-8
3 2 -1

10.2.3 Haiittru  yron  mexay  npsmbeivua |, : u

|- X=7_y z+38
5 2 0
Pemenne. Yron Mexay npsmMeIMU HalIEM Kak yroJl MEXKIy HaIpaBIISIIOIIAMU
S, -5, 3.-5+2-(-2)-1.0 11

1 = =
S5 {32+ 22+ (-1)2 52+ (-2)2+07 /406

BCKTOpaMH  IIPSAMBIX: COSp =

11
=/(l:l,)=arccos )
Q (1 z) (m}

10.2.4 Haiitn yronm Mexay mpsmon |:

Xx+4 y+3 z-9
2 3

H IINIOCKOCTBIO

. 4-X+7-y+2-12=0.
Pemenne. Yrom Mexay npsMol MW IIOCKOCTBIO HaaéMm 1o (dopmyie
. |5 -A| ImA+nB + pC|
SIn@: =~ 2 2 2 2 2 2
8- |n| \/m +n°+p A +B%+C
MQJIBHBIA BEKTOP IUIOCKOCTH W HAIPABJISIONMIMNA BEKTOP MPSIMOW, COOTBETCTBEHHO.
Haxomum cuHyc yriia Mexny 3aaaHHoW mpsiMod | w©  miockocTeio 77

. 57 1-4+2.7+3.1 21
sSIN®=——= =
S]-|n] V12427432 Na2+72417 24231

, rae fi(A;B;C) u 5(m;n;p) — Hop-

. Torga yron mexay npsmoit |

) 21
U IUIOCKOCTBIO 77 paBeH: ® = /(l;xz)=arcsin .
P ( ) (2#231)

10.3 3apanus AJs1 pelieHUs HA NPAKTUYECKOM 3aHATHH
10.3.1 HanucaTh KaHOHWYECKHUE YPABHEHUS MPSIMOM, MPOXOAAIICH yepe3 ToU-

Ky M;(1;2;3) napasmiensHo:

a) Bekropy a(0;3;2); 6) ocu Oz; B) mpsiMmoit X=4+3t, y=2—-t, z="7t;
2x—-3y—-4z+5=0,
3x+4y+2z2-9=0.

r) ﬂMoﬁX—_S—X—iG' 1) IpsIMOI
p 3 5 5 p
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10.3.2 Hanucates ypaBHEHHE TIPSIMOM, TMPOXOAAIICH dYepe3 [IB€ TOYKHU
M,(3;0;2) u M, (3;5,-2).

10.3.3 3agana npsimas | :XT_l = l?; = ZTH u Touka M, (3;1;4) . Tpebyercs:

a) HaIMCaTh ypaBHEHUE IUIOCKOCTH, MPOXOASIIeld depe3 mpsamyr | u Touky
M, (3;14);

0) HamKcaTh ypaBHEHHE IJIOCKOCTH, MPOXOsIIel yepe3 Touky M, mepneHnu-
KYJISIPHO TIpsiMoii | ;

B) HalmycaTh ypaBHEHHE MEPHEHIUKYJIAPA, OMYIIEHHOro U3 Touku M, Ha mps-
myio | ;

') HallTH KOOPJMHATHI TOYKH M,, KOTOpas CUMMeTpU4YHa Touke M, OTHOCH-
TEIBHO TIpsIMOH | ;

1) BEIYUCITUTH PACCTOSTHUE OT TOUKH M, 10 mpsimMoii | .

10.3.4 3ayana IIJIOCKOCTh m:2X—-6y+3z2-17=0 u npsMast
| : XT_l = % = Zl_-;1 . TpeOyercsi:

a) MPOBEPUTH, PUHAIICIKUT JIH TpsiMast | 3a1aHHON TUIOCKOCTH T |

0) HAlTH KOOPIMHATHI TOYKH ITepeceveHus npssmoii | u rockocty 7 ;

B) BBIYUCIIUTH CHHYC yTJIa MEXIy MpsiIMOi | ¥ MI0CKOCTRIO 7 |

T') HalmucaTh ypaBHEHHE TUIOCKOCTH, MPOXOJISIICH Yepe3 npsmMyro | meprenam-
KYJSIPHO K IUTIOCKOCTH 7T .

10.3.5 HanucaTh KaHOHWYECKOE YpaBHEHHE MPSAMON KOTOpasi MPOXOIUT depes
Touky M,(1;2;3) mapamnensHo miuockoctn 2X—6Y+3z+1=0 u nepecekaer mpsi-

x-=3 y+2 z-1
12 4 3

MYIO

10.4 3apanusi AJ151 KOHTPOJIUPYEMOii CAMOCTOSITETbHOUH PadoThI
10.4.1 laner uwerelpe ToukmM  A(X;Y;;Z), B(X;Y,:2,), C(X;Y:;:Z;) wm

D(X,;Y,;Z,) B OpTOHOPMHUpPOBaHHOM 0azuce {T; i IZ} (koopounamor mouex 0

Kaxco020 eapuanma npueedensl 6 3aoaue 5.4.1). TpeOGyercs:
a) HallTH ypaBHeHue npssmMoii AB;
0) Haiitu ypaBHenue npsmoii |, neprnenaukynspaoit ockoctu ABC u D el
B) HAlTH KOOpAMHATHI TO4YkK D,, xKoTopas cuMmmerpuuHa Touke D oTHOCH-

TenbHO Tockoctn ABC

r) HaiiTk ypaBHenue npsamoit DN, kotopast mapamiensHa psimoit AB;

1) HAaWTH ypaBHEHHUE TUIOCKOCTH, MPOXOJsAUIeil uepe3 Touky D mneprneHauky-
nsipHO Tipsimoit AB;;

€) BBIUUCIUTH yrou Mexay npsamoid AD u mockocteio ABC

) BBIYUCIIUTD yrosl Mexay npsMbeivu AB u AD.
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11 KOHTPOJIBHASA PABOTA
(mpakTHyeckoe 3aHsATHE 12)
Conepskanme: BEKTOpa U ONEpaIMy HajJ HUMHU; CKaIsIpHOE, BEKTOPHOE U CMe-
IIAHHOE TPOU3BEJACHUS BEKTOPOB; IpsAMas Ha IUIOCKOCTH; MpsiMas M IUIOCKOCTH B
MPOCTPAHCTBE.

11.1 TeopeTnueckuii MaTepuaJ Mo TeMe NPAKTHYECKOT0 3aHATHSI
TeopeTnueckuii MaTepua i BHIIOTHEHUS] KOHTPOJIbHOM pabOThl MPUBEIEH B
npakTuiyeckux 3aHsaTusx No 3 —11.

11.2 IlpumMepsbl penieHUus1 TUMOBBIX 33124
[Ipumepsl pelieHus] TUIMOBBIX 3a7ad Il BBINOJHEHUS KOHTPOJIBHOW PabOThI
MPUBEIEHBI B MPAKTHYECKUX 3aHATUsAX 3 —11.

11.3 3apanus 15 pelieHusl HA MPAKTHYECKOM 3aHSATHH
11.3.1 Touku M u N cayxar cepenqunamu ctopon BC CD mnapamneno-

rpamma ABCD . TTomoxus AM = P, AN = g, BBIpA3HTh yepe3 BEKTOPbl P U § yKa-
3aHHBIC BEKTOPHI.

Bl BM, DN. BIl BD, BN.
BIll DA, DB. BIV BC,CD.
BV CM, BN. BVI CA, MB.

11.3.2 [TapayenorpaMm MOCTPOCH Ha BekTopax a W C. Haiitm ero BbIcOTY,
OIYIIEHHYIO Ha CTOPOHY, COBIAIAIOIIYIO C BEKTOPOM C .

Bl a=2i-3j+5k,c=7i+4i-3k. BIl a=3i —4j+6k,c

Bl d=i-2j+4k,c=6i+3i—2k. BIV d=4i+5j-2k,c=9i -3 +2K.

BV d=6i+3]-2k,c=4i -2 +5k. BVI a=9i —8j+7k,c=6i +5i —4k.
11.3.3 Bexrop X, meprneHIUKYJSpHBIA BekTopam @ u C, oOpasyer ¢ Oa3uc-

8i +5i —4k .

K,
K,

P Q)

HBIM BeKTOpOM K Tymoii yroiy. HaiiTi KoopiuHATBI BEKTOpa X, €CIIA |X| =S.

Bl a(7;5;3),6(2,1;,4),s=/782. Bl a(-17;2),¢(4,9;5),s=27+203..
Bl d(417),8(2;5;6), s =+/1265. BIV a(0;4;5),¢(3,7;2),s=12122 ..
BV a(4,21),5(5,6;3),5=2505. BVI a(L01),¢(35-7),5=125V6.

11.3.4 Haiitu yroj Mex1y BeKTopaMu P M ( IPH YKa3aHHBIX YCIOBHUSX.
Bl |p|=3]d|=2 (2p+34)" + (35 +24)" = 241.
Bl |P|=21d)=5 (4p+0)* +(7p—3d)° =850.
B I |p|=3d)=4, (3p—70)* +(8p+57)* =1613.
BIV [p|=7.]d]=2 (p+4d)° +(3p—70)* =274.
BV [p|=4[d|=L (3 +2d)" + (B -50)" =189.
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BVI [p|=3|d|=5 (p-40)" +(3p+7q)*=274.
11.3.5 BeruncnuTh BRICOTY Mapajieienurea, MOCTPOCHHOTO Ha BeKTopax M,
A ¥ P, eciu 3a OCHOBaHKE BHIOpAH TapauiesiorpamMM, TIOCTPOCHHBIH Ha BEKTopax M | 1.

Bl  m(-122;-4), i(-4;2;3), p(-3;,—4,-3).
Bl m(-2;3;0),0(—2;0;6), p(0;3;-2).
Bl mM(2;3-1),n(-2;4;5), p(3;,-14).
BIV m(2-L1),n(-3;0;4), p(0;4;3).
BV m(-15-4),n(-4;0;2), p(-3;3;-5).
BVI m(4-6;4),1(4;-12), p(3;2;7).
11.3.6 Beruncnuts paccTostHue Mexay npsaMbivu |, u |, .
_x+1:y—4:z—4_I_x—3:y—5:z+5

Bl | . P
3 5 7 2 3 1
BII Il:x+2:y—5:z—6;Iz:x—4:y—5:z+2.
4 2 1 5 4 2
B I Il:x+4:y—7:z—2;Iz:x—lzy—6:z+3.
5 4 1 4 7 1
B IV h:x+6:y_5:2_3;Q:X_4:y_6:2+6.
9 4 71 1 3 6
BV I_x+5:y—5:z—5_I_x—2:y—6:z+3
YT 4 g8 ' * 3 2 5 °
BVIIl:x+4:y—5:z—7;I_x—lzy—9:z+4.

2 4 7% 6 5 8
11.3.7 3anucarb ypaBHEHHE IJIOCKOCTH 7, , POXOAIIEH yepe3 npsamyro |, ko-

TOpast NEPHEHANKYIIAPHA INIOCKOCTH 7T .
X+2 y-5 7-6

Bl |I: ; mi2X—-5y+62-3=0.
1 2 3

Bl I:X+3:y_4¥:z_5;nﬁ3x—4y+7z—10:0.
2 3 4

Bl kx+5:y_4:z_7;7ﬁ¢w—6y+52—3:0
3 4 5

BIV I:XZG::yI7:Z_5;.ﬁ:6x—4y+7z—9:0.

BV I:x+1:y—2:z—3; 7 X—9y+z+7=0.
7 4 5

BVII:X+4:y_3=2_2;ﬂ:5x—y+4z—8:0
7 4 5
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11.3.8 [ans! koopauHaTsl BepiuH Tpeyroasauka ABC: A(X;Y,), B(X,;Y,) u
C(X,;Y,). Haiitn mnomane tpeyronsHuka ABC, ypaBHEHUS CTOpOH U ypaBHEHHE

BpIcOTH AH | onyiieHHOM 3 Toukd A Ha ctopoHy BC . BemuciuTs JjiHY BHICOTHI ‘M‘ :

Bl  A(45),B(7;-3),C(2;9). BIl  A(31),B(2;,6),C(-2;5).
Bl A -5), B(3-9),C(4:6). BIV A(Z1),B(3-4),CL-9).
BV A(5;4),B(-3,-6),C(11). BVI A(-3;2),B(-1),C(3,-5).

11.3.9 Haiitu npoexuuio Touku M, Ha IUIOCKOCTb 77, @ TAKXKE OINpPENEIUTh
PAcCTOSIHUE OT YKa3aHHOM TOYKH J0 3a/IaHHOM TIOCKOCTH.
Bl M,(4;2;3), 7:2x-3y+4z-3=0. BIl M (Z6;9), 7:3x-y+72-9=0.
Bl M,(0;7;2), 7:5x—-4y+2z—-6=0. BIV M,(537), 7:8x-3y+4z-9=0.
BV M,%L6), 7:5x-4y+z2-2=0. BVI M,(951),7:x+6y+22-9=0.
11.3.10 Omnpenenuts, IpUHAAICKUT Ju nipsiMast | mnockoctu 7. B cirydae me-
pecedeHHs HAliTH TOYKY TiepecedeHus npssmoii | u rrockocty 77 .
X—2 y+3 z-7

Bl I: ; . 3Xx—4y+62-98=0.
4 1

BIl I: x+1:y—5:z—4; 7 2X+3y—4z+9=0.
2 3 4

gy 1: XL Y*2 278 oy Gy477-142-0.
5 6 7

BIV I: x—1:y+2:z—5; 7 —3x+2y+2+18=0.
3 2 1

gy |- XA _y=3_z-l. 5 oy-_37-83-0.
5 2 3

vl I X2l Y2 7273 oy 8y457-66-0.
7 8 5

11.4 3apanus AJs1 KOHTPOJIUPYEMOil CAMOCTOSATEIbHOMH PadoThI
3amanust 171 KOHTPOJIMPYEMOW CaMOCTOSITEIbHONW paboThl COOTBETCTBYIOT 3a-
JQHUSIM MPAKTUYEeCKOro 3aHsaTus 11.

12 JIMHUHU BTOPOI'O ITOPSA KA.
MNOJISIPHAS CUCTEMA KOOPIUHAT
(mpakTHyeckoe 3aHsaTHE 13)

Conep:kaHme: JTHHAU BTOPOrO HOPSIKA: KAHOHUYECKUE YPaBHEHHS DILIUIICA,
OKPY>XKHOCTH, TUIIEPOOIILI, TTapaboiIbl B AEKAPTOBOM IPAMOYIOJIBHOM CUCTEME KOOP-
JIMHAT, MX CBOMCTBA M XapaKTEPUCTHUKHU; MPUBEICHHE JTUHUN BTOPOrO IOPSAIKA K Ka-
HOHUYECKOMY BHJy METOJOM BBIIEIEHUS IOJHOIO KBaApara; MojspHas CHCTEMa KO-
OpJIUHAT.
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12.1 TeopeTnueckuii MaTepua Mo TeMe NPAKTUYECKOT0 3aHATHS

Onpenenenue 12.1.1 Jlunueii smopozo nopsoka B 1€KapTOBOU CUCTEME KOOP-
JMHAT HA3bIBAETCSI MHOXKECTBO TOYEK IUIOCKOCTH, YJOBJICTBOPSIONINX CIIEAYIOIIEMY
YpaBHEHHIO 8, X° + 28,Xy +a,,Y° +a, X +a,,Y +a, =0, e a’ +a’, +a’, >0.

