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BBEJAEHUE

Meroauyeckue yKa3aHusi COCTABICHBI HA OCHOBE MPAKTUYECKUX 3aHATHM, KO-
TOpBIE ABTOPBI MTPOBOAWIA HA MPOTSKEHUU MHOTHUX JIET HPENOIaBaHUs JUCIUTIIINHBI
«Bpicmiast MateMatuka» u «MaTtemaTuka» B Butedckom rocyapcTBEHHOM TEXHOJIO-
ruyeckoM yHuBepcutere. [IpuBeaEHHBIN MaTepruall MPOBEPEH HA HECKOJIBKUX MOKO-
JICHUSIX CTYJIEHTOB M COJIEPKUT HEOOXOJIMMbIE CBEACHHS ISl OYIyIIUX WHKEHEPOB
MEXaHUKO-UH(OPMAIIMOHHBIX CIenuaabHoCcTe. Cpeau pacCMOTPEHHBIX B TPAKTH-
KyM€ THUIIOBBIX IIPUMEPOB €CTh 3a/1a4M, UMEIOIINE MPAKTUUECKYIO0 HAITPABJIECHHOCTD U
CBSI3aHHBIC C JTUCIUIUIMHAMU, KOTOpbIE OYIyT M3y4daTh CTYJICHTHI B CJICAYIOIIUX Ce-
MecTpax.

JlanHbie y4eOHO-METOMUYECKHE MaTepUaIbl MPEIHA3HAYCHBI NJIs CTYJICHTOB
(daxynbpTeTa HHOOPMALIMOHHBIX TEXHOJIOTUN U poOOTOTEXHUKH. B paboTe npuBeaeHBI
TEOPETUYECKHUE BOIPOCHI JUISl ClIa4yd 3K3aMEHa, COJIEPKAHWE M TEMAaTHKa IpaKTh4e-
CKHMX 3aHSATHUM MO yKa3aHHBIM KypcaMm. MeTOIMYeCKUE yKa3aHHs HAllMCaHbl B COOT-
BETCTBUM C Y4eOHOUW MporpaMMoi AUCIUIUIMHBI «BpIciias maTemaTuka» u «Mare-
MAaTHKa» JJIs CTyJI€HTOB MEXAHUKO-TEXHOJIOTMYECKUX CHEIUAIbHOCTEN EPBOTO TO-
na 00y4ueHus.

B npaktukyme paccMOTpEHBI TpH paszfena KypcoB «BbIciiasg MaTeMaTUKa» U
«Marematuka»: auddepeHnanbHble YpaBHEHUs, CHUCTeMbl TuDPepeHIMaTbHbBIX
ypaBHEHUH U omepalmoHHoe ucuucieHue. Kaxnas tema npakTukyma mpeacTaBisieT
co00i METOIMUECKUN MaTepUall JIJIsl TPOBEACHUS MPAKTUUYECKOTO 3aHATHUS, COACPIKUT
pelIeHns] TUMOBBIX MPUMEPOB U MOAOOPKY PEKOMEHAYEMBIX K PEIICHUI0 3a7ad IO
TEeME 3aHATHUS, a TaKXKE 3aJaHUs JJI BBIMOJHEHUS KOHTPOJIUPYEMOM CaMOCTOSITEIb-
HOM paboThl. B Hauane kaxaoro pasnuesia MpUBEAEH KpaTKUM TEOPETUUECKUN MaTe-
pual, KOTOpbIi HEOOXOAMMO 3HATh CTYJIEHTY MPH MOATOTOBKE K ayJAUTOPHOW W ca-
MOCTOSITENIbHON paboTe Mo 3aJaHHOW TeMe, OJHAKO ITUX CBEJIECHUN HEJ0CTATOYHO
U1l cladd dK3aMmeHa mno mnpeaMmery. lIpexkne yeM mpucTtynaTh K pEUNICHUIO 3a1ay
MPAKTUYECKOTO 3aHSATHUSI WM BBITIOJHEHUIO IOMAIIHETO 3aJaHus, CTYyJICHTY He00Xo-
JIUMO M3yYUTh TEOPETUYECKUM KypC JIGKIIMOHHOTO Marepuaia WiId OOpaTUThCA K
aKaJeMUYECKUM H3JaHUsIM i 0oJiee JeTaIbHOTO U3y4YeHHUs pa3JielioB Kypca, KOTO-
pble ero uHTepecyroT. HanmeHoBaHHe TeM MPAKTUKyMa, a TaKKe€ MX CTPYKTypa Io-
CTPOEHBI B COOTBETCTBUU C YYECOHBIMU MPOrpaMMaMy JUCIUIUIMH «Briciias maTema-
TUKa» U «MaTeMaTthka» sl CTYyJI€HTOB MEXaHUKO-TEXHOJOTHMUYECKUX CIEHHATbHO-
cteit. JlanHas paboTa MOKET MPUMEHSTHCSI HA YCMOTPEHHUE MperoiaBaTess Ha MpakK-
TUYECKUX 3aHATUSAX CTYACHTAMM JPYTHX CHEIUaIbHOCTEH pasIndHbIX (HopM oOyue-
Hust. CTyIeHThI 3a04HON (POpMBI 0OYUYEHHUSI MOTYT MPUMEHSATh U3JI0KCHHBIM B MpaK-
TUKyME€ TEOPETUYECKUN M MPaKTUUECKUW MaTepuall JUisi CaMOCTOSITEIbHOM PadOoThI
10 TIPEAMETY U BBITIOJIHEHUIO KOHTPOJIbHBIX 3a/IaHUM.