PaccMoTpuM OCHOBHBIE JTMHUU BTOPOTO MOPSIIKA.

1. OxkpysrcHocme.

OxpyxHocTh (pucyHok 12.1.1) ¢ ieaTpom B Touke C(a;b) u pamnycom R 3a-

naéTcsl ypaBHEHHUEM:

(x—a)* +(y-b)*=R>. (12.1.1)
roa
b
i X
0 a g

Pucynok 12.1.1 — OkpyKHOCTb

2. Anaunc.
Omnpenenenue 12.1.2 Dnruncom HaA3BIBAETCS T€OMETPUYECKOE MECTO TOYEK,
CyMMa pacCTOSIHUM OT KOTOPBIX 10 ABYX 3aJaHHbIX Touek F, u F,, KoTOphIe Ha3bIBa-

10TCs (POKYCaMH, €CTh BEJTMYMHA IIOCTOSHHAS: ‘FlM ‘ + ‘ F,M ‘ =Const.

Ommuric (pucyHnok 12.1.2) ¢ monyocsmu @ u b (a>b>0), nenrpom B Havane
koopauHaT u BepmmHamu A (—a;0), A,(a;0), B,(0;-b), B,(0;b) 3amaércs xaHOHU-
YEeCKMM ypaBHCHHEM

z_i+é’_§:1_ (12.1.2)
R 4
B, M (x;y)
Af —c c\h o,
e
B|-b

Pucynok 12.1.2 — Dmaric

[Tapametpsl @ u b Ha3zpIBaroTCS MoTyocsiMu diuturica (OOJIBIION U MaJlol Co-
OTBETCTBEHHO), ocu cuMMeTpun OX u Oy — riIaBHBIMH OCSIMH, a IIEHTP CUMMETPUU
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O — nenrpom amunca. Touku F(—c;0) u F,(c;0), rone c=+ a’ —b? >0, Ha3BIBAIOT-
cs Gokycamu siummica, Bektopsl FM 1 F,M  — QokanbHbIMU pagryc-BeKTOpaMu, a
qucna I :‘Fll\/l‘ ur, :‘FZM‘ — ¢okanpHBIMU paguycamu Touku M (X;Y), npuHan-
aexareit amrncy. B wactHom ciydae, ecniu a=Db, To ¢okycel F, u F, coBmanarot ¢

2 2 2
OEHTPOM, & KAHOHHMYCCKOC YpaBHCHHC IPUHUMACT BUA X~ + Y  =a", TO €CTh OIIMCHI-

BacT OKPY>XXHOCTB paJnyca a C OECHTPOM B Ha4dajJICc KOOpAHHAT.
2

C
Hucno ¢ =—=,|1—— <1 Ha3pIBACTCS SKCICHTPUCUTETOM DJLIUIICA U TIOKA3bI-
a a

BAE€T CTENEHb BBITSAHYTOCTH BAOJb OONbIIEH INIaBHOM ocu (mpu 3HaueHuu ¢ =0 a1-
- a - a
JIMIIC SBJSIETCS OKPYKHOCTBIO). [IpsimMbie D, :X=—-— u D, :X=—, nepnenauxyisp-
& &
HBIE TJJAaBHOM OCH, HA3bIBAKOTCS AUPEKTPUCAMM DJUIMIICA.

3. l'unepbona.

Onpenenenue 12.1.3 ['unepbonoii Ha3pIBa€TCI TEOMETPUUECKOE MECTO TOYCK,
a0COJIIOTHAs BEJIMUMHA PA3HOCTH PACCTOSHUM OT KOTOPBIX A0 ABYX 3aJaHHBIX TOYEK
F, m F,, xortopele Ha3piBaloTCsd (POKycamMH, €CTh BEIUYMHA ITOCTOSHHAS:

] -[F]-cons.

['unep6ona (pucyHok 12.1.3) ¢ nelcTBUTENBHON MOIYOChl0O & U MHUMOM IMO-
Jayochro b, IeHTpoM B Hauaie koopauHaT u BepmmHamu A (—a;0), A,(a;0) 3amaércs

KaHOHUYECKUM YPABHEHUEM

2 2
% —é -1, (12.1.3)
R a
Bl » M(x;y)
. 1 A, . 0

Pucynox 12.1.3 — I'unepbona
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[TapameTpsl @ ¥ b Ha3BIBAOTCS TOJYOCSAMHU THUIEPOOIIBI (JICHCTBUTEIIBHON 1
MHUMOM COOTBETCTBEHHO), ocl cuMMeTpuu OX u Oy — AeiCTBUTEIBLHON U MHUMOM

ocsimH, a neHTp cumMerpun O — nenrpom runep6onsl. Touku F (—c;0) u F,(c;0),
rae ¢c=+va’ +b* >0, HasbBaroTcs HOKycaMu JUIUICA, BEKTOPBI FM u FEM - do-
KaJIbHBIMH paJIMyC-BEKTOPAMH, a YUCIIa I, = ‘FIM‘ ur,= ‘FZM‘ — (pOKaJIbHBIMU PAIH-

ycamu Touku M (X;Y) , mpuHAIISKAIICH runepoore.

2

C
Yucno ¢=—= 1+—2 >1 Ha3bIBaeTCs OKCOCHTPUCUTCTOM FI/IHCp6OHLI H II0-
a a

o o a
Ka3bIBACT CTCIICHb BBITAHYTOCTH BIAOJIb ACUCTBUTCIILHOU OCH. HpHMLIEE Dl X=——Hu
&

a .
D2 . X=—, ICPHCHAUKYJISIPHBIC I'NIABHOU OCH, HAa3bIBAXOTCs JUPCKTPHUCAMHU FHHep60-
&

abl. [Ipsimele C iy=——X u C,:y=—X, K KOTOPbIM HEOTPAaHUUYEHHO OJM3KO IMpH-
a a

OIMKAFOTCSI BETBU FI/II'Iep6OJIBI Ha 6CCKOH€‘IHOCTI/I, Ha3bIBAIOTCs aCHUMIITOTaMH TI'H-
2 2

nepOosel. ['unep0oa, ypaBHEHHE KOTOPOH UMEET BUL —— + # =1, Ha3pIBaeTCs Co-
a

npskEHHOM K rurnepoone Buaa (12.1.3).

4, Ilapabona.
Onpenenenue 12.1.4 Ilapabonoii Ha3bIBAETCAd T€OMETPUUECKOE MECTO TOUEK,
paBHOYJAIEHHBIX OT (DUKCUPOBAHHOU TOukM F, KoTOpas HazbiBaeTcs (OKycoM, U

HEKOTOPO JaHHOU MPSMOM, KOTOpasi Ha3bIBAE€TCA TUPEKTPUCOMA: ‘FM ‘ = ‘ NM ‘ :

[Tapa6ona (pucyHok 12.1.4) c BepmMHON B Hayaje KOOPAMHAT U CUMMETPHUY-
Has oTHocHUTeNbHO ocu OX, ipu yciaoBuu P > 0, 3a1aéTcsi KAHOHUYECKUM ypaBHEHU-

€M

y® =2pX. (12.1.4)
R %
M(x;y)

Pucynok 12.1.4 — [1apaGomna
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Yucno p Ha3bpIBaeTCsA MapaMeTpoM Mmapadosibl, HaYalIo KOOpAuHAT — e€ Bep-
IIUHOM, a 0Ch abcuuce — ochio mapadonsl. Touka F(p/2;0) HaswiBaercss GOKycoM

napaboibl, BekTop FM — (okanpHbIM pagumyc-BeKTOPOM, a 4ucio I :‘FM‘ — (o-

KaJIbHBIM pagnycoM Toukd M mapaGossl. [psmas D ;X =— p/2, nepreHauKyispHas
OCH | TIPOXOISAIAsi Ha PACCTOSIHUK P/2 OT BEPIINHBI Tapa0OoIIbl, HA3BIBAECTCS €€ JTH-

PEKTPHUCOM. DKCLIEHTPUCUTET NapadoJibl paBEH €AMHHUIIC.
Kanonuueckoe ypaBHeHHE MapaboJibl C BEPIIMHON B Hadalie KOOPJWHAT, C

ochio cumMeTpun OX ¥ BETBAMH, HANPABJIECHHBIMU BIIPABO, UMEET BUA: Y~ = —2pX.
Kanonnyeckoe ypaBHeHue mapaloJibl ¢ BEpIIMHOM B Hauyane KOOPAMHAT, C
ocwio cumMetpun OY ¥ BETBAMH, HAPABJIECHHBIMU BBEPX, UMeEeT BUI: X~ =2y .
KaHoHnueckoe ypaBHEHHE Iapaboibl C BEpUIMHOM B Hadaje KOOPAMHAT, C
ocbio cumMetpun Oy M BETBAMM, HANPABJICHHBIMU BHU3, HMEET BUI: X° =—2pY .
Ecnn obimiee ypaBHEHHE JUHUM BTOPOTO MOPSAKA OMNPENENSET OKPY>KHOCTD,
SIUTHIIC, THIIEP6OITY MM HapaGolly, TO IOBOPOTOM Oa3HCHBIX BEKTOPOB | ¥ | BOKPYT
Hayajla KOOPAMHAT Ha YToJ ¢, KOTOPBIA ONpPENENsieTcs U3 TPUTOHOMETPUYECKOTO
ypaBHeHus tQ2¢=2a,/(a,—a,,), 1 HapauleIbHbIM IIEPEHOCOM 3THX oceil Bceraa

MOHO JOOUTHCA TOTO, YTOOBI B HOBOW CHUCTEME KOOPAMHAT YpaBHEHUS 3aJaHHBIX
JUHUM TPUHUMaIM KaHOHWYeckud Bui. Hambornee mpocThIM MPUMEPOM SIBIISIETCS
MPUBEICHUE OOIIEr0 YpaBHEHUS JTUHUN BTOPOTO MOPsAKAa K KAHOHUYECKOMY BUIY B
ciydae a,=0. B naHHOM ciydae IPHUMEHSAIOT Memoo 6bl0eNeHus NOIHbIX K6aopa-

moa.
[Tomoskenne npou3BobHON ToUkM M (X;Y) Ha MIOCKOCTH B JIEKapTOBOU TIpsi-

MOYTroJibHOU cucteMe koopauHaT OXY omnpezaensercs yuciaamu X — adciucca U Yy —
OopAMHATA. DTy TOUKY MOKHO 33/1aTh U JPYTUM CHOCOOOM: C IMOMOIIBIO PACCTOSTHUS
r :‘OM‘ U yrila ¢, OTCYMTHIBAEMOrO MPOTUB XOJA YaCOBOM CTPENIKH OT MOJIOXKH-
TEJIBLHOTO HAIPABJICHUS OCH a0CIHUCC.

[MonspabiME KOOpAMHATAMH TOYKH M (@;I) Ha3bIBAIOT JBa YUCIA: NOIAPHBIIU
paouyc r=r(M) = ‘OI\/I ‘ >0 u nonspusiil yeon ¢ =@(M) — yron, Ha KOTOPBIH CIIEay-
€T MOBEPHYTh noJsapHyto oce OP, Beixonsinyto u3 noaroca O 1js TOTO, 4TOOBI €&
HaIpaBIICHUE COBIAJO C HampasieHueM Bekropa OM (mpu sTtom, @ >0, ecnu moBo-
POT OCYIIECTBISIETCS TPOTUB YACOBOM CTpelKu, U ¢ <0 B IPOTHBHOM ciydae).

[TonsipHbIil yron@ uMeeT OECKOHEYHOE MHOXKECTBO BO3MOXKHBIX 3HAYEHUH,

KOTOpbIE OTJIMYAIOTCA JIPYT OT JIpyra Ha BEIUYUHY BUAa 27N, NeZ. 3HauyeHue mo-
JSIPHOTO yTia, yaoBieTBopsitoriee yciaoBuio 0< ¢ <27 (unmu —7 < @ < 77 ), Ha3bIBAIOT

2JIABHbIM.
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CBsi3b MEXIYy JE€KApTOBBIMU U TMOJSPHBIMU KOOpJAMHATAMHU MPOU3BOJIBHOM
touku M (momroc coBmagaeT ¢ HayaioM koopauHaT O, a momsipHas oce OP umeer
OJIMHAaKOBOE HarpaBiieHue ¢ ocb OX ) 3amaérest popmynamu

X=r-coSe, y=r-sing, (12.1.5)
r=\x¢+y?, tgp="2. (12.1.6)
X

VYpaBHEHNE JMHUH B TOJSIPHOW cUcTeMme KoopauHat mumeer Bun F(o;r)=0
win I = f(¢). OHO MOXKET OBITh MOJYYCHO HEMOCPEICTBECHHO, UCXO/I U3 TEOMETPH-

YECKUX CBOWCTB JIMHUH, JINOO MEPEX0oJ0M K MOJISIPHBIM KOOpJAWHATAM B YpaBHEHHUU
ATOM JIMHUY, 33JaHHOU B IEKAPTOBOM IIPAMOYTOJIBHON CUCTEME KOOPIUHAT.

12.2 IlpumMepsbl penieHHs1 TUTMOBBIX 33124
12.2.1 HamncaTh KAHOHUYECKOE YPAaBHEHHE DJUIHIICA, €CIIH PACCTOSTHHE MEXTY
(dokycamu paBHO 6, a 3KCUEeHTpHUCHUTET paBeH 0,6.

Pemenue. [1o ycnoButo paccrosinue Mexay (pokycamu paBHO ‘Fle‘ =2C=6,a

C
skcueHTpucurer £ =—=0,6. CnenoBarensno, C=3 u a=5. Haxogum napametp b
a

3 cootHomenus b=+/a?—c? =+/5? —3% = 4. Cle0BaTeIbHO, KAHOHIUECKOE ypaB-
2 2

X
HEHUE YUIUIICA UMEET BUI, — + Y 1
25 16
12.2.2 HanucaTh KaHOHMYECKOEC YypaBHEHHE THUMEPOOJBI, €CIIM PACCTOSHUC

Mexay €€ (hoKycaMu paBHO 8, a paCCTOSIHUE MEXKIY TUPEKTPUCAMU PaBHO 18.

Pemienue. Ilo ycrnoButo paccTosinue Mexay (pokycamu paBHO ‘Fle‘ =2c=8,a

a 1
PACCTOSIHUE MEXIY AUPEKTPUCAMHU ‘Dl Dz‘ = 2; = —. YUuTBIBas, YTO SKCUEHTPUCHUTET

C
runepOobl paBeH & =—, MOJy4aeM 3HAu€HHUs MmapaMeTpoB: C=4 u a= % Haxo-
a

2 [
UM mapametp b u3 cootHomenus b=+/c’-a’ =, [4° - (%j = ? CrenoBa-
X2 y2
TeNbHO, KAHOHMYECKOE YPaBHEHNE TUTIEPOOIIBI HMeeT BH: — — ———— =1
P P U4 25516

12.2.3 HanucaTh KaHOHMYECKOE ypaBHEHHE MapaloJibl ¢ BEPIIMHOM B Hayale
KOOpAMHAT U €CJIM U3BECTHO, YTO Napadoyia CMMMETpUYHA OTHOCUTENBHO ocu OX u

npoxoauT yepes Touky My (—2;—4).
Pemenne. Tak kak napaboia CHMMETPHYHA OTHOCUTEIHLHO OCH aOCLHCC U
npoxoaut 4epes Touky M (—2;—4), T0 KaHOHHYECKOe YpaBHEHHE Napaboibl UMEeT

B y> =-2px. Tak kak Touka MO(—Z;—4) IPUHAICKUT Tlapabosie, To crpaBei-
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2
mmBo paseHcTBO: (—4)" =-2- p+(-2). CiengoBarenbHo, 3Ha4eHHE apameTpa P=4.

Tora KaHOHUYECKOE YpaBHEHME apabomkl uMeeT Bu: Y- = —8X.
12.2.4 TlpuBecTH K KAHOHMYECKOMY BUJy YpaBHEHHUE JTUHUHM BTOPOTO MOPSIIKA
4x* —25y* —8x—100y —196 = 0. HaiiT OCHOBHBIE XapaKTEPHCTUKU JAHHOMN JTHHHM.

Pemenue. I[JBI IMPUBCACHUA YPAaBHCHHA JIMHHUHW BTOPOI'O IIOPAAKA K KaHOHHUYC-
CKOMY BUAY BOCIIOJIB3YCMCA MCTOOOM BBIACIICHUA IIOJIHOT'O KBaAparta.

4x* —25y* —8x—-100y —-196 =0,
A(x* —=2x+1)—25(y* +4y +4)—4+100-196 =0,
4(x -1)* —25(y + 2)* =100,
(x=1° (y+2)* 1
25 4
BeimonauMm 3ameny X' =X-—1, y'=y+2. B pe3ynbrare moiydyaeM KaHOHHYE-

CKO€ yYpaBHEHHE TUNIEPOOIIBI
12 12

Xy

25 4
B HOBOH cucteme koopauHat O'X'y’, rie Touka O’ B cucteme koopaunat OXy umeeT

koopauHatel (1,—2). B HOBOI cucTtemMe KOOpAMHAT ACWCTBUTENbHAS MOIYOCh PaBHA
a=>5, a MmHNMas nonyock b=2. [l runepOobl BCeraa BBIMOJHSIETCS PABEHCTBO

c= \/ a’+b® = \/12 +22=/5. CnenoBarensHo, KOOpJIMHATHl  (POKYCOB  PaBHBI:
Fl(—\/g;O), FZ(\/g;O). DKCUEHTPUCUTET TUIEPOOIBI paBeH & =C/ a:\/§/5. VYpas-

HEHHMS JIMPEKTpUC: X =ta/e umm X = i5\/§ . YpaBHeHust acumnToT: Y =+tbx/a win
y =+2x/5.

12.2.5 CocTaBuTh KaHOHWYECKHE YPABHEHMs: a) DJUIMIICA, €CIU CyMMa TOJy-
oceii a+b=12, a paccrosHre MexIy (HOKycamu 2c=83 ; 0) TUnepOoIIbI, ¢ BEp-
muHON B Touke A(2;0) m mpoxomsmei uepe3 Touky B(4; 3\/§) ; B) mapa0oJibl, 3Has,
4TO €€ BEepIIMHA HAXOJIUTCA B Hauaje KOOPJMHAT, pacCTOsIHUE OT (hoKyca 10 BEpIIIH-
HBI PaBHO 4, OCBI0 CUMMETPHUH CITYKHT och OX 1 oHa mpoxomut yepe3 Touky C(—1;4).

2 2
Penienue: a) KAHOHUYECKOE YPABHEHUE DILIUIICA MMEET BUJ —; + o7 =1, e a
a

— Manasi moyyoch, b — Oombinas monyock. MOKYChl AIUIHIICA UMEIOT KOOPIMHATHI

F.(c;0) u F,(—c;0). [dnst onpeneneHus ypaBHEHHUS IUTHIICA HEOOXOIUMO HANTH He-
u3BecTHBIC mapaMeTpsl @ u b. ITo cBoiicTBaM ypaBHeHus duiuica GopMyiia, KOTopas
CBSI3BIBAET €ro mapamerpsl, uMeer Bua: a’ —b” =c*. Io ycmoBuro C :4\/§. B pe-
. |a®—b*=48,
3yJbTaTe MOJydyaeM CHCTEMY YPaBHCHHIA: b4
a—0=4.
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Pemas monydeHHyto cucreMmy, Haxoaum, 4to a=38, b=4. CrenoBaresibHo,
XZ 2

y

KaHOHHNYCCKOC YPABHCHUC NCKOMOTO 3JIIIMIICA UMCCT BU/] a + E = 1,

2 2
X
0) KaHOHMYECKOE YPABHEHUE MMIEPOOIILI UIMEET BU — —
a~ b

CTBHUTEJbHAS TOJIYyoCh; b — MHMMas monyock. ['wnepOosia MPOXOaUT Yepe3 B W3-
BecTHble Touku A u B, a, cienoBarenbHo, KOOPAUHATHI 3TUX TOYEK YAOBIETBOPSIOT
HMCKOMOMY YPaBHEHHIO TUIIEPOO0IIbI, TO €CTh MPU MOJACTAHOBKE KOOPAMHAT TOYEK IO-
Jy4yaeM BEepHbIE paBeHCTBA. B pe3ynbrare KMeeM CUCTEMY U3 JIBYX YpaBHEHUN

=1, roe a — xei-

(22 (2
¥_F:1’
£ (33) _
Y. =1

peuiuB KOTOPYIO, HAXOAUM, YTO HGﬁCTBHTeHBHaH IIOJIYyOCh a:2, MHHUMas I10JIYOChb

b=3. CHGI[OB&TGHBHO, KaHOHHYCCKOC YPABHCHHUC HCKOMOU I‘I/Il'Iep60J'II>I HNMCCT BHUJ
2 2

Xy
4 9
B) TaK KaK OCbI0 CHMMETPHH Tapaboibl CIyKUT och OX, a BEpIIMHONW — HAYaJI0

KOOpJIMHAT, TO YpaBHEHUE MapaboIbl MOKET ObITh ONPEIETICHO OJIHUM M3 KaHOHHUYE-
CKHX ypaBHeHHil Y>=2pX mmu Y°=-2pX, Tie P — paccTOSHHE OT JIUPEKTPHUCHI

X:—B 0 HavaJla koopauHaT. PaccrosHue ot (okyca 10 BEpIIMHBI PaBHO I10JIO-

BHHE napametpa p. CrnenoBatensHo, p/2=4 u p==8. [loacrapiss 3To 3Ha4YCHHE P
B KaXJ0€ W3 TMPUBEACHHBIX BBIIIEC YPABHEHHH, MOJlydaeM ypaBHEHHUs Mapalolr:
y? =16X nmm y° =—16X. YunTsIBas, 4To MCKOMas Mapadona MPOXOAHUT Yepe3 TOUKY
C(-14), momyuaem, 4To ypaBHEHHE HCKOMOI mapabomsl Y = —16X.

12.2.6 Haiitn ypaBHEHWE JHHUU, KaXAas TOYKA KOTOPOW OTCTOUT OT TOYKHU
A(3;—4) na paccTosiHMM B TpU pa3a 00JIbIlIEM, YeM OT MmpsiMor X =—13.

Pemenwne. ITycte M (X;y) — mpou3BojbHas TO4Ka MCKOMOM juHuH. 1o ycio-
BUIO 3aJa4U ‘m‘ =3 ‘W
X =-13. Tak kax

\m = J(x=3)2 +(y+4)?, \W\ = J(x+13)2 + (y - y)? =|x+13],
TO ypaBHEHHE UCKOMOM JINHUH
\/(X—3)2 +(y+4)? =3-|x+13].
[IpeoOpa3yem ypaBHEeHHE, BO3BEIsA 00¢ yacTh B KBaapat. FiMeem
X° —6X+9+y> +8y+16=9x*+234x +1521,

, TIe ‘BM‘ — pacctosiHue ot Touku M 1o mpsiMon
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8x* — y* +240x —8y +1496 =0.
BBI,[ICJ'II/IB IIOJIHBIC KBAaJApaThbl B IIOCICIHCM YpPAaBHCHHH, IIPUXOAUM K YPaBHC-
(x+15)* (y+4)° _1
36 288
Beinonaum 3ameny X' = X+16, y'=y+4. B pe3ynprare moyydaeM KaHOHHYE-

HHWIO BHJA

CKO€ YpaBHEHHE THUIEPOOJIBI
12 12

XY

36 288
B HOBOH cucteme koopaunat O'X'Y' | rue Touka O’ B cucreme koopaunar OXy uMeer

koopauHaThl (—15;—4). B HOBOI cucTeMe KOOpIUHAT JIEHCTBUTENBbHAS MTOJYOCh PaB-
Ha a=06, a MHUMas TOJIyoch — b =124/2. J{nst runepOoIbl BCETIa BBITIOJHSIETCS pa-

BEHCTBO C=+/a’ +b® = \/ 6° + (12\/5)2 =18. CnenoBatenbHO, KOOPIUHATHI (HOKYCOB
paBubl: F(—18;0), F,(18;0). Dxcuentpucurer rumnepbos! paBeH ¢ =c/a=3. Ypas-
HEHMsI JUPEKTpHUC: X=+a/¢ wim X==12. YpaBHEHUs acHUMNTOT: Y =ztbx/a wmm
y= +2/2 x.
12.2.7 TlocTpouTsh KpuByI0 I =a-C0S2¢, 3aJaHHYIO0 B TMOJIAPHONW CHCTEME KO-
OpAMHAT. 3anucarh ypaBHEHUE JIMHUU B JIEKAPTOBOW MPSIMOYTOJILHOW CHCTEME KOOP-

JUHAT.
Pemenue. [onspuomy yriny ¢ Oynem mpuaaBaTh 3HaueHust ot yria ¢ =0 1o

/1
@ =271 4epe3 NMPOMEKYTOK ¢ =3 U BBIYHCIIIEM COOTBETCTBYIOLME 3HAUYECHUS IO-
aspHoro paauyca I. Ilomspuslii pagmyc r>0, Torma Cos2¢>0 u yrom ¢:

T T .
——+7an<p< Z + 7N, N € Z. HalineHHuple 3HaUYE€HNUS 3aIIMIIEM B BUIE TaOINLIbL:

T T 3r | Ix 97 | 57 | 7Tn | 157
¢ o | 2|2 2|2 U A )
8 | 4|2 |8 | " | 8| 4|4 |8 "
r=acos2¢ | a ag 0 0 ag a ag 0 0 ag a

[Toctpoum 3amanHyr0 KpuBYH. l[Ipu mocTpoeHnu KpuBOU JIMHUM NMPUHUMAEM
MIPOU3BOJIBHBIN OTPE30K 3a eAuHUIly MaciiTada. [Toaroc moaspHON CUCTEMBI KOOPIH-
HAT MOMEIIAEM B LIEHTP JAEKAPTOBOU MPAMOYTOJBbHOW CUCTEMBI, A MOJISPHASL OCh COB-
MajaeT C MOJOKUTEIBHBIM HampaBiieHneM ocu abcuwcc. [lomyuennas kpuBas Ha3bl-
BaeTCs JBYJIENECTKOBOM po3oi (pucyHok 12.2.1).

Haitnem ypaBHEHHE IBYJIEIECTKOBOW PO3bI B AEKAPTOBOM CUCTEME KOOPJIHUHAT,
UCTIOJIB3Ys (hOPMYJIBI ITEPEX0/ia OT MOJSPHBIX KOOpAUHAT (@;I) K IeKapTOBBIM KOOP-

auHatam (X;Y):
73



Pucynok 12.2.1 — JIByxjenecTtkoBas po3a

CrnenoBaTenbHO, ypaBHEHUE JBYXJICTIECTKOBOW pPO3bl B JEKAPTOBOW CHCTEME
2 2

2 2
2 2 X y 2 2 X =Yy
KOOPAMHAT UMEET BHI /X" + Y =a- — WIH X" +Y =a-——

X2+y2 X2+y2 X2+y2'

2 2
YMHOkast 00e 4yacTH ypaBHEHHUS Ha MHOXKHTENb X~ + Y°, TI0oJlydaeM ypaBHEHHUE BUJIA:

2 2 2 2\ _ 2 2
VX HYE (P y?)=a (x> —y?).
B03B0)15[ 00e uactu MMOCJICAHECIO YpaBHCHUSA B KBaJpar, IMOJIyd4acM OKOHYa-

o 2 2)3 2 2 2)2
TCJIBbHO YPaBHCHUEC ABYJICIICCTKOBOU PO3bI: (X + y ) =a -(X — y ) .

12.3 3apaHusi 15 pelieHusl HA MPAKTHYeCKOM 3aHSATHH

12.3.1 IMoctpouts ammunc 9x* + 25y = 225, Haiitu: a) momyocu; 6) KOOpAH-
HaThbl OKYCOB; B) 3KCIIEHTPUCHUTET; I') YPABHEHUSI TUPEKTPUC.

12.3.2 Tloctpouts Tunepbony 16x° —9y? =144 . Haiitu: a) momyocwu; 6) Koop-
TUHATHl (DOKYCOB; B) IKCIIEHTPHUCHUTET; T') YpaBHEHUS aCUMITOT; 1) YpaBHEHUS JTH-
PEKTpHUC.

12.3.3 TlocTpouTs creyromye napabobl ¥ HAWTH UX MapaMeTphl: a) Y~ = 6X;
6) x> =8y;B) y°=-10x;T) X* =—4Yy.

12.3.4 HanucaTh KaHOHUYECKOE YPABHEHHE DJUIAIICA U TIOCTPOUTD €TI0, eCIIH:

a) MaJiasi ToJIyoCh paBHa 3 1 0oJibIlIasi OJIyOCh paBHA 5;

0) Gosbiasi moJIyoch paBHa 13 u paccTosiHue Mexay GoKkycamu paBHO 24;
B) paccTOsiHHE MeXy (POKycaMu paBHO 6 U DKCIICHTPUCUTET paBeH 3/5;
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T') Majas MoJyoch paBHa 5 U SKCIEHTPUCUTET paBeH 12/13;

1) paccTosiHue Mexay (pokycamu paBHO 4 M pacCTOSTHUE MEXAY TUPEKTpUCaMU
PaBHO 3J;

€) DKCIICHTPUCUTET paBeH 3/5 U pacCTOSHUE MEXTY TUPEKTPUCAMHU PaBHO 32.

12.3.5 HanucaTh kaHOHUYECKOE YpaBHEHHE TUIEPOOJIbI U IIOCTPOUTH €€, eCIIu:

a) MHMMas TI0JIyOCh paBHA 3 M IEWCTBUTEINIbHAS MMOJIYOCh paBHa 2;

0) MHHUMasl TOJYOCh paBHa 4 U paccTosiHUE Mexy dokycamu pasHo 10;

B) pacCTOSIHHE MEXTy (POKycaMH PaBHO 6 M SKCIIECHTPHUCUTET paBeH 3/2;

T') ICHCTBUTENIbHAS TIOJyOCh paBHA 8 M SKCIICHTPUCHTET paBeH 5/4;

1) paccrosinue Mexay hokycamu paBHO 20 U ypaBHEHUS aCUMIITOT Y = i§ X;

€) PKCIICHTPUCUTET paBeH 3/2 1 pacCTOSTHUE MEXITY TUPEKTPHCcaMu paBHO 8/3.