[IpennoxxernHass MeTonuueckasi pazpaboTka MOMOXKET CTYIEHTaM MOATOTOBUTh-
Csl K MPOXOXKJCHHUIO TECTA MO OTJAEIbHBIM TEMaM M pa3jieliaM Kypca, Tak Kak MpoBe-
JIeHHE 3a4€Ta WM SK3aMEHa MOoApa3yMeBalOT 3JIEKTPOHHbBIA KOHTPOJIb 3HAHUH.



NEPEYEHHb BOIIPOCOB YYEBHOH IPOI'PAMMBI IO KYPCY
«MATEMATHUKA» 4 «BBICIIIAS MATEMATHKA» JIIA
CHEIMAJBHOCTEM 1-36 01 01, 1-43 01 07, 1-40 05 01-01

(MEPBBIY KYPC, BTOPOM CEMECTP)

1. [TepBooOpasnas ¢pyukiuu. Teopema o mepBooOpa3HbBIX.

2. OnpeneneHne HeoNpeAeICeHHOTO HHTErpaja, ero TeOMeTpUYECKU CMBICIL.

3. Tabnuma HeompenenEHHBIX WHTETPAJIOB OCHOBHBIX JJICMEHTAPHBIX (PYHK-
1005178
. CBOIICTBa HEONPEEIECHHOTO HHTETpaa.
. MeTo/1bl THTErPUPOBAHUSI HEOTIPEJEICHHOTO UHTETpaa.
. InTerpupoBanne NpoCTeHIUX paroHaIbHBIX IPOOCH.
. IHaTErprpOoBanne palMOHAIBHBIX BBIPAKEHUMN.
. IHTerprpoBanye NppaloOHAIbHBIX BEIPAXKEHUN.

. IHTErprpoBaHre TPUTOHOMETPUYECKUX BBIPAKECHUIA.

10. 3aymaum, NpUBOIAIIUE K TOHATHIO OMPEIETICHHOTO HHTETpaa.

11. UnTerpanpHas cymma. [loHsTHE ONpeIeIeHHOr0 UHTETpalia. Y CIIOBUs UH-
TErPUPYEMOCTH (PYHKITUH.

12. CBolicTBa OMpeieIEeHHOTO HHTErpaa.

13. UnTerpan ¢ mepeMeHHbIM BEPXHUM MPEIETIOM UHTETPUPOBAHUA.

14. CBs3b HEOIpEEIECHHOTO U ompeeaeHHoro uarerpaina. @opmyna Heioto-
Ha-JleiiOHuIIa.

15. MeTo1bl HHTETPUPOBAHMSI ONIPEAECIICHHOI'0 UHTETpaIa.

16. HecoOcTBeHHBIC MHTETPAITBI IEPBOTO POIA.

17. HecoOcTBEHHBIE MHTETPAIIBI BTOPOTO POAA.

18. BerunciieHne TUIOMaae MmiIoCKuX (UTYp B MPSIMOYTOIBHOM JEKapTOBOU
CUCTEME KOOPJINHAT.

19. Brrurcnenue miomajei miockux (GUryp B MoJasipHON CUCTEMe KOOpPIUHAT.

20. Boruucnenue AJIMHBI AyTH IIOCKON KPUBOW B IPSIMOYTOJILHOM JIEKapTOBOM
CUCTEME KOOPJIMHAT U B MOJISIPHOW CUCTEME KOOPAUHAT.

21. BoluucneHue IIUHBI TyTU KPUBOM B MOJISIPHON CUCTEME KOOPIUHAT.

22. Beruncienue 0o0beMOB T 10 M3BECTHOMY IMOIMEPEUYHOMY cedeHuto. O0be-
MBI TE€J BpallCHUSI.

23. Ilnoniaau MOBEpXHOCTH BpaICHUS.

24. TlpunioxeHust ONpeeIieHHOTO MHTerpajia B MEXaHUKE: BBIUUCICHHUE ITYTU
M0 3aJJaHHOW CKOPOCTH, pabOThl MEPEMEHHON CHJIbI, CUJIbI JABJICHUS >KUJIKOCTH Ha
MJIACTUHY.