12.3.6 Hanucath kaHOHMYECKOE ypaBHEHHE MapaboJibl ¢ BEPIIMHON B Hayaie
KOOPJMHAT U TIOCTPOUTH €€, €CIM U3BECTHO, UTO:

a) mapa0oyia pacrojoKeHa B JIEBOM MOJIYIJIOCKOCTH CUMMETPUYHO OTHOCH-

TenbHO ocu OX u p= }/ :

0) mapaboJia pacmnoyio)keHa CUMMETPUYHO OTHOCUTEIHHO ocu OY U mpoXOoAUT
gyepe3 Touky A(4;-8);

B) Pokyc nmapaboiel Haxoautcs B Touke F(0;—3).

12.3.7 OnpenenuTh THN YpaBHEHHsI JIMHUU BTOPOTO MOPSIKA, IPEIABAPUTEIHHO
MpHUBENS €ro K KaHOHWYecKoMy BUAY. [IoCTpOuTh TMHHUIO B HOBOM CHCTEME KOOPAH-
HAT ¥ OTMPEJIEIUTh €T0 XapaKTePUCTUKH.

a) X +y?+8x—14y+16=0;

6) 16X +25y° +32x—100y — 284 =0;

B) 9x* —16y* +90x + 32y —367 =0;

r) 2y* —3x-12y+18=0.

12.3.8 Hanucate ypaBHEHHE KPHUBOM, IO KOTOpOH nBmxKeTcs Touka M, ecnu
paccrosiaue oT He€ 10 Touku A(l,4) ocra€rcs B Tpu pa3a MEHBIIE PacCTOSHUS IO
npsMOil X =—7.

12.3.9 Hamucate ypaBHEHHE KpUBOH, MO KOTOpOW JBMXKEeTCsS Touka M, ecim
paccrostaue oT He€ 10 Touku A(L,3) ocraércs B Tpu pasza OOJbIIE PACCTOSIHUS JIO
psMoOit X =—6.

12.3.10 Hanucath ypaBHEHHE KPUBOM, MO KOTOPO# nBIKeTCs Touka M, ecnu
paccrosiaue ot He€ 10 Touku A(5,2) paBHO paccTOSHUIO A0 TpsiMor X =1.

12.3.11 3anucath ypaBHEHUS 33JIaHHBIX KPUBBIX B MOJISIPHBIX KOOPAMHATAX:

a) y=X;6) Xx+y—-2=0;B) X’ +y’°=9;1) X’ —y’=4; 1) X’ +y’ =12y.

12.3.12 3anucath ypaBHEHHs 3aJJaHHBIX KPHUBBIX B JICKAPTOBBIX MPSMOYTOJIb-
HBIX KOOPAWHATAX W MOCTPOUTH STU KPHUBHIE:

a) r=4;6) ¢=37/4;8) r=10cos¢;r) r =1—-cose; n) r =10(L+sing).
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12.4 3aganus A KOHTPOJIMPYEMOii CaMOCTOSITeIbHON PadoThI

12.4.1 3apana touka N(n;0) u npsimast |:y=—n, rae N — HOMep BapHaHTA.
HanucaTe ypaBHeHMe TMHUM ¥, KaK1ast TOYKA KOTOPOM:

a) paBHOynaieHa ot Touku N u npsimoit | ;

0) pacmojio)eHa B JiBa pa3a jajibiie oT Toukd N, yem K mpsmoii | ;

B) pacroJioKeHa B JBa pa3a Oxmke kK Touke N, uem K npsimoii | .

[IpuBecTu nogyyeHHbIE ypaBHEHUS JTUHUN K KAHOHUYECKOMY BUJY, YKa3aTh UX
napameTpbl U XapakTepucTuku. [locTpouts TuHUM.

12.4.2 TlocTpouTh KpUBYIO, 33JJaHHYIO B MOJSPHONM CUCTEME KOOPAMHAT. 3amu-
caTh YpaBHEHHE JIMHUU B JIEKAPTOBOM MPSAMOYTOIBHOM CUCTEME KOOPAUHAT.

12.42.1 r=6sing. 12.4.22 r=3(1-cosg). 12.4.2.3 r=8cosg.
12.4.2.4 r=3sin2¢p. 12.4.25 r=2(1+cosg). 12.4.2.6  r=3c0s2¢p.
12.42.7 r=-4sin3p. 12428 r=31-sing). 12.429 r=4cos3gp.

12.42.10 r=-3sindp. 12.4.2.11 r=2(1+sing). 12.4.2.12 r=5cos4p.
12.4.2.13 r=-2sin¢g. 12.4.2.14 r=6(1—-cosy). 12.4.2.15 r=-6C0S¢@.
12.4.2.16 r=5sin2¢p. 12.4.2.17 r=4(1+cosy). 12.4.2.18 r=-2c0s2¢p.
12.4.2.19 r=2sin3¢p. 12.42.20 r=6(-sing). 12.4.2.21 r=-6c0s3p.
12.42.22 r=6sindp. 124223 r=4(1+sing). 124224 r=-7cos4gp.
12.4.2.25 r=-4sing. 12.4.2.26 r=8(1—-cosep). 12.4.2.27 r=10cos¢.
12.4.2.28 r=-6sin2¢p. 124229 r=12(1+sinp). 124230 r=2co0s2¢p.

13 MATPUIIbI
(npakTH4yeckoe 3aHsiTHe 14)
Conep:xkaHue: onpejieiCHUE MATPUIl; CIOKEHUE M YMHOXXCHHE MAaTpHIIL; MPO-
U3BE/ICHUE U TPAHCIIOHMPOBAHNE MATPHIL.

13.1 TeopeTnueckuii MaTepuaJ Mo TeMe NPAKTUYECKOT0 3aHATHUS
Omnpenenenue 13.1.1 Mampuyeri pa3MepHOCTH MXNHA3BIBACTCA MPSIMO-
yrojibHasi TabJIMIA, KOTOPast COAEPKUT M CTPOK U N CTOJIOOB.

8, 8, .. &,

a a ) J— —
A:Anan(aij)Z 21 22 2n ’ i:]_, ’ J::l_, ’

d,; A, - Ay,

rae a; ( =1m, j=1 n) — BJIEMEHTBhl MaTpHUllbl, KOTOPbIE MOTYT OBbITh YHCIIAMH,

GyHKIMSIME, BEKTOpaMH, MaTPHUIIAMHU U JPYTHUMH MMPOU3BOJIBHBIMU O00OBbeKTaMu. [lep-
BBIi WMHJEKC | YyKa3pIBa€T HOMEP CTPOKH, a BTOPOM HHICKC | YKa3bIBa€T HOMEP

cronbma. Ecau 1=1, To MaTpuiia Ha3bIBaeTCs Mampuyel-cmpokou, ecia | =1, To
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MaTpuIla Ha3bIBACTCS Mampuyeti-cmoaoyom. Matpuiia, BCe dIEMEHTHI KOTOPOU paB-
HBI HYJIIO, Ha3bIBaETCA Hynesol U obo3Hayaetcs O .
Marpuiia, B KOTOpOH 1= j, TO €CTh YHCIO CTPOK PaBHO YHCIy CTOJIOIIOB,

Ha3bIBACTCS KBAJAPATHOM MaTpuuel. B kBaapaTHOU MaTpULC MEMEHTBL d,,,a,,,...,a,

n

00pa3yloT INIaBHYIO JUAaroHajb, a IEMEHTHl &,,,8,, ,...,8, OOpa3yroT MOOOUYHYIO

IVaroHajib. Marpuiia, B KOTOPOW HUYKE W BBIIIE TIABHOM JUATOHAIA BCE 3JIEMEHTHI
paBHbl 0, Ha3bIBaeTCS OuazoHanvbHou maTpuiled. JluaronaibHas MarTpulla, BCe diie-
MEHTBI KOTOPOil paBHHEI 1, Ha3bIBaeTCs edunuyHol U 00o3Havaercs E.

Ha mHoOkecTBe MaTpull BBOJSATCS CIEAYIOIIUE ONEpaldu: CI0KEHUE MaTpHIl,
YMHOXEHHUE MATPUIIbl HA YUCIIO, POU3BEJCHUE MATPULI, TPAHCIOHUPOBAHUE MATPHU-
IT6I.

1. Cnoorcenue mampuy. Jlanuas onepanusi BBOJUTCA TOJBKO JJIsI MATPUI] OJIH-

HAKOBOM pazmMepHOCTH. CyMMOM MaTpulbl A == (aij) v martpunpsl B = (bij) Ha3bl-
BaeTcsa marpuna C = (Cij ) = A + B> TIE C; =@, by ( i=1m, j :L_n)

2. Ymnooicenue mampuysl na wucno. Jlanaas onepamysi BBOAUTCS IS MATPHII
MPOM3BOJBLHON pa3mepHOcTH. [IpomsBeneHueM Matpuipl A= (aij) Ha 4YHCIO «

Ha3bIBaeTcs Marpuia C :a-A:(Cij), e C; = a - g ( i :1,_m, ] :ﬁ)

3. Ilpoussedenue mampuy. JlanHas onepauus BBOJUTCS TOJBKO JJI COIJIAco-
BaHHBIX MaTpull. Marpunia A Ha3bIBaeTcs coernacosannol ¢ Marpulei B, ecnn uuc-
JI0 CTOJIOLOB MaTpulibl A paBHO yuciy CTpok Matpuusl B. IIpousBeaennem marpu-

upl A = (aij) Ha MaTpuIly anp = (bjk) Ha3bIBacTCsI MaTpuIa mep :(Cik): A-B,
rae C, = Zaij by ( i=1m, j=1n, k :].,_p) B o6miem citydae omneparus mpou3Be-
i=1

JICHUST MaTPHI] HE 00JIaJaeT CBOMCTBOM KOMMYTAaTUBHOCTH, TO ecThb AB = BA. Ecnm
BbINOJHAETCS paBeHCTBO AB =BA, To MaTpuibl Ha3bpIBaroTCs NEPECTaHOBOYHBIMU
WIA KOMMYTHPYIOIIUMU. ISl TpOu3BeJcHUsS MaTpUI] BCErAa CIPABEUIUBBI paBEH-
CTBa: A(BC)=(AB)C, A(B+C)=AB+AC,(B+C)A=BA+CA u

A"=A-A-..- A. Ecu matpurisl A u E cormacosansl, To AE = EA=A.
n pas
4. Tpancnonuposanue mampuy. JlanHas onepauusi BBOAUTCS JIJI MATPUIL IPO-
M3BOJIBHOM pa3zmMepHOCcTH. Martpuia A' HasbBaeTcs TPAHCIIOHUPOBAHHOM K MaTpULIE
A, eciau oHa mojiydeHa u3 He€ MyTEM 3aMeHBbI CTPOK Ha CTOJOIBI, a CTOJIOIIOB Ha

T
.
CTpPOKHU. [[J11 TpaHCIOHMPOBAHHBIX MATPHI] CIPABEMJIMBBI PaBEHCTBA! (A ) =A,

T T

(A+B) =A"+B" u (A-B) =B"-A".
MHOX€eCTBO MaTpull OJMHAKOBOW Pa3MEPHOCTH, BBEAEHHBIMU ONEpaIUsIMU
CJIOKEHUS ¥ YMHOKEHHUS Ha YUCJIO, 00pa3yloT BEKTOPHOE MPOCTPAHCTBO.
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13.2 Ilpumepsbl penieHUs1 TUMIOBBIX 32124
13.2.1 Haittu nuneitnyto komOunarmo 2A—3B, ecnu marpunibl A u B ume-

2 -4 7 3 5 6
0T BUI. A= , B= .
3 5 2 2 -3 4

2 -4 7 3 5 6
Pemenue. 2A—-3B=2- -3 —
3 5 2 2 -3 4

(4 -8 14) (9 15 18) (-5 -23 -4
|6 10 4 6 -9 12) (0 19 -8)

4 6
2 5 3
13.2.2 HaiiTu npou3sBeieHHE MaTPHI] A:(4 8 2} nB=|2 1
7 3
4 6
2 5 3
Pemenne. A-B=C, , = 12 1=
4 8 2 2 3

(2-4+5-2+3:7 2.6+5-1+3:3) (39 26
| 4-448.2+42-7 4-6+8-1+2-3) (46 38)

13.3 3apanus 15 pelnieHusl HA NPAKTUYECKOM 3aHSATHH
13.3.1 Haiitu nmuneiinpie komOuHaruu 4A—5B u 2A+ 3C, ecniu maTpuiisr A,

4 4 9 2 7 -3 4 5 -6
B u C umeror Bun; A:[ j,B:[ },C:( j

-1 3 7 1 2 -5 3 2 0
13.3.2 Haiitu ipomssenenue mMatpuri A-B u B' - A", ecmu matpumsr A u B
2 0 3 2 4 1
nmerorBun: A=|1 4 6|, B=|-3 4 2|.
5 1 7 1 6 3
13.3.3 Haiitu npousBenenue matpuil, A-B u B-A, eciu matpunst A u B
2 1 5
2 4 -9 3
3 0 -2
nmeror Bun: A=|0 -5 3 7 |, B=
6 2 3
2 1 5 -4
5 -7 8
0 0
-1 -1
11 2 7
13.3.4 Beruuciurh 2 2
2 2 3 9
1 1
3 3 4



1 -2y cosp —sSing
13.3.5 HaiiTu: a) ;0) | .
3 4 sing  cosg

13.3.6 Haiitu 3rauenue muorouneHa f(B) ot marpuner B, ecnmm matpuna B

n
j ,rae neN.

3agaHa B 3agaue 13.3.2u f(x)=3x" —5x+4.

1 2
13.3.7 Haiitu Bce MaTpuIlbl IEpeCTAHOBOYHBIC C MAaTPHUILICH (3 4).

13.4 3apanus AJ1s1 KOHTPOJIUPYEMOil CAMOCTOSATEIbHOMH PadoThI
13.4.1 Jlansl e matpumsl A n B. Haiitm: a) A-B; 6) B-A; B) A'-B';
r) f(A), ecmm f(X)=2x*-3x+2.

3 2 3 -2 3 4
13411 A=|5 4 0(,B=| 3 -1 -4\
1 7 2 -1 2 2
4 1 2 1 0 3
13412 A={3 0 6|,B=[3 1 7
8 1 5 2 1 8
3 41 -11 0 2
13413 A=(0 4 2|,B=| 2 3 2}.
1 6 7 3 71
6 -1 3 31 0
13414 A=|5 4 -6 ,8[4 3 2.
2 1 4 2 2 —7
1 2 3 2 1 -4
13415 A= 5 1 4|, B=|4 -9 3
-2 0 3 2 -7 -1
3 39 1 -2 5
13416 A=/6 5 2|, B=|3 6.
4 3 0 4 4
0 -7 2 3 5 -6
13.417 A={4 5 3 ,B[Z 4 3
6 2 4 -3 1 1
3 0 1 2 3 2
13.418 A=|4 3 3}, B=|3 1 2].
5 4 1 4 1 3
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14 OIIPEJAEJIMTEJIU
(mpakTHyeckoe 3aHsaTHE 15)
Conep:kaHue: onpeeIuTeNb N-To MOPSIKa, ONPEACIUTEb BTOPOTO U TPEThe-
'O TIOPSIIKOB; CBOMCTBA OMPEACTUTENST; MUHOPBI M alreOpanveckue JTOMOIHEHHUS; 00-
paTHasi MaTpHIIA.