25. Beraucienue Macchbl U IIEHTpa Macc JIyTH.

26. BeraucieHue Macchl ¥ IEHTpa Macc MIOCKOU (PUTYpHI.

27. Ilonsitne GyHKIIMMA HECKOJIBKUX TEepeMeHHBIX. [Ipenen u HempephIBHOCTH
(GYHKIMIA HECKOJIBKUX MEPEMEHHBIX.

28. YactHple TPOU3BOIHBIE (DYHKIIMA HECKOJIBKHUX MTEPEMEHHBIX.

29. 'eomeTpuyeCcKuii CMBICI YaCTHBIX MTPOU3BOAHBIX (DYHKITUI JIBYX MEepEMEH-
HBIX.
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30. Heob6xoaumoe ycnoBue nuddepeHIupyeMocTd (YHKIUNU HECKOJIbKUX Tie-
PEMEHHBIX.

31. Ilonueit quddeperiman GyHKIIMA HECKOJbKUX MEPEMEHHBIX M €r0 IpH-
MEHEHHUE K MPUOIMKEHHBIM BBIYHCIICHUSIM.

32. luddepeHnrpoBane CI0XKHBIX (PYHKIIMH HECKOJIBKUX MEpeMEHHBIX. H-
BapUAHTHOCTH (POPMBI MOJHOTO AuddepeHImana.

33. luddepenunpoBanue PyHKIIMK HECKOJBKUX MEPEMEHHBIX, 3aIaHHBIX He-
SIBHO.

34. KacatenpHas IJI0OCKOCTh M HOpMaJTb K ToBepxHOocTH Z=f(X,Y).

35. CkanspHoe mose. [IpousBognas QyHKUIMK MO HAMpaBICHHUIO CKaJSPHOTO
noJist. ['paiueHT CKaIsipHOTO MO,

36. YacTHble MPOU3BOJHBIC BBICHIETO MOPSAAKA U TOJNHBIE AUQPEpeHIInaTbI
BBICIIIETO MOPsAAKa (HYHKIIMU HECKOJIBKHUX TIEPEMEHHBIX.

37. ®opmymna Teitnopa mist GyHKIIUN JBYX MEPEMEHHBIX.

38. JlokanbHbIE SKCTpeMyMbl (YHKIUNA HECKOJIbKUX MepeMeHHbIX. Heobxoau-
MO€ U JIOCTaTOYHOE YCJIOBHS JIOKAJILHOTO 3KCTpeMyMa (yHKIMI HECKOJBKHUX Hepe-
MEHHBIX.

39. JlokanbHbIe IKCTpEeMyMbl (PYHKIIUN NBYX IMepeMeHHbIX. HeoOxomumoe u
JOCTaTOYHOE YCIIOBUS JIOKAJIBHOTO SKCTpeMyMa QyHKIUHI IBYX IEPEMEHHbIX.

40. YcnoBHBIN 3KcTpeMyM (QYHKIUN HECKOJIBKUX MEPEMEHHBIX.

41. YcnoBHBINM 3KCTpeMyM (DYHKIHI IBYX EPEMEHHBIX.

42. Haubosplliee ¥ HaMMeHbIIIee 3HaYeHHs! (TI00aTbHBIE SKCTPEMYMBI) (PyHK-
U HECKOJIBKUX TIEPEMEHHBIX B 3aMKHYTOI 00JIaCTH.

43. luddepennmanbapie ypaBHeHUs (001ue MoHATHSA). Teopema CyIecTBO-
BaHMA 3agadn Komm.

44. TuddepeHunanbHble YpaBHEHUS C Pa3IESIOIMMUCS TEPEMEHHBIMU.

45. OnHopoausie nuddepeHIanbabie YypaBHEHHSI IIEPBOTO MOPSIIKA.

46. Pemmienne nuHeHHBIX TUdQPEpEHIMATBHBIX YpPaBHEHUN TEPBOTO MOPSAKa
METOJIOM MOJACTaHOBKU bepHyiiu.

47. Pemienne nuHEHHBIX TudQEepeHINATBHBIX YpaBHEHUN TEPBOTO MOPSIKa
METOJIOM BapUalvy IPOU3BOJIBHON TOCTOSHHOM.

48. Pemienue nuddepeHraibHbIX YPABHEHHU MEPBOTO MOPSIKA CBOJSIIAXCS
K OJTHOPOJIHBIM U JIMHEHHBIM YPaBHEHUSIM.

49. VYpaBHeHHUs B TOJIHBIX quddepeHimanax.

50. Iuddepenumanbible ypaBHEHUS! BBICIIUX TMOPSAKOB, JTOMYCKAIOIIUX IO-
HIOKCHHE TTOPSIKA.

51. CBoiicTBa peIICHHUI OJHOPOJHBIX JTUHEUHBIX AU( EPEHIINATBHBIX ypaB-
HEHUU N-0r0 MOopsaKa.

52. JIuneiiHasi 3aBUCMMOCTh W JIMHEHHAs HE3aBUCHUMOCTb CHUCTEMbI PEIICHUM
OJTHOPOJHBIX JUHEHHBIX AU epeHnanbHbIX ypaBHeHUN N-oro mopsiaka (OJIAY).
Omnpenenurens Bporckoro. Teopema 06 obmem pemennu OJIY.

53. Pemienre ogHOPOAHBIX TUHEHHBIX MU(hEpeHITNATBHBIX YpaBHEHUN N-0TO
MOpsIIKa C MOCTOSTHHBIMHM Kod(duiineHTaMu (Cirydail TelCTBUTENbHBIX KOpHEW Xa-
PaKTEPUCTUYECKOTO YPABHEHHUS).
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54. Penienne OJHOPOIHBIX JTUHEHHBIX AU(PepeHInanbHbIX ypaBHEHUN N-0ro
nopsJiKa ¢ MOCTOSTHHBIMHU Kod(dduiimeHTamu (ciayyail KOMIUIEKCHBIX KOpHEW Xapak-
TEPUCTUUECKOTO YPABHECHHUS).

55. Penienne HEOMHOPOAHBIX JIMHEHHBIX AUBPEpeHITMAIbHBIX YPaBHEHHH N-
Oro MopsiJKa ¢ MOCTOSHHBIMUA KOA(DPUIITMEHTaMU METOJ0M Bapualliy MPOU3BOJIbHON
IIOCTOSIHHOM.

56. Pernienne HEOMHOPOAHBIX JIMHEHHBIX AUB(PEpEHITMATbHBIX YpPaBHEHHH N-
OT0 MOPAJIKA C TOCTOSTHHBIMU KOA(PGUITUEHTAMH C IPABON CHEIHATBHOMN YacThIO.

57. Cucremsl muddepeHunansueix ypaBHeHuil. Hopmanenbie cuctemsl. Teo-
pemMa CyIIeCTBOBAHHUA M €IWHCTBEHHOCTH 3aj1auyu Ko 1jis HOpMAalbHBIX CHCTEM
g depeHInaTbHbIX YPaBHEHHI.

58. Pemenne HopMaabHOU cucTeMbl AU depeHIInaIbHbIX YPaBHEHHI METOI0M
HCKJIIOYEHHH.

59. CpoiicTBa peleHU OAHOPOIHBIX JIMHEHHBIX cUcTeM UG (depeHInaTIbHbIX
YPaBHEHHUM.

60. Perienne OJHOPOAHBIX JIMHEWHBIX CUCTEM AU((epeHLNaTbHbIX ypaBHE-
HUHN C MOCTOSIHHBIMU KO3 PUIIMEHTaMU (Cilydail JeHCTBUTENbHBIX KOPHEW XapakTe-
PUCTHUYECKOTO YpaBHEHUS).

61. Perienne OJHOPOAHBIX JIMHEWHBIX CHUCTEM AU(PQPEpeHLUaTbHbIX ypaBHE-
HUHN C MOCTOSSHHBIMU KO3(duimenTaMu (ciiydaid KOMIUIEKCHBIX KOpPHEH XapakTepu-
CTUYECKOTO YPABHEHMS).

62. Perienre HEOJHOPOIHBIX TUHEHHBIX CUCTEM AU(depeHIINaIbHBIX YpaBHE-
HHUIA.

63. Opurunan u nzobpaxenue. [IpeodpazoBanue Jlamnaca.

64. Opurunan u n300pakeHre OCHOBHBIX AJIEMEHTaPHBIX (PYHKINH.

65. Tabnuia OpUTHHAIIOB U N300paKEHUH.

66. CBoiicTBa JIMHEWHOCTH U OJTHOPOJTHOCTH MpeoOpazoBanus Jlamnaca.

67. CBoiicTBO 3ama3ibIBaHus (PyHKIIMU-OPUTHHAIIA.

68. CBoiicTBO cMmemieHus PyHKITUU-U300paKeHN.

69. CroiicTBa auddhepeHIIUPOBaHNS OPUTHHANIA U U300PaKEHHUS.

70. CBoiicTBa MHTETPUPOBAHUS OPUTHHANIA U U300PAKECHHUS.

71. CepTka opuruHaioB. Teopema 006 H300paKEeHUU CBEPTKHU.

72. BoccTaHoBeHHE OpUTHHAA 10 33JJAaHHOMY U300paKeHHIO.

73. Ilpumenenue npeodpazoBanus Jlammaca k pemeHuto nuddepeHnmnanbHbIX
YpPaBHEHUM.

74. Tlpumenenue npeoOpazoBanus Jlamiaca k pemeHuto cucteM auddepeHiiu-
aJIbHBIX YPaBHEHUN.

75. Unterpan roamens. [Ipumenenue nnterpaia J(roamens Kk pemieHuro aud-
(bepeHInaTbHBIX YpaBHEHU.



INPAKTUKYM 110 PEHIEHUIO 3AJTAY
1 IMOPEPEHIIUAJIBHBIE YPABHEHUSA ITEPBOI'O TOPSA KA

Conep:kanue: quddepeHimaibabie ypaBHeHUS (00IIMe MOHATHS), TuddepeH-
[UaNbHBIE YPAaBHEHHs MEPBOro Mopsaka (oOmue moHATus), auddepeHIranbHbe
YpaBHEHUS C Pa3AeiIIONIMMUCS TEPEMEHHBIMHU, OJHOPOAHbIE MU depeHIIaTbHbIC
ypaBHEHHUs TEPBOro mopsjaka, nuddepeHuanbHble ypaBHEHHS, TPUBOISAIIMECT K
OJTHOPOJIHBIM.