14.1 TeopeTnueckuii MaTepuaJI Mo TeMe NPAKTHYECKOT0 3aHATHSI

Ilepecmanosxoti aucen 1,2,3,...,N Ha3pIBaeTCs JIFOO0E PACTIOIOKEHUE ITUX UH-
CeJ B OMPECICHHOM Topsake. YUNCIo BCeX MepecTaHOBOK, KOTOPHIE MOYKHO 00pa3o-
BaTh U3 N uwmcen, paBHOo N!. PaccMoTpuM mepecTaHoBKY U3 4yucen J, j,,..., J, - JBa
YHUClIa B IMEPECTaHOBKE OOpPa3yIOT MHBEPCHIO, €CIU OOJbIIEe YUCIO CTOUT JICBEe
MeHbIero. Yucimo t[ Jis Joreees jn] yKa3bIBaCT YMCJIO NMHBEPCUH B ITEPECTAHOBKE.

[ToHsiTHE OTpeNeTUTENs BBOJUTCS TOJBKO JUIA KBaJApPaTHBIX MaTpHIl. PaccMoT-
PUM KBaJIPaTHYIO MaTPHILY

&; 8 ... G
a a oo a
A: 21 22 2n
an1 a‘n2 ann
Omnpenenenue 14.1.1 Onpedenumenem N-ro mopsiika Ha3bIBacTCs alredpau-
YecKas CyMMa MPOM3BENCHUH BHUAA &) *@y; ... , TA€ DIEMEHTBI & ,@y; ,..\\ 8y

MaTpuIilbl A B3ATHI IO OJHOMY U TOJIBKO IO OJHOMY W3 KaXJIOW CTPOKH M Ka)JIO0TO
cToJsiona. 3HaK mepe]l MPOU3BEICHUEM CTABUTCS «+ », €CIIU YMCII0O UHBEPCUH B Tepe-

CTaHOBKE U3 YHCEN ], |,,..., J, ABISAECTCS YETHBIM, A 3HAK « —)», €CIIM YNCIIO UHBEPCHUil

B 3TOM MEPECTAHOBKE SIBJISICTCS] HEUETHBIM.

A 8p .. A

a, a, .. a (i
[Al=detA=A=" "% Tl Y ()P ey ey

R

Ju )2 In
a; a, .. ad,
Ay ap|

Onpedenumens 6mopo2o nopsi0Ka PaBeH YUCITY =a,,3,, — a,a, .

21 22
Onpedenumens mpemve2o nOpsAOKa BBIYUCISETCSA MO MPaBWIy TPEYroJibHUKA
unu npasuity Capproca.

A, &,
a21 azz a23 = a11a22a33 + a123~23asl + a13a21a32 - a13a22a31 - a12a21a33 - a11a23a32'
Ay 93 Qg

CxemaTnueckas 3almuch ImpaBujia TpCyrojJdbHUKa NMCCT BHU/:
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+ —

Co 3HaKOM «+» BBIOMpAaeM NMPOM3BEICHUE BJIEMEHTOB, CTOAIIMX Ha TJIaBHOMN
JMaroHajau, U MPOU3BEJECHUE AJIEMEHTOB, 00Opa3yIOUUX pPaBHOOEIPEHHBIE TPEYTOJIb-
HUKH C OCHOBAHUSIMH, MMapaJuIeIbHBIMU TJIABHOW TUArOHAJM; CO 3HAKOM «—» BbIOUpa-
€M TPOU3BEJICHUE DJIEMEHTOB, CTOAIIMX HA MOOOYHON TUAroHaiu, U MPOU3BEACHUE
AJIEMEHTOB, 00pa3yIOIUX PaBHOOEAPEHHBIE TPEYTOJbHUKH C OCHOBAHMSIMU, Hapall-
JIENbHBIMU MOOOYHOM TUaroHaIIH.

[IpuBenémM OCHOBHBIE CBOMCTBA OINPEIEIUTEEH:

1) |A|=|A];

2) eCIli OTIPENIEITUTENb COJEPKUT HYJIEBYIO CTPOKY, TO €ro 3HA4YC€HUE PaBHO
HYJIIO,

3) eciu B ompenenuTee UMEIOTCS JIBE PaBHBIC CTPOKH, TO €r0 3HAYCHUE PABHO
HYJIIO;

4) ecnu cTpoka (cTosOel) OImpeneauTeNs IPEACTaBIseT COOOH JIMHEHHYIO
KOMOUWHAIIUIO IPYTUX CTPOK (CTOJIOIOB), TO €r0 3HAYCHUE PABHO HYIIIO;

5) ecnu B ompenenuTenie IOMEHITh MECTaMH JIBE CTPOKHU (CTOJIOIA), TO 3HAYE-
HUE OIpeIeTUTENs U3MEHUT 3HAK Ha IIPOTUBOIIONIOKHBIN;

6) MOCTOSIHHBI MHOXXUTEIb CTPOKH (CTOJIOIA) MOXKHO BBIHOCHUTH 3a 3HAK
OTIpEeICTUTEIS;

7) ecny KaKIbIi 3JIEMEHT KaKOW-TH00 CTPOKH (CTOJI0IA) ONpeASTUTENs Mpe/-
CTaBJIIET COOOH CyMMY JBYX ClIaraeéMbIX, TO TaKOH OINpeAeTUTeNh paBeH CyMMeE JIBYX
OnpeaenuTeel, B IEPBOM U3 KOTOPBIX COOTBETCTBYIOIIAS CTPOKA (CTOIOEI) COCTOUT
U3 MIEPBBIX CIIAaraeMbIX, & BO BTOPOM — U3 BTOPBIX ClIaracMbIX;

8) 3HaueHue ompeaeIUTeIs He U3MEHUTCS, €CIIU K CTpoKe (CToJoiy) mnpuda-
BUTH APYTYIO CTPOKY (CcTON0EI), YMHOKEHHYIO HA OJHO M TO € MPOU3BOIBHOE YHC-
JI0, OTIIMYHOE OT HYJIS;

9) |A-B|=|Al-[].

Omnpenenenne 14.1.2 Munopom M, sremMeHTa &; Ha3bIBACTCS ONMPEIEIHUTEND
(n—1) -ro mopsiaKa, MOIYYSHHBIH U3 OMPEISIUTENs N-To MOPSIKA, MyTEM BBIYEPKH-
BaHMUs | -0# CTPOKU U | -TO CTOJNOIIA.

Omnpenenenne 14.1.3 Aneeopauueckum dononnenuem A; d1e€MEHTa @; HA3bI-
i+
Baercs uncno A =(-1)""' M, .
Teopema 0 pa3iio:keHMH OmNpeAeUTeNs] MO CTPOKe (CTOa0IY). 3HAUCHUE
OTIPEACIUTENISI PABHO aIreOpanvecKoll CyMMe IPOU3BEACHUN 3JIEMEHTOB CTPOKH
(cToiib1a) Ha Ux anreOpandecKue JOMOJTHCHHS.
Bhrunciienue 3HauCHHs OMPEACTUTENS MyTEM PA3JIOKEHHS 110 | -0l CTPOKeE:
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‘A‘:ail'Al"'aiz’Aiz +...ta,- Aﬁn-
Brruuciienve 3HaueHNs ONPEACTUTEINS ITYTEM PA3TI0KECHUSA 110 j -y CTOJOIY:
\A‘:a“. A ey, A +atay AL

Omnpenenenue 14.1.4 Matrpuiia Ha3bIBaCTCSA HEBbIPONCOEHHOU, €CIIH €€ OIpe-
JENUTENb OTJIMYEH OT HYJIS.

Onpeneaenne 14.1.5 Matpunia A HasbiBaeTcs obpammuoti k Matpune A, ec-
JTH CYIIECTBYIOT TIpom3Beaerus Matpur A - A u A- A", KoTopble paBHBI MEXITy CO-
001 ¥ paBHBI €IMHUYHONU MATPHUIIE, TO €CTh ATA=AAT=E.

OOpatHast MaTpuIla CyIIECTBYET TOJBKO y HEBBIPOXKJIEHHBIX KBaJIPaTHBIX MaT-
PUIL U UMEET TY K€ pa3MEPHOCTh, YTO U caMa MaTpHIIa.

Jlns MaTpuisl A CyIIECTBYeT eIMHCTBEHHAs oOpaTHas MaTtpuia A, KOTOPYIO

Ar Ay Ay

HAXOUM 110 (opMmyJie atolco L Ao P A :
RN P

An Ay A,

Matpunia C Ha3bIBae€TCs COIO3HOW WM MPUCOEAMHEHHOM, €€ DIEeMEHTAMU SIB-
T
JSAI0TCS alredpanyecKkue JOMOJHEHUSI TPAHCIIOHUPOBAHHOM MaTpulibl A .

14.2 llpuMepbl pelieHUs1 TUMOBBIX 32124

1 5 1
14.2.1 Beraucnuth onpenenurens Matpunsl A={ 1 8 5.
2 11 4
Pemenune. Beruucinvum onpenenuTens Mo NpaBuily TPEYroJbHUKA:
1 5 1
|A|:1 8 5/=1-8-4+5-5-2+1-11-1-1-8-2-5-1-4-5-11-1=2.
2 11 4
21 4 0
3 2 2 4 .
14.2.2 BeauciuTh OnpeaeuTeNb MaTpulbl A= £ 34 1 MyTEM pasJio-
2 3 1 5
YKEHUS 110 BTOPOU CTPOKE.
21 4 0
1 4 0 2 4 0
2 2 4 2+1 2+2
PemeHHe.|A|: =3-(-D)"-3 4 1+2-(-)"-5 4 1+
5 3 4 1
315 2 1 5
2 3 1 5

84



2 10 2 1 4
+2-(-D**.5 3 1|+4-(-)** -5 3 4/=-3-(-29)+2-(-54)-2-1+4-21=61.
2 3 5 2 31
14.2.3 Haiitu oOpaTHyt0 MaTpHIly K MaTpulie, 3aaHHoi B npumepe 14.2.1.
1 5 1
Pemenne. Onpenenutens Mmatpurisl A=|1 8 5| Haiinen B mpumepe 14.2.1
2 11 4
u paseH |A| = 2. Haiiném anreGpandeckue 1ONOTHEHNS.
Aiz8 5:_23 A2:_5 1:_9 A3:5 1:17
ol o4 oo o4 g5
A :_‘1 5: :‘1 1:2 A :_1 1:_4
22 4 212 4 S R
1 8 1 5 1 5
A“:‘z 11‘:_’ 3:_‘2 11‘_ Pl g
A Ay Ay
Haxonum o6patHyro matpuiry A = W A, A, A, |=
Az As Ay
-23 -9 17 -11,5 -4,5 8,5
:% 6 2 -4|=| 3 1 2|
-5 -1 3 -2,5 -0,5 15

14.3 3apanus AJs1 penieHns HA MPAKTHYECKOM 3aHATHH

14.3.1 Onpenenuth 4€THOCTD MOJICTAHOBKHU (4 1 3 2 6 5) .

14.3.2 BeisicHUTb, KaKue U3 MPUBEAEHHBIX MTPOU3BEACHUN BXOIAT B ONPEICTH-
TEJM COOTBETCTBYIOIIMX MOPSAIAKOB, U C KAKUMU 3HAKAMU: Q) 8,,8,,8,:8,,8s, ;

0) 851,38,58452,8545 B) By585187435843867 5 T) 8835851 8743168438%;, -

14.3.3 BoiOpath 3Ha4eHUs | M | Tak, 4TOOBI NPOU3SBEIEHHE g,y g8, 8,58y

BXOJIMJIO B HEKOTOPBIN OMPEAeIUTEIh CO 3HAKOM: a) TUII0C; 0) MUHYC.

Xx-1 7-X cos9x sin9x
14.3.4 Pemuth ypaBHeHHE: a) = _ =
X+3 sin3x Ccos3X
14.3.5 C momo1ipio mpaBmiia TPEYTrOJIbHUKOB BEIYUCIUTD OTPEICTUTEIN:
2 4 -1 4 6 3 3 2 7
a)|3 6 2|; 6)|1 5 9 B) [/ 8 15].
1 5 7 3 2 5 2 3 4
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14.3.6 Pemuths HepaBeHCTBA:

2 X 3 7—X 6 -19
a)|4—x 6 2 |<0; 0)| 2 3-X 4 |>0.
7 8 9-xX 3 2 X—7
2 1 3 3
3 2 2 0 .
14.3.7 3anaH onpeacauTeNb 1 3 0 1 HaliTn MMHOpBI DJIEMEHTOB 8,, H
2 -1 0 2

a,,, @ TAKXKe aIreOpandecKue JAONONHEHHS DIECMEHTOB a;, U @,,. BBIYNCINTD OIpe-
JEJINTENb: a) Pa3JIoKUB €ro MO 3JIEMEHTaM BTOPOIl CTPOKH; O) pa3ioKuB €ro Mo dJe-
MEHTaM TPEThEro CTOJOLA; B) MOJYyYUB MPEIBAPUTEIHLHO HYJIH BO BTOPOM CTOJIOLE;
I') IOJIyYUB [IPEABAPUTEIBHO HYJIU B TPETHEH CTPOKE.

14.3.8 3anan ompeacnuTeNb . HaiiTu MUHOpBI 3JIEMEHTOB @,, U

w &~ w
AV ON
Ul W W O

w N

2 -1

a,,, a TAKKE aIreOpandeCcKue JONOIHEHHS DJIEMEHTOB d;; U 8y, . BeraucmuTe omnpe-

JICIUTEIIb: a) PA3JIOKHUB €r0 IO IEMEHTaM NIEPBOM CTPOKH; 0) pa3IokKHUB €ro 1Mo dJie-
MEHTaM 4YeTBEPTOTO CTOJOIA; B) MOJYYUB MPEIBAPUTEIHHO HYJIW B YAOOHOM IS
npeoOpa3oBaHUs CTPOKE WM CTOJOILY.

14.3.9 Jlns matpuusl A HaliTH obpaTHyro matpumy A n yOemuThes, yTo

1 3 2 2 1 0
AAT=E u A'A=E,ecmm:a) A=| 2 5 1[;6)A=|1 -2 2
-1 2 3 2 1 -3

14.4 3apanus AJ51 KOHTPOJIUPYEMOil CAMOCTOSATEIbHOUH PadoThI
14.4.1 B 3anaue 13.4.1 3aganbl matputtel A u B. Jlns matpumer B Haiiti 00-

patnyio Matpuiy B~ u y6enurscs, uto B-B*=E u B*-B=E.
14.4.2 ]Ins naHHOTO OMNpEAETUTeNss HAalTH MUHOPHI 3JIEMEHTOB &, 8, ; W an-

rebpauvecKue JTOTOJTHEHNS dJIEMEHTOB 8,5, &,; . Borancuts onpenenurens detA: a)

pas3IoKKUB €ro MO 3JEMEHTaM i-0i CTPOKH; O) pas3lIoKHUB €ro IO 3JEMEHTaM |-TO
CTOJIOINA; B) TIOJIYYUB MPEIBAPUTENHHO HYJIU B MPOU3BOJIBHON CTPOKE MM CTOJIOIIE.
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-8" j=3.