1.1 TeopeTuueckuii MaTepuaJ Mo TeMe NPAKTUYECKOT0 3aHITHUS
1.1.1 JuddepenunanbHbie ypaBHeHUs1 (001IUe IOHATHS)

Onpenenenue 1.1.1.1 Juggepenyuanvuvim ypasnenuem Ha3bIBaeTCa ypaBHE-
HUE, KOTOPOE CBS3BIBACT HE3aBUCUMYIO MTEPEMECHHYIO0, QYHKITUIO U €€ TPOU3BOTHBIC.

[Topsinkom muddepeHmanbHOr0 ypaBHEHUsT HA3bIBACTCS TOPSIOK CTapiiei
MPOU3BOHOM.

F(X, v, YV, Y., y(")):O — obuuit Bua auddepeHnarIbHOr0 ypaBHEHHS N-TO
MOPSIIKA.

y"W = f (x, A y”,...,y(”‘l)) — HOpPMaJIbHBIN Bu AH(PEPEHIINATBHOIO YPaB-
HEHUS N-TO TOPSIKA.

Pewenuem muddepennimanbHOro ypaBHEeHUs HazbiBaeTcss N pa3 nuddepeHImu-
pyeMast pyHKIIHsI, KOTOpasi IPH TIOJICTAHOBKE B ATO YpaBHEHHE 00paIaeT ero B TOXK-
JIECTBO.

®yukuusa y=¢(X,C,,C,,...,C,) Ha3bBaeTcs oOmMM penieHueM auddepeHnu-
anmpHOro ypaBHeHus, a Qynkums d(x,y,C,C,,..,C )=0 — obumM HHTErpaioMm
auddepenmanbHoro ypasaenus, rae C. =Const, i =1n.

Teopema 1.1.1.1 (Komn). Eciu pynxims f (x, VoYY y(”‘l)) ¥ e JacTHBIe
pou3BoAHEle 1o aprymenTam Y,Y,Y',..,y"™"

OKPECTHOCTH TOYKH (XO, Yor Yor Yore-s é”‘l)), TO B HEKOTOPOH OKPECTHOCTU TOUKHU X,

OIIpCACICHbI MW HCIIPCPLIBHBI B

CYIIIECTBYET eJIMHCTBEHHOE pemeHne ypasHenus Y = f (x, VAR y(”‘l)), yio-

BJICTBOPAIONICC YCIIOBUAM:

V(%) = Yo Y'(X) = Voo oo YV (%) = YV (1.1.1.1)



Venosus (1.1.1.1) Ha3pIBalOTCS HAaYAJIBHBIMU YCIIOBUSIMU, a 3aJladya HaXOXKIe-
HUs perieHus AuddepeHuanbHOr0 ypaBHEHUS, YIOBIETBOPSIONIETO ATUM YCIOBUSIM
— 3agauei Ko miis nuddepennraibHOro ypaBHeHUS!.

1.1.2 InddepeHuuaibHble YpABHEHNsI IEPBOT0 MOPsAKA

OO6mmii Bu muddepenimansHoro ypasaenus 1-ro nmopsiaka: F(x,y,y)=0.
HopwmainbHbiii Bug auddepeHImaibHoro ypasuenus 1-ro mopsaka: Y = f(X,Y)

OGiuee peurenre quddepennnansHoro ypapaenus 1-ro nopsaka: Y = @(x,C).

OOmmii  wHTerpasnm  AUdQepeHIMaTbHOrO  ypaBHEHHs 1-ro  THopsjaka:
d(x,y,y)=0.

Teopema 1.1.2.1 (Komm). Eciu pyuxuus f(X,y) u e€ yactnas npoussogHas
f,(X,y) onpeneneHs! n HEMPEPBLIBHBI B OKPECTHOCTH TOYKHU (X, Y,) , TO B HEKOTOPOH
OKPECTHOCTH TOYKH X, CYIIECTBYET €JMHCTBEHHOE perieHue anu((depeHInaibHOro
ypaBHenus Y' = f (X, Y), ynoBierBopsroiiee yeaoBu Y(X,) =Y,.

C reoMeTpu4eCcKOM TOYKHM 3PEHMS 3TO O3HAYAET, YTO YEPE3 KAXKIYI0 TOUKY
(X, Y,) TPOXOIOUT €AMHCTBEHHAs MHTErpajbHas KpuBas TU(epeHINaIbHOrO ypas-

HEHMUSL.
CymiecTByIOT pa3iuuHble BUIBI TU(PEepeHIIMabHBIX YPaBHEHU MEPBOTO I0-
psnaka. Haliném oOmue perieHnss OCHOBHBIX THUIIOB ATHX YpaBHEHUM.

1.1.3 InddepenuuaibHubie YPABHEHUS c pa3aes sl UMM Cs
nepeMeHHbIMHU

Omnpenenenue 1.1.3.1 YpaBaenue Buaa

M, (X)N,(y)dx+ M, (X)N,(y)dy =0, (1.1.3.1)

rae M, (x), N,(y), M,(x), N,(y) — 3anannble QyHKIUM, Ha3bBaeTCa Ougpepenyu-

ANILHBIM YPABHEHUEM C PA30CNIOUUMUCS NEPEMEHHBIMU.
Ecmu dyaxmun N, (y) =0 u M,(x) #0, To, pa3nenuB o0e 4acTu ypaBHEHUS

(1.1.3.1) ma mpousseaenue N,(y)-M,(x) # 0, momyuyuM paBHOCHIBHOE ypaBHEHUE

Mi09 4y 4 N2V g (1.1.3.2)
M, () N, (y)



[TpounterpupoBas ypasHenue (1.1.3.2), naxoaum oOmmit uHTEerpan audde-
peHmuansHoro ypapHenus (1.1.3.1):

M, (x) No(Y)
jmdx+j N () dy=C. (1.1.3.3)

Pemenne ypaBaennii N,(y)=0 uM,(X) =0 saBIsA0TCS OCOOBIMH pPEHICHUSIMU
nuddepeHInaTbHOTO YPaBHEHHS ¢ Pa3ICISIOMIIMUCS TePEMEHHBIMHU.

1.1.4 Onnopoanbie nupdepeHnuaIbLHbIe YpAaBHEHUS] IEPBOr0 MOPSAKA

Onpenenenne 1.1.4.1 Oyuxuus f(X,y) HaseiBaeTcs 00nopoonou HyHKIUEN
U3MEPEHHUS (¢ OTHOCHUTENILHO TIEPEMEHHBIX X U Y, €CJIM CIIPABEIIHNBO TOKIECTBO

f(tx,ty)=t*f(x,y), VteR,t#0.

Omnpenenenue 1.1.4.2 ludbdepennuansuoe ypaBHEHHUE MIEPBOTO MOPSIKa
P(x, y)dx+Q(x,y)dy =0 (1.1.4.1)

Ha3bIBaeTCs 00HOpoOonbim, ecii P(X,Y), Q(X,Y) — omHOpoAHbIE PYHKIHMU OIHOIO M

TOTO XK€ U3MEPEHMUS.
PazpemmB ypaBuenwe (1.1.4.1) OTHOCUTEIIBHO MPOU3BOTHOM, MOTYUUM

dy __P(x.y) (1.1.4.2)

dx  Q(xY)

[Mockomsky P(X,Y), Q(X,Y) — ogHopoausie (yHKLIUU OJHOTO M TOTO K€ U3ME-
peHusi, To QyHKLMS, cTosAas B mpaBoi yactu ypaBHenus (1.1.4.2), snsercs olHO-

P(Xx,
poaHoi (yHKIMeNH HyneBoro mdmepeHus. CiaegoBaTeabHO, (xy) _ f(l} Takum

Qx.y)  \x
o0OpazoM, oTHOpoHOE T PepeHITaIbHOE YPAaBHEHHE IEPBOTO MOPSIIKA UMEET BU/T
y' = f (lj (1.1.4.3)
X

OnHOopogHOE ypaBHEHHE MPUBOAUTCS K YPABHEHUIO C PA3ACIAIOIIUMUCS TIe-

y

PEMEHHBIMHU C MTOMOIIBIO 3aMeHbl —=U. Torma Yy =u'Xx+u, a ypaBHenue (1.1.4.3)
X

10



OpUHAMaeT BHJI UX+U= f(u). OO6mmuit  wHTerpan ypaBHeHus (1.1.4.3):

du .
I ——|n|X|=C. Breimonnue o0paTHyr0 3aMeHy, HaxoAuUM OOIIWNA HHTErpal

f(u)—u

MEPBOHAYAILHOTO YPaBHCHHUSI.
1.1.5 InddepenumnajibHble ypaBHEHMsI, IPUBOASIIIIHECS K OHOPOIHBIM