9

1 -2 5

0

-8" j=1.

1 3

9

5

14.4.2.2

i=4,

14.4.2.6

14.4.2.8

14.4.2.10

14.4.2.12

=2,

14.4.2.14

14.4.2.16

6
3

—2
8

—9" j=2.

3

—4 3| j=2.

6

8

-9 3| j=4

3)

7

-8 5

2
2

1 -3 j=1.

0

-7

-3 j=4.

4 2

0

-8

144.2.1

14.4.2.3

14.4.2.5

14.4.2.7

14.4.2.9

14.4.2.11

14.4.2.13

14.4.2.15
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-6 1 0 1 -8 2 5 3

5 -4 3 3| i=3, 3 0 1 -4 i=3
14.4.2.17 7 3 2 9 j- 14.4.2.18 1 3 9 5/ j=2

6 2 -5 8 -7 5 6 6

-6 7 2 9 5 2 5 -9

1 -6 3 =2, 2 3 -4 8| i=2,
14.4.2.19 3 1 2 0 j-4 14.4.2.20 35 3 70j-1

8 5 -3 4 0O 5 2 1

2 -8 6 5 5 3 6 -4

-3 2 2 3| i=4, -3 2 7 2| i=4,
14.4.2.21 1 5 6 2| j-= 14.4.2.22 1 8 9 70 j=2

0o 3 7 -9 0 -3 5 2

8 -9 7 -8 6 9 O

6 4 =5 1=3, 3 4 5 -3 i=]
14.4.2.23 4 5 0 2| j=2 14.4.2.24 2 6 -5 2| j-3

7 4 -3 3 9 -7 8 1

1 -1 0 2 5 7 2 -9

7 2 -6 3 i=4, 0 3 -2 1| i=4,
14.4.2.25 3 5 3 5 j-3 14.4.2.26 7 4 3 6| j-1

-5 3 7 4 8 -5 6 8

-9 7 3 9 9 5 4 -7

8 8 5 -1 i=4, 5 -8 2 5| i=]
14.4.2.27 1 1 0 3|'j-3 14.4.2.28 6 2 3 6| j-

7 9 -6 5 1 0 -2 3

-7 0 2 3 —6 7 5

6 -3 1 7| i=1 7 -5 3| i=4,
14.4.2.29 3 2 4 -5 j-a4 14.4.2.30 3 3 8 2| j=2

5 -9 8 9 0 5 -3

15 CUCTEMBI IUHEMHBIX AJITEBPAUYECKHAX YPABHEHUI

C HEBBIPOKIEHHOW MATPUIIENA
(mpakTHyeckoe 3aHsaTHE 16)
Coaep:xaHue: paHr MaTpPUIsl U TeOpeMa 0 OA3UCHOM MHHOPE; METOJbI OTpe-
JICTICHHSI PaHra MaTPUIIbI, PEIIEHNE CUCTEM JIMHEWHBIX alire0pandecKux ypaBHEHUN
MaTpUYHBIM METOAOM, 10 popmynam Kpamepa, metogom ["aycca.
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15.1 TeopeTnueckuii MaTepuaJ o TeMe NPAKTHYECKOT0 3aHATHS
Onpenenenue 15.1.1 Paneom matpuiibl A HaszbiBaeTcs 4yuciio I =rangA, xo-

TOPOE PAaBHO HAMBBICILIEMY MOPAIKY MUHOPA, OTIIMYHOMY OT HYJIS.

CBoiicTBa paHra MaTpHIIbL:

1) 0<rangA<min(m;n) rae M,N — 9UCJIO CTPOK U CTOJIOIIOB MaTPHIIBL;

2) rangA” =rangA;

3) anmeMeHTapHbIe MPeoOpa30BaHMsI HE H3MEHSIOT PaHTa MATPHIIBL;

4) ecnu Bce BOBMOXKHBIE MHHOPHI K -TO MOpsIIKa paBHBI HYJO, TO BCE MHUHOPEI
00J1ee BHICOKOTO MOPSAJIKA TAK)KE PaBHBI HYJIIO.

K snemeHnTapHbIM IIpeoOpa30BaHUSIM OTHOCSTCS:

a) rmepecTaHoBKa CTPOK (CTOJIOIOB) MATPHIIBI;

b) ymHOXEHUE cTpokH (cTONONA) MATPHIIBI HA YUCIIO, OTIIMYHOE OT HYJIS;

C) YMHOXXCHHE CTPOKHM (CTOJOIA) MATPHUIBI HA YHCIIO, OTIMYHOE OT HYJS, U
npuOaBiIeHUE K HEW COOTBETCTBYIOIIMUX 3JIEMEHTOB JIPYroi CTpOKH (cTon0La).

Crtpoky (ctosnbeir) MaTpuilbl HA30BEM JIMHEHHO-HE3aBUCUMOM, eciu €€ (ero)
HEJb3s NPEJCTaBUTh B BUJIE€ TMHEWHON KOMOMHAIIMU OCTAJIbHBIX CTPOK (CTOJIOLIOB).

Onpenenenue 15.1.2 Munop nHazvieaemcs 6a3ucHviM, €CJIM OH OTIUYEH OT HY-
JIS1 ¥ €r0 NOPAJIOK COBNAZAET C PAHTOM MATPHUIIBI.

Teopema o 6a3ucHoM MuHope. ba3ucHble CTPOKHU (CTOIOIBI) MATPHUIIBI, KOTO-
pbI€ COOTBETCTBYIOT €€ 0a3MCHOMY MHHOPY, SIBJISIOTCS JTUHEHHO-HE3aBUCUMBIMH, a
J00bIE CTPOKU (CTOJOLBI) MaTPHULIbI, KOTOPBIE HE BXOJAT B OA3UCHBII MUHOP, SIBJIS-
I0TCSl TMHEHHON KoMOUHAaIMel 0a3UCHBIX CTPOK (CTOIOIIOB).

Panr maTpuibl HaXOOUTCS JTUOO MemoOOM OKAUMIAIOWUX MUHOPOS, TNOO Me-
TOJOM 91eMeHMApPHbIX NPeobpa306aHuti, KOTOPbIE HE U3MEHSIOT paHTa MaTPHULIBL.

[Ipu BBIYUCICHUM paHTa MAaTPHUIBI METOJIOM OKANMIISIONIUX MUHOPOB TEPEXO0-
UM TOCJEeI0BAaTENIbHO OT MUHOPOB HU3BIIETO MOpsAAKAa K MUHOpaM 0oJiee BBICOKOTO
nopsinka. Eciu HalineH MuHOp M, KOTOPBIN MMeeT opsAAoK K M Mpu 3TOM OTJIMYCH
OT HYJISl, TO HEOOXOMMO BBIYHUCIUTH MUHOPBI K +1 mopsiika, OKaiMIISIONe MUHOD
M, TO ecTb cozaepkalue ero B KadecTBe MUHOpa. Eciau Bce OHM paBHBI HYIIO, TO
paHr MaTpuIlbpl paBeH yuciy K. [Ipu BeIYMCICHUN paHTa MaTPUIIBI METOJIOM dJIEMEH-
TapHBIX MPeoOpa30BaHUN TPUBOJIUM MATPHUILY K TpanelueuaaIbHOMY BU]Y, BEIYEPKU-
Bas HyJIeBble CTpOKH (cToiO1bl). [IpeoOpazoBanus mpoBOAMM JUOO TONBKO Haj
CTpPOKaMH, JUOO TOJIbKO Haj cTojiOmamu. Panr maTpuisl paBeH 4uCy JIUMHEHHO-
HE3aBUCUMBIX CTPOK (CTOJIOIIOB).

PaccMOTpuM cUCTEMBbI TUHEHHBIX aareOpanvyeckux ypaBHEHUM.
a, X +a,X, +..+a,X =b,

In“*n

8,0 X + ApX, +...+ 8, X, =D,,

(93 ~ . 2
OOt BUA cucmemvl TUHEUHbIX YPAGHEHUU: < mo

a. X +a. X +..+a, X =b.
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Mampuunwiii 6u0 cucmem JTHHEWHBIX anreOpamdeckux ypaBHeHui: AX =B,

&; 8, .. &, by
_ a21 a22 a'2n . _ b2
rae A= — OCHOBHas Mmampuya CACTEMBI;, B = — mMampuya-
a., &, .. a, b,
X
: X, :
cmonbey c60000ubIX UNeH08; X = — Mampuya-cmonbey Heuz8eCmHuIX,
Xn
&, 8y .. A,lb
* a'21 a22 a2n b2
A = A|B = — pacuupennas mampuya CUCTEMBI.
a‘ml amz a'mn bm

Ecnu cTonbenr cBOOOIHBIX UJICHOB HEHYJEBOM, TO CUCTEMa Ha3bIBaeTCsl HEOJ-
HopoaHoi. Ecnu cTonben cBOOOAHBIX YJIEHOB HYJIEBOM, TO CHCTEMa Ha3bIBAETCS 00-
HOpOOHOU U B MaTpuuHOM (hopme 3amucu umeet Bug: AX =0.

0 0

T
ManI/I]_Ia X 0= (Xl0 Xy e X ) Ha3bIBACTCA PCIICHUCM CUCTCMbI JIMHCHUHBIX

anreOpandecKuX ypaBHEHHIl, eciii NpM MOJACTAHOBKE 3HAYEHMH X, Xs,...,X. BMECTO
NEPEMEHHBIX X, X,,..., X, BCE YpPaBHEHUs CHCTEMbI oOpalnaroTcs B TOXKiecTBa. Pe-

IIUTh CUCTEMY O3HAYAET HAUTHU BCE €€ PEIICHUSI.

Onpenenenune 15.1.3 Cucrema MuHEHHBIX anreOpandeckux ypaBHEHUIN Ha3bl-
BAETCS COBMECMHOI, €CIIM OHA UMEET XOTs Obl OIHO PEILICHHUE.

Teopema Kponekepa — Kaneaau. [ Toro 4ytoObl cucTeMa JUHEHHBIX all-
reOpanvyecKux ypaBHEHHI OblJIa COBMECTHA, HEOOXOIUMO U JI0CTAaTOYHO, YTOOBI paHT
OCHOBHOW MaTpHUILIbI CUCTEMBI U PAHT PACIIUPEHHON MaTpHIbl 3TOM CUCTEMbl ObLIN

paBHBL, TO ecTh rangA=rang A/B.
PaccmoTpum penieHne cucteM ¢ HEBBIPOKICHHOW OCHOBHOM MaTPULIEN CUCTE-

MBI.
Teopema 15.1.1 Eciu onpeaenuTeib OCHOBHOM MaTpUIlbl CUCTEMbl OTJIMYCH

oT Hyﬂﬂ(det A= O) , TO CUCTEMAa COBMECTHA U UMEET €IMHCTBEHHOE PEIICHHUE.
OTO pelIeHrne MOKHO HalTH Pa3InYHBIMU METOJaMH.

1. MaTtpuuHnblii MeToa. [lycTh cucTeMa JTMHEWHBIX anreOpanvecKux ypaBHeE-
HUM 3anucana B MaTpuaHoM Bujae AX =B. U3 nanHoro MatpuyHOro ypaBHEHHS T10-

JTydaeM pellenue cucteMsl B Buue: X = A™B.
A

v a—
2. Metroa Kpamepa. Pemienne cucteMbl HaXo1uM o popMyram: X TN
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rae A — onpeaenuTenb OCHOBHOM MAaTpHUIbl CHCTEMBI, AJ. — ONPENEIUTEIb, MOJY-

YCHHBIN MyTEM 3aMEHBI -I'0 CTOJIOIA CTOIOIIOM CBOOOAHBIX WICHOB U j =1; N.

3. Meron I'aycca. CyTh JaHHOTO METOJa COCTOMT B IIPHUBEIECHUU PACIIUPEH-
HOI MaTpHULbl CUCTEMBI K TpaneueuJalbHOMY BUAY MyTEM 3JIEMEHTAPHBIX Ipeodpa-
30BaHMI HaJl cTpokamu (cronlOuamu) Matpuusl. [locie 3Toil onepanuu OT NOJIy4eH-
HOM HOBOW pAaCIIMPEHHON MATPHIIbI MEPEXOAUM K CHCTEME ypaBHeHHU. M3 mocnen-
HEro N-ro ypaBHEHWsS HAXOJMM 3HAYEHUE MEPEMEHHON X, W MOJICTAaBIIIEM €ro B

(n—1) -e ypaBHEeHHE, U3 KOTOPOTO ompenenseM X, ,. [Ipogomkas aHaaoruyHbIi Mpo-

LIECC U3 NIEPBOTO YPAaBHEHMS, HAXOIUM X, .

15.2 Ilpumepsl penieHusi THIIOBBIX 327124

312 41
15.2.1 Haiitu panr matpunsl A={6 2 7 6 3
315 2 2

Pemenne. Omnpenenum paHr MaTpumbl METOJOM OKaMMIIIOIIMX MHUHOPOB.
Haxonnm oxkaiMisironue MUHOPBI:

1 L 132
=32-1.6=0, M =|_ |=3:7-2:6=920,

3 2 4
M3 =|6 7 6/=3.7-2+2-6-3+6:5-4-4.7-3-6-2-2-6-5-3=0,
3 5 2
3 21
I\/I1123§:6 7 3=3-7-2+2-3-3+6:5:1-1.7-3-2-6-2-3-5-3=0.
3 5 2
Panr marpunel paBeH rangA=2, a 0a3uCHbBIM MHUHOPOM SIBJISIETCS MHHOP
ME =9,

15.2.2 VccnenoBath cucTeMy JIMHEHHBIX anreOpandecKux ypaBHEHHM Ha COB-
MECTHOCTb U B Cllydae COBMECTHOCTH peluTh €€ 1o popmynam Kpamepa.
2%, —3X, +4X%, =13,
3%, —2X, + 3%, =12,
4x, +3X, — 2%, = 3.