YpaBHEeHUS BUIa

y = f| By G
ax+by+c

& b

npu 5 # 0 IpuUBOAATCSA K OJHOPOIHBIM IMOACTAHOBKOH X=X +a, Y=Y + f3,
a'2 2
aXx+by+c =0,
rae (o, ) — eIMHCTBEHHOE PEILCHNE CHCTEMbI
a,x+b,y+c,=0.
Ecnn 4 5 =0, To moAcTaHOBKa & X+ 0y =7 MO3BONSET pa3neiauTh IMepe-
a'2 2

a_h_y

MEHHBbIE, TaK KaKk —-
a2 bZ

1.2 Tllpumepsl pelieHUs] TUMOBBIX 32124

1.2.1 Haiiti oOmuii mHTErpan ypaBHeHus Y =tgxtgy .
Pemenne. JlanHoe ypaBHeHUe sBiseTcs IuddepeHIHaIbHBIM YPaBHEHUEM C

dy

pazzenstonMucs nepeMeHdbiMu. [Tomarast Yy’ = i U pazziensisi MepeMeHHbIe, Mpu-

xomuM K ypasHenuro Ctgydy=tgxdx. Huarerpupyem: I ctgydy = ‘[tg xdx, wnmm

In ‘sin X‘ =—In ‘COS X‘ +InC. B manHOM ciy4yae MOCTOSHHYI) HMHTETPHPOBAHHUS YI00-
Hee 0003HaunTh depe3 INC. U3 mocneanero paBeHcTBa Haxoaum: Siny =C/cosx,
uiu Sin YCOSX = C — o0mumii MHTErpall 3aJaHHOI0 YpaBHCHHUS.

y y

1.2.2 Haiitu yacTHOE penienue ypaBHeHus Yy =-=+sin=, ecim y(1) = /2.
X X

11



Pemenue. 3aganHoe ypaBHEHHE SIBISIETCS OJHOPOAHBIM Au(depeHnrnaIbHbIM
ypaBHeHueM. CrenaeM IMOJICTaHOBKY Y/X=2z, y=12zX, Yy =z'Xx+z. IlpuxoguMm K

YPaBHCHHIO C Pa3ACIIAIONIUMUCS TTEPEMEHHBIMU XZ' =Sin z . Pa3zmensemM nepeMeHHEbIC:
dz  dx
sinz x
z =2arctgCx. Cosepmiass 00paTHYIO 3aMEHY, HaXOIUM OOIlee PEIeHHEe UCXOIHOTO
ypaBHeHus Y = 2XarctgCx.
[TosxcraBnsieM 3amaHHble HavanbHbE ycioBus: 7/2=2arctgC, orkyma C=1.

Wurerpupys ypaBHeHHe, Haxomum In = |n|x|+InC, OTKyJa

Y4
tg =
gZ

VICKOMBIM YaCTHBIM peleHreM OyaeT GyHkmms Y = 2xarctgXx.

2x+y+1

X+2y-1

Pemenue. [/lannoe ypaBHeHue sBisiercss AuddepeHInanbHbIM ypaBHEHUEM,

b| 2 1

1.2.3 Haiitu o0Ommii naTErpan ypaBHeHus Y =

MIPUBOASAIIEECS K OJHOPOJHOMY, ITPUUEM

‘ =3+ 0. Haxoaum penieHue

a bl 1 2
2X+Yy+1=0,
CUCTEMBI : X=a=-1; Yy=/=1. Cienaem B HUCXOAHOM YpaBHCHHU
X+2y-1=0
3aMeHy InepeMeHHbIX, mojaras X=X —1, Y=Y +1. VYpaBaenue npeobOpa3syercs K
dy 2X+Y dyY 2+Y/X

B

bl | = nimn = . B ITIOJIYUCHHOM OJHOPOJIHOM ABHCHHUHU
Y AX X +2Y dX  1+2Y/X Y AHOPOAHON YP

Y
IIOJIOXKHB Y:U , IPUXOJHM K YPAaBHCHHIO C PasAaAC/IAOIMMUCA IICPCMCHHBIMMU!

21 +22u2 du:dYX’ obmm murerpanom smmsercs ymcmmn Cx*(u—1)°(u+1)=1
—ZU

wm C* (Y - X )3 (Y + X ) =1. Bo3Bpamiasch kK IepeMEeHHBIM X M Y, HAXOIUM OOIIUi

MHTerpal HCX0aHOro ypasHenns: C* (Y — X — 2)3 (y+x)=1.

1.2.4 Teno nBWXKETCS MPSIMOJIMHEHHO CO CKOPOCTBIO V, IPOMOPIIMOHATBLHON
KBaJpaTy BPEMCHU. Y CTAaHOBUM 3aBHCHUMOCTh MEXY NMPOHICHHBIM IyTEM S U Bpe-
MmeHeM t, ecnu ussectHo, uto S(0) =5 M.

ds
Pewenne. Tak kak V= @ to S(t) u t cBasanbl U depeHMATBLHBIM ypaBHE-
ds
HUEM Frin kt* mmu ds=Kkt’dt. TIpounTerpuposas 0be 4acTH PaBEHCTBA, TONYUNM

obriee pemrenue auddepenimanbHoro ypasuenus: S(t) = %kt3 +C.

Wcnons3ys navansHoe yeiosue S(0) =5, monyunm snauenne C: 5=0+C uum
C =5.