Pemenune. Pacumpennas maTpuna CUCTEMBI JIMHEWHBIX YPABHEHUN UMEET BU:

2 -3 4113
A| B={3 -2 3|12 |. Haiiném panr oCHOBHOI ¥ pacCIIMPEHHON MaTPHUIIbI CHCTEMBI.
4 3 -2|3
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5 3 2 -3 4
M1122¢0,M1122:‘3 _2‘:l¢0,M1122§’:3 -2 3|=4.
4 3 2
Panr ocnoBHO#l Matpuiei A paBeH rangA=3. Tak kak Juis pacHIMpPEHHON

MaTpUIIbl CUCTEMbl MUHOPBI OCTAIOTCSL TE€ K€, a 00Jiee BRICOKOTO MOPSIIKa MUHOP HE
CYIIECTBYET, TO PAHI PACIIMPEHHOW MaTPHUIIbl PAaBEH rangA\B =3. CrnenoBareibHO,

rangA‘ B= rangA =3=n , TO €CThb CUCTEMA COBMCCTHA U NMCCT CAMHCTBCHHOC PCIIIC-

Hue. Perum cucremy 1o gpopmysiam Kpamapa: A =M, o =4,

13 -3 4 2 13 4 2 -3 13
A=12 -2 3|=4,A,=]3 12 3|=12,A,=3 -2 12/=20.
3 3 =2 4 3 2 4 3 3
Pemenne cuctemsl ypaBHEHUN: X, = ﬁ = ﬂ =1, X, = ﬁ = E =3, X;= ﬁ = @ =5
A 4 A 4 A 4

15.2.3 UccnenoBaTh Ha COBMECTHOCTh CHUCTEMY JIMHEHHBIX anreOpanmdecKux
YpaBHEHUH U B CIIy4ae COBMECTHOCTH PELIMTh cUCcTeMY 10 ¢popmynam Kpamepa.

3%, —2X, +4X, =5,
X, —5X, +6X; =2,
4x, —3X, + 2%, =6.

Pemenne. Pacimpennas maTpuiia CUCTEMBI JTMHENHBIX YPABHEHUM UMEET BUJ:

3 -2 4|5
A‘ B=|7 -5 6|2 |.Haiiném panr oCHOBHO! U pacIIMPEHHON MAaTPHIIBI CHCTEMBI.
4 -3 2|6
3 2 3 -2 4
M;=3%0,M,;? :‘7 _5‘:—17&0, M2 =|7 -5 6|=0.
4 -3 2

Panr ocHoBHo# matpuisl A paBen rangA=2. Tak kak s pacHIMpEeHHOMN
MaTPHUIbI CHCTEMBl MHUHOPBI OCTAIOTCS T€ K€, HO IMPU ITOM CYIIECTBYET MHUHOP

3 -2 5
M2 =|7 -5 2{=-9#0, To paHr paclIMpeHHOH MAaTpHIIbI PaBeH rangA‘B =3.
4 -3 6

Tak kak rangA\ B # rangA, To cucTteMa HeCOBMECTHA, TO €CTh HE UMEET PEILICHHUS.

15.2.4 ViccnenoBath Ha COBMECTHOCTb CHUCTEMY JIMHEMHBIX alre0panyecKux
YPaBHEHUH U B CIIy4a€ COBMECTHOCTH PELINTh CUCTEMY MaTPUUHBIM METOOM.
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X, +5X, + X; =10,
X, +8X, + 5%, = 25,
2X, +11x, + 4%, = 21.

1 51
Pemenne. Paccmotpum ocHOBHYIO Matpuily cuctemsl: A=|1 8 5. B 3a-
2 11 4

nadye 14.2.1 BBIUMCICH ONpEaeauTeNh 3TOM MaTpulbl. Tak Kak |A|: 2+#0, To, co-
riiacHo teopeme 15.1.1, cuctema coBMECTHa M MMEET €IWHCTBEHHOE pemieHue. Pe-
UM CHCTEMY CPeACTBAMH MATPHYHOTO HMcUHcIeHus mo dgopmyre X =A'-B. O6-

-23 -9 17
paTHasi MaTpulla HaileHa B 3ajaude 14.2.3: A_lzl- 6 2 4.
-5 -1 3
X, -23 -9 17) (10 -23-10-9-25+17-27 4 2
X=X, :%- 6 2 4|25 :l- 6-10+2-25-4-27 =l- 2|=[1].
X -5 -1 3 27 -5-10-1-25+3-27 6 3

CrnenoBatenbHO, pEeIIEHNE CUCTEMBI UMEET BUA: X, =2, X, =1, X; =3.
15.2.5 Pemuth cucteMy TUHEHHBIX ypaBHEHUI MeToa0M ["aycca.
2X, +3X, + 5%, =—1,
4X, +TX, +3X%;, =5,
6x, +5X, =12.
Pemenue. [IpuBenémM paciimpeHHY0 MaTpULly CUCTEMBI K TPaNelenIaJbHOMY
BUJy ITyTEM 2JIEMEHTAPHBIX NPeoOpa30BaHUIl.

2 3 5|-1 1% Y-y 1 % %1%
1 -7l 7 |>

=

AB=[4 7 35 |2"5l4 7 3|5 |k, g
6 5 012 6 5 0|12 0 -4 15 15
3/ 5/| 3/ 5/|_
L % % y R E
_M g 7 —wW o 1 97 |5
0 0 -43 43 0 0 1|-1
115 0[2) | 1 0 02
—>75('('|'” 1 _ 200 g 1 0o
? 00 11
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Ha ocHOBaHMU MeTO/a 3JIeMEHTApHBIX MPEOOpPa30BaHUil TMOTy4aeM PaBEHCTBO
PAaHIOB OCHOBHOW M PACIIMPEHHOM MaTpHUIbl CUCTEMBL: FangA= rangA‘B =3=n,

CJIeZIOBaTENIbHO, CHCTEMa COBMECTHA U MMEeT eMHCTBeHHoe pemenue. Ot npeolpa-
30BaHHOM PACIIMPEHHON MATPHULbI CUCTEMBI NEPEXOIUM K CUCTEME YPABHEHUMU:

X, =2,
X, =0,
X, =-1.

Taxum 00pa3soM, noiydaeM pemenue cucremsl X =(2 0 —1)T :

15.3 3aganus A8 pelieHHs HA MPAKTHYECKOM 3aHATHH
4 5 1 4 3
15.3.1 Haiitu panr matpuniet A=| 8 10 2 9 1

24 2 3 25 13

15.3.2 VccnenoBarh cUCTEMBI IMHEWHBIX anreOpandecKux ypaBHEHUN Ha COB-
MECTHOCTh ¥ B CJIy4ae COBMECTHOCTH PEIIUTh UX 10 Gpopmynam Kpamepa:

2X, — X, + 2%, =9, 3%, +2X%, =1, 3X, —2X, + 3%, =4,
a) 13X, +5X, + X, =14,  0) 15X, +4X, +2X, =3, B) X +12X, +3%, =21,
3%, +2X, —=3%; =—1; 2X, +3X, — 2%, = 4; 5X, + 22X, +9x, =17.

15.3.3 HccnenoBarh cuCTEMbI IMHEWHBIX aareOpanvyeckux ypaBHEHUN Ha COB-
MECTHOCTH U B CJIy4a€ COBMECTHOCTH PEIIUTh UX MATPUYHBIM METOIOM:

3X, +2X, + X; =8, 4x, +3%X, =7, X, +12x, — 3%, =13,
a) 13X, +7X, +4%X; =20, 06) <2X +7X, +3X, =8, B) 12X —11X, —9X, =6,
SX, +2X, +6X, =5; —14x, — X, =5; 3%, + 22X, + 7%, =9.

15.3.4 VccnenoBath CHUCTEMbI JIMHEWHBIX alreOpandecKux YpaBHEHUM Ha
COBMECTHOCTh H B CJIy4ae COBMECTHOCTH PEIIUTh UX MeToa0M ["aycca:

X, + 3X, — 5X; +4x, =-1,
3%, +10x, —13x, +8x, =1,
2%, + 9%, —10x, + 6%, =2,
4x, +14x, -11x, —8x, =3.

2X, —3X, +2X; =—5, X, — X, + X, =1,
0) 14X +5X, =X, =6, B) 12X +X, —X; =2,
3X, +2X, —3%, =5; 3%, — X, —X; =1.

a)

15.4 3apnaHus NJI KOHTPOJIHUPYEMOM CaAMOCTOATEIbHOI PadoThI
15.4.1 HccnenoBaTh CUCTEMY JIMHEHHBIX alreOpandyeckux ypaBHEHHH Ha COB-

MECTHOCTh. B cilyyae COBMECTHOCTH pemIuTh €€: a) MaTPUYHBIM METOJ0M; 0) 1o
dbopmynam Kpamepa; B) metomom ["aycca.
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154.1.1

15.4.1.3

154.15

15.4.1.7

154.1.9

154.1.11

15.4.1.13

15.4.1.15

15.4.1.17

15.4.1.19

4% + X, — 3%, =1,
X, + X, — %X, =0,
8X, +3X, —6X, = 2.
2X, — X, + 2%, =1,
X, + X, + 2%, =3,
4X, + X, +4X;, =0.
4x, — X, =7,
3%, + 2X, +5X%; =8,

(2% +3X, + X, =2,
2X, + X, + 3%, =2,
3%, +2X, + X3 =1.
3X, + 2X, + 3%, =8,
2X, —3X, + X, =0,
7%, +4X, — X, =10.
3%, —2X, +4X, =12,
3%, +4X, —2X, =0,
2X, — X, — X, =4,
2%, +3X, + X, =0,
2%, + X, + 3%, =4,
13X +2X%, + X, = 2.
4x, — X, +5x, =10,
3X, — X, =-10,
X, +4X, — X, =—4.
4% + X, +4X, =7,
2X, — X, +2X; =95,
X+ X, +2X, =2,
X, + X, + 2%, =10,
4X, + X, +4X, =24,

2%, — X, + 2%, =6.

X, —3X, + 4%, =-1.
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154.1.2

154.14

154.16

154.1.8

15.4.1.10

15.4.1.12

15.4.1.14

15.4.1.16

15.4.1.18

15.4.1.20

(3, +4X, — 2%, =5,

2X, — X, — X3 =3,
3%, —2X, +4x, =—-1.
X, +4X, — X, =3,
9X, +4X, =5,
3X, —2X, + 5%, =5.
X, —4X, — 2%, =0,
3%, —5X, —6X, =0,

X+ X, X =T7.
3%, +4x, + 2%, =10,
X, +9X, + X, =17,
2X, — X, — 3%, = 3.
6X, + X, —3X, =4,
A% + X, — X3 =2,

X, — 2%, =2.
(2%, +3X, + 4%, = -1,
X, —5X, + %, =12,
4x, +X; =4.
3X, +2X, + X; =3,
2%, + X, + 3%, =4,
13X, +2X, — X, =1
3X, —5X, —6X, =—3,
3X, + X, + X, =4,

X, —4X, — 2%, =—1.
2%, —3X, + X, =4,
X, + 95X, — 6%, =-11,
13X, + X, +4X%,=3.
X —5X, — X, =6,
2%, +3X, — 2%, =0,

5x, —8x, +11x, =16.



(2%, +3x, —5%, =2, (X, + 2%, — X, =0,
154121 (4% +X, +2X% =3, 15.4.1.22 {5% +3X, — X, =4,
X, + X, — 4%, =—3. 4%, +3X, — 2%, = 2.
3%, +2X, = X; =4, 3X, + 95X, — 2%, =2,
154.1.23 15% +6%, 9%, =2, 15.4.1.24 % +2% - 7% =-1,
X, + X, —8X%; = —6. 2X, +3X, + 2%, =-1.
X, +2X, + 3%, =—1, S5X, +2X, —2X, =1,
15.4.1.25 13X —2X, +X; =5, 15.4.1.26 13X, +2X, —3x, =6,
5%, —3X, + 6%, =8. X, +2X, + %, =0.
(7%, — X, +3%, =8, (4%, +2X, — X, =6,
15.4.1.27. X% +3X%, +4X;=-2, 15.4.1.28 13X, +3X, + X, =6,
6x, —4x, +5x, =10. X, — X, +10x, =0.
X, +2X, — X, =4, 8X, —3X, — X; =5,
15.4.1.29 2% +3X, —4X%, =9, 15.4.1.30 4% +3%, —2x, =7,
X, + X, + 7%, =5, 4x —6X, +5%X; =—2.

16 CUCTEMBbI JUHEVHBIX AJITEBPAMYECKUX YPABHEHUH
(mpakTHyeckoe 3aHsTHe 17)

Conepskanue: peIICHUE MPOU3BOJIBHBIX CUCTEM JIMHEHHBIX alre0pandyecKux
YpaBHEHUH; OAHOPOJIHbIE CUCTEMBI JIMHEWHBIX aJlreOpanyecKux ypaBHEHUM; GyHaa-
MEHTAJIbHAsI CUCTEMA PEIICHUW M Pa3MEPHOCTh JUHEWHOTO MPOCTPAHCTBA PELICHUM
OJHOPOJHOU CUCTEMBI.

16.1 TeopeTnueckuii MaTepuaJ Mo TeMe NPAKTHYECKOr0 3aHATHS

PaccMoTpum peliieHre MPOU3BOJIBHBIX CHUCTEM JIMHEHWHBIX anreOpandecKux
YpPaBHECHUH.

1. rangA # rang A‘ B, cucrtema HECOBMECTHA, TO €CTh HE UMEET PEIICHHUS.

2. rangA=rang A\B:nsm, rae N — 4YUCIO HEM3BECTHBIX, a M — YHUCIIO

ypaBHeHUH B cucteMe. CucremMa COBMECTHA M UIMEET €IMHCTBEHHOE perieHue. /s e€
penieHus onpeaensieM 6azucHblil MuHOp. Ha ocHOBaHUU TeopeMbl 0 0Oa3UCHOM MUHO-
pe, CTPOKU He BXOAslIKMe B 0a3UCHBIM MHHOP, MOKHO BBIYEpKHYTh. B pesynbpTaTe
IIPUXOAMM K PAaBHOCUJIIBHOU CHUCTEME, KOTOpasl COACPKUT N HEU3BECTHBIX U N ypas-
HEHUU, IPUYEM ONPEAECIUTENIb OCHOBHON MATPUILIbl ’TOM CUCTEMBI OTJIUYEH OT HYJIS,
Kak Oa3uCHBIM MUHOp, a Takas cHUCTeMa MMEET eAUHCTBEHHOoe perieHue. [lomyden-
HYI0 CUCTEMY MOKHO PEILIUTH JHOOBIM U3 BBIIIEPACCMOTPEHHBIX METO/IOB.

3. rangA=rang A‘ B=r<n, cucrema coBMecTHa U UMeEeT OCCKOHEUYHOE MHO-

KECTBO pemieHuid. [[ist pemenns cucteMsl onpenesnsieM 0a3ucHbIA MUHOD. B cucteme
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OCTaBJIsieM TOJBKO T€ ypaBHEHMs, KOA(P(UIMEHThl MPU HEU3BECTHBIX B KOTOPBIX
BXOJAT B OazucHbIi MUHOp. CllaraeMble ¢ MEPEMEHHBIMU B TMOJYYEHHOU CHUCTEME,
KO3 (DUIIMEHTHI PU HEU3BECTHBIX, MPU KOTOPBIX HE BXOJIAT B OA3WCHBIA MHUHOD, B
Ka>KJIOM M3 YPaBHEHMH MEPEHOCHM B MPaBYIO 4acTh. B pe3ynbTare NpuxoauM K CH-
CTEME C ONpEe/IETUTEIEeM OCHOBHOM MaTpHIlbl, OTIMYHBIM OT HyJid. [lonydeHHyto cu-
CTEMY MOXHO PEIIUTh MAaTPUYHBIM METOAOM, 10 popmynam Kpamepa mnmu meronom
['aycca. Pemenue cucreMbl OyJeT 3aBUCETh OT MEPEMEHHBIX, KOIPPUIMEHTHI MpU
KOTOPBIX HE BXOIWIM B Oa3UCHBIA MUHOpP, & OHM MOTYT IPUHHUMAThH MPOU3BOJIBHBIC
3HaueHus. [loaToMy cucrema OyaeT uMeTh OECKOHEYHOE MHOKECTBO PEIICHU.

PaccmoTpum pelieHre OJHOPOAHBIX CHUCTEM JIMHEHHBIX alreOpandecKux
ypaBHeHuit AX =0O. OgHopoaHas cucTemMa BCerja COBMECTHA, TaK KaK OHA UMEET,
10 KpaHEN Mepe, HYJIEBOE PELICHHUE.

Teopema 16.1.1 Ecnu onpenenutens MaTpUIbl OTHOPOAHON CHCTEMBI OTIHYEH
OT HYJIsl, TO CUCTEMA UMEET €IMHCTBEHHOE HYJIEBOE PEILICHUE.

Teopema 16.1.2 Ecnu onpenenuTesb MaTpUIlbl OJTHOPOJHON CUCTEMBbI paBEeH
HYJIIO, TO CUCTEMa UMEET OECKOHEYHOE MHOKECTBO PELICHUH.

Ecnu onpenenurens MaTpullbl OJHOPOJHON CUCTEMBI PaBEH HYJIO, TO PaHT
MaTpulbl I OyJeT MEHbLIE YUClIa HEU3BECTHBIX N. Perenune npoBoauM aHAIOTHMYHO
TPETbEMY CIIy4yalO PELICHUs MMPOU3BOJBHBIX cucTeM. [lepeMeHHble, KO3()PUIIMEHTHI
nepesl KOTOPbIMU BXOJAAT B 0a3MCHBIN MUHOp, Ha3bIBAIOTCS Oa3MCHBIMU IIEPEMEHHbI-
MU, a OCTaJibHbIe (N—T) MepeMEHHBbIC Ha3BIBAIOTCS CBOOOMHBIMU. [IpumaB cBOOOI-

HbIM IICPECMCHHBIM (n— r) pa3 IPOU3BOJBbHBIC 3HAYCHMUA, 6y,[[eM I[IOJIy4aTb pa3JInd-

HbIE CHUCTEMBI, PEIIEHUsI KOTOPBIX JUHEHHO He3zaBHcHMBL. Hambornee wacto omHoi
CBOOOJHOI MEepeMEHHON MOoOYepENHO MPUIAIOT 3HAYEHUE, paBHOE 1, a Bce OCTallb-
HbIe pUpaBHUBAIOT K (. B pesynerare noaydnm (N—r) JIMHEHHO HE3aBUCUMBIC pe-

wenus EE,,....E

YEn-rt

Onpenenenue 16.1.1 JIro6as COBOKYITHOCTh JTUHEHHO HE3aBUCHMBIX PEIICHHMA
OJTHOPOJHOM CHCTEMBI JIMHEWHBIX aireOpanyecKux ypaBHEHHM Ha3bIBaeTcs (QyHna-
MEHTaJIbHOW CUCTEMOMN PELICHUI.

Teopema 16.1.3 OObmiee penieHrue 0JHOPOIHON CHCTEMBI JIMHEHHBIX anreOpan-
YECKUX YpaBHEHHWI Mpe/CTaBsieT COOOW JMHEHHYI0 KOMOMHalMi0 (yHIaMEHTalb-
HOM CUCTEMBI pelenui, To ectb X, =CE +¢,E, +...+¢c _E . ,rmec,..c_ eR.

Teopema 16.1.4 OOmiee perieHre HEOTHOPOIHOM CUCTEMbI JTMHEHHBIX anre0-
panuecKux ypaBHEHUH NpEJCTaBiIsieT cOO0M CyMMy OOIIETo perieHHus COOTBETCTBY-
IOLlEel OJTHOPOIHOM CUCTEMBI U MPOU3BOJIBLHOTO YACTHOTO PEUICHUS HEOJHOPOAHOU

cucremer: X, =X ~+X .

(o}

16.2 llpuMepbI pelieHUs1 TUMOBBIX 32124
16.2.1 VccnenoBath CUCTEMY Ha COBMECTHOCTh W B CIydae COBMECTHOCTHU
HalTH O0IIIee peIIcHue.
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X, —2X, + 3%, =3,
4x, —8X, +15%, =2,
3%, —6X, +12x%, =-1.

Pemenne. Pacimpennas MaTpuiia CUCTEMBI JIMHENHBIX YPABHEHUM UMEET BUJ:

1 -2 3|3
A‘ B=|4 -8 15/ 2 |.Haiiném panr oCHOBHOH U pacIIMPEHHON MATPHUIl CUCTEMBI.
3 6 12]-1
1 -2 1 3
s, Jooms ! 2

Panr ocHoBHO# Marpuubl A paBeH rangA=2. Jlyis pacliMpeHHON MaTpULbI
CUCTEMBl MHHOpBI OCTalOTCS TE XK€,

HO CYLIECTBYET €lIE OAUH MHUHOD
1 3 3

M5 =4 15 2|=0, cnenoBaTeNbHO, pPaHr PACUIMPEHHOW MATPUIBl DPaBEH
3 12 -1

rangA|B =3. Takum obpasom, rangA|B=rangA=2<n=3, To ecTh cUCTEMa COB-
MeCTHa M UMeeT OECKOHEYHOE MHOXECTBO pemieHui. [lepeMeHHbIe X, X, SBISAIOTCS

0a3HMCHBIMM IIEPEMEHHBIMY, a IEPEMEHHAs X, =C — cBoOoaHas. Ilepexomum Kk paBHO-
CWJIBHOH cucteMe U petinm e€ o popmynam Kpamepa:

X, +3X%; =3+ 2c, A =
4x, +15x, = 2 +8c, T

3+2¢c 3 1 3+2c
=39+6¢, A, =
2+8c 15 2+8c
X, =A JA=13+2¢,x, =A,/A=-10/3, X,,=(13+2c ¢ -10/3)',rme ceR.
16.2.2 HaiiTu o0riee pemieHne 0 JHOPOIHON CUCTEMbI TUHEHHBIX YPAaBHEHU.
8%, +2X, —X; =0,
3%, —4X, +5x%, =0,
3X, +5X, +2X%; =0.

Permenue. Tak KaK OTIpeIeTHTE b MAaTPHUIIBI CHCTEMBI
8§ 2 -1
|A|=|3 -4 5|=-273=0, T0 cuCTeMa MMEET EANHCTBEHHOE HYJIEBOE PEILCHHE.
3 5 2

16.2.3 HaiiTu o01iee pemieHrne 0THOPOTHON CUCTEMbI JTMHEHHBIX YPAaBHCHHM.
X, +4X, —5%X, =0,
2%, +9X, +5x%;, =0,
X, +5X%, +10x, =0.
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1 4 -5
Pemenue. Tak kak OnpeAennTens MATPULBI CHUCTEMBI |A| =2 9 5|=0, 10

1 5 10
CHCTEMa MMEET OSCKOHEYHOE MHOKECTBO pemeHHﬁ. B kauecTtBe 0a3ucHOro MHUHOpPa

BBIOMpaeM MUHOp M. = =1+#0. IlepemenHble X, X, SBISAIOTCS Oa3UCHBIMH

IIEpEeMEHHBIMY, a MIepeMeHHasi X, = C — cBoOoHas1. [lepexouM K paBHOCHIBHOW CH-
creMe u permmM eé 1o Gpopmyinam Kpamepa:
{ X, +4X, =5¢, 5¢ 4‘ ‘1 5¢

A=LA = =65C, A, =
2%, +9X%, =-5¢C, 9 2

=-15c,

-5C

X, :%: 65¢C, X, :%:—150, X, :(650 —-15¢c C)T ,rae ceR.

16.3 3apanus 1Js pelieHusl HA MPAKTUYeCKOM 3aHSITHH
16.3.1 MccnenoBarh cUCTEMbI IMHEWHBIX aareOpanvyeckux ypaBHEHUN Ha COB-
MECTHOCTh U B CJIy4ae COBMECTHOCTH HAaWTH PEIICHUE CUCTEM:

3%, +3X%, +5%X, —X, =-5,
2X, +3X, — 2%, =3, By + 6% +10x 2 6 9%, —3X, +5X, + 6X, =4,
+6X, +10x;, — 2X, =6,
a)3 —X, +5X%, + 3%, =2, 6) %% o B) ¢ 6X, — 2X, +3X, +4X, =5,
L A% +TX, +5%, —2X, =1, B
X, +8X, + X; =5; 3%, — X, +3%X; +14x, =8.

X, +4X, -X, =12;

16.3.2 PemuTh OTHOPOIHBIC CHCTEMBI JIMTHCHHBIX allTeOpandecKuX ypaBHCHUI:

9%, +8X, + 7%, =0, X, +3X, + 2%, —5X, =0,
a) ¢ X +2X,+3X, =0, 0) 12X +6X, +7X, +8X, =0,

4X, +5X, +6X, =0; X, +3X, + 5%, +13%, =0;

X, +4X, +3%; + 2%, =0, 3%, + X, —8X%; + 2%, + X, =0,

) 2X, +3X, + 4x, + 4x, =0, ) 2X, —2X, — 3%, — X, + 2%, =0,
® 2X, —6X, +3X, +2X, =0, g X, +11x, —12X, + 34X, — 5%, =0,

3X, —2X, + TX, —9X, =0; X, — 95X, + 2X, —16X, + 3%, =0.

16.4 3apanus AJ1s1 KOHTPOJIUPYEMOii CAMOCTOSTEIbHOM PadoThI
16.4.1 VccnenoBath Ha COBMECTHOCTh M HAUTH OOIIEE PEIICHUE CHCTEMbI JTH-
HEWHBIX HEOJHOPOIHBIX AIreOpandecKux ypaBHCHHM.
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16.4.1.1

16.4.1.3

16.4.1.5

16.4.1.7

16.4.1.9

16.4.1.11

16.4.1.13

16.4.1.15

16.4.1.17

16.4.1.19

X, + X, + X3 =2,

3%, +2X, + X, =3,

4%, +3X, +2X, =5.

2X + X, +5%, =1,

4x, +2X, +10x, =2,

8X, +4X, +22%; =5.

X, + X, =X, =2,
2X, + 2X, — 2X, =4,
5x, +5X%, — 5%, =10.
X, — X, + X, =5,

2X, — 2X, + 3%, =14,
4x, —4xX, + 95X, = 24.
4X, + X, + X, =6,

X, — X, + 6X, =5,
3X, +2X, —5X, =1.
S5X, +4X, — X, =2,
2X, + 2X, — 2X, =4,
3X, +2X, + X, =—2.
3X, = 2X, + X, =1,
—3X, +2X, — X, =1,
6X, —4X, +2X, = 2.

4%, — X, — X, =2,

2%, — X, +3X, =2,
2X —4x,=0.

|
2x1+3x2—5x3=0,
4xl+6x2 —le3 =0,
4xl+6x2—9x3:1.
3X, — 2X, +5x, =9,
X, —12x, +13x, =14,

4x, —14x, +18x, = 23.

16.4.1.2

16.4.1.4

16.4.1.6

16.4.1.8

16.4.1.10

16.4.1.12

16.4.1.14

16.4.1.16

16.4.1.18

16.4.1.20
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X +2X, +3X%, =1,
3%, +6X, +5%; =3,
2X, +4X, + 2%, = 2.

(2%, — 3%, + 4%, =7,

4x, —6Xx, +8x, =14,
6x, —9x, +12x, =21.
3X, — X, + X, =3,

9x, —3X, + 3%, =9,
6X, — 2X, + 2X, =6.
=5,
2X, + 2X, — 2X, =4,

3X, + X, — 2X,
5X, +3x, —4x, =09.
2X, —6X, + 2X, =4,

X, —3X, + X, =2,

4x, —12x, + X, =4.

X, + 2X, + 2X, =9,
—2x, — 4x, — 4x, =10,
- X, —2X, =X, =1.

X, + X, — X, =2,

3X, +3X, —3X, =6,
4x +4x, —4x, =8.

(4%, + 6X, + 2X, =8,

2X, +3X, + X, =4,
X, —4x, +15x, =4.
X, + X, + X; =6,
=X, — X, — X3 =—6,
X, + X, =12.
2X, + X, — X, =4,
6x, +3X, —3x, =12,
4x, + 2%, — 2X, =8.



16.4.1.21

16.4.1.23

16.4.1.25

16.4.1.27

16.4.1.29

16.4.2 3ancath OJHOPOJHYIO CHCTEMY JIMHEWHBIX aireOpandeckux ypaBHeE-
Huii AX =0, s kotopolt 3amana matpunia A. Hailtu ¢pyHaaMeHTalbHYIO CUCTEMY
pELIEHN TOJIYYEHHOM OJHOPOJHOW CUCTEMBI JINHEMHBIX YPABHEHUW U ONPENEIUTH
Pa3MEpPHOCTh JIMHEMHOTO MPOCTPAHCTBA PEIICHUH MaHHOM cucTeMbl. OnpenenuThb

X, +2X, + 3%, =4,
2X, —4X, +6X, =8,
3X, — 2X, +9X, =12.
X, + X, =X, =1,

3X, +3X, —3x, =3,
4x, +4x, —4x, =4.
2X, —3X, + 4X, =5,
2X, — X, +4x, =4,
4x, —4x, +8x, =09.
4%, +2X, + X, =1,
8X, +4X, + 2X, =14,
16x, +8x, + 4x, = 28.
3X, +3X, — X, =5,

X, + X, —12X, =6,

X+ X, + 23X, =—T.

16.4.1.22

16.4.1.24

16.4.1.26

16.4.1.28

16.4.1.30

5X, — X, +2X, =12,
10x, — 2x, +4x, = 24,
SX, — X, +2X, =12.
X, + X, +X, =3,

2X, + 2X, + 2X, =6,
3X, +3X, —5%, =0.
2X, +3X, =X, =1,
2X, +3X, —5X, =3,
4x +6X, —6X, =10.
(X, — X, — X, =—1,

X, =X, + X, =1,

2x, —2x, =0.
X, + X, + X, =6,
— X, — X, — X, =—6,
13X, +2X, =-8.

oO11iee pelieHue 3aJaHHON OTHOPOHOM CUCTEMBI JIMHEHHBIX YPaBHCHUM.

16.4.2.1

16.4.2.3

16.4.2.5

16.4.2.7

1 2 -3 1 -1
A=l3 -1 1 -1 3|
41 2 0 2
11 1 1 1
A=|5 -1 3 -1 4
4 2 2 -2 3
31 4 -1 2
A=l9 3 12 1 -1|.
6 2 8 2 -3
1 -1 1 -1 1
A=|3 1 -4 1 -2,
8 -4 1 -4 -3

16.4.2.2

16.4.2.4

16.4.2.6

16.4.2.8
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5 -1 3 5 -2
A=|4 2 -1 3 1
1 3 4 2 -3
1 2 3 4 5
A=|3 6 -1 5 -1|.
510 5 13 9
2 3 4 5 1
A=|4 6 8 3 -2|.
8 12 16 13 0
14 7 28 1 16
A=|2 1 4 1 2/,
4 2 8 -1 5
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