12



1
CaenoBatenbHo, S(t) = 3 kt®+5 — rmckoMas 3aBUCHMOCTb.

1.2.5 HaiiTu ceMeiCTBO KpUBBIX, JJIsI KOTOPBIX TPEYTOJbHUK, 0Opa30BaHHBIN
oceto Oy, kacarenbHOW K KpWUBOW B MPOU3BOJILHON €€ TOYKE U paluyC-BEKTOPOM

TOYKM KacaHWsi, SIBIISIETCS paBHOOEApPEeHHBbIM. OCHOBAaHHUEM TPEYTOJIbHUKA CIYKUT
OTPE30K KacaTeIbHOM OT TOYKH Kacanus a0 ocu OY .

Pemenue. ITycts uckomoe ypasuenue kpusoii 0yaer Y = f(X). IIpoBeném ka-
carenpHyro MN B mpousBoibHOM Touke kpuBoii M (X,Y) 1o mepeceuenus ¢ 0Chio

OY B TOukKe N.
[To ycnoBuio 3amaun JOJDKHO OBITH cripaBeyinBO paBeHCTBO ON =OM ; HO

OM = /x* + y? ; u3 ypaBHeHus KacarenbHoil Y —y =Y - (X —X) Haxomum, monaras
X=0: Y=0ON=y-x-y'. B pe3ynprare nNpuxoauM K OJHOPOJHOMY YypPaBHCHHIO:

2
NXe+Y =y—xy nm y'= y_ A ,1+ y—2 . ITonaraem Y _u . Ilocne 3amensl U pasze-
X

X X
du dx
JICHHs IIEPEMEHHBIX MONy4aeM YPaBHCHHE ——=——-. WHTerpupys ypaBHEHHE,
Ji+u X

HaxoauM In ‘u + 1+ u?

PaTHYO 3aMeHy, HaXO/[UM OOIIIEE PEIIEHHE UCXOIHOTO YPABHEHHS Y +/X° + Y =C.

=InC —In|x

, OTKyzaa X-(u+\/1+ uz):C. Cosepmasi 00-

1.3 3aganus 1Jis1 pelieHus: HA MPAKTHYECKOM 3aHSITHH

1.3.1 Haiitu oOmmii uaterpan ypasaenus Incosydx + xtgydy =0.

1.3.2 Haiitu oOmee pemrenne qud@epeHnranIbHoro ypapHeHus yy' + x =1,
1.3.3 Haiitu oGumii uaTerpan ypasuenus 1— Yy dx+ydy =0,

1.3.4 HaiiTu yacTHblii uaTerpan ypasaenus Yy + xe’ =0, ecim y(0) =-1.

1.3.5 Haiitn uactHOe pemenne ypaBHeHms e~ dx+e”™dy=0, ecmm

y(In2)=In3.
1.3.6 Haiitu ob1iee penienne ypaBHEeHUS (X2 + yz)dx —xydy=0.

1.3.7 Haiitu oO1iee peleHue muddepeHnnanTbHOro YpaBHEHUS
y—=xy' =yin(x/y)
1.3.8 Pemmmts auddepennnansroe ypapuenue ydy + (X —2y)dx =0.

1.3.9 Pemnts quddepeHnnanbHoe ypaBHeHHE Y — Xy’ = XSECX, y)=r.
X
1.3.10 Pemmts ypaBHEHHE (y2 -3x° )dy +2xydx =0, npu ycnosun Y(1) =-2.
13



1.3.11 Pemuts ypaBuenue (X—Yy+4)dy+(X+y—2)dx=0.

2
1.3.12 Pemuth quddepeHipanisHoe ypapHeHne Y = &
1-2x-2y
, X+y-=-2 .
1.3.13 Pemute muddepeHnansHoe ypaBHEHUE Y = x_a’ Haiitn unTe-
y—X-

TpaIbHYIO KPUBYIO, IPOXOSITYI0 yepe3 Touky P, (1,1).

1.3.14 Pemuts  ypaBaenue 2(X+Y)dy+(3x+3y—-1)dx=0, npu 3amanHom
nayansaoM ycinosun Y(0)=2.

1.3.15 Haiitu kpuBy10, y KOTOPOH OTPE30K KacaTeIbHOU, 3aKIIFOUEHHBIN MEXK-
Ty OCSIMUA KOOPJIMHAT, ACIIUTCS MOTO0JIaM B TOYKE KaCaHWSI.

1.3.16 Haiitn nuHHIO, y KOTOPOH KBaApaT UIMHBI OTpPEe3Ka, OTCEKaeMOTo JIIO-
0ol KacaTeJIbHON OT OCH OpJMHAT, PAaBEH MPOM3BEICHNUIO KOOPAMHAT TOYCK KACAHWS.

1.3.17 MarepuanipbHasi TOUKa Maccoi B 1 & IBHXKETCS MPSIMOJIMHEHHO IO JICH-
CTBHUEM CHWJIbI, MPSIMO MPOTIOPIIMOHAIBHON BPEMEHHU, OTCUUTHIBAEMOMY OT MOMEHTA
BpeMeHu t=0, u 00paTHO MPOMOPIMOHAIBHONW CKOPOCTU ABUKEHUS TOUYKU. B Mo-
MeHT t=10c¢ ckopocTh paBHsitack 0, 5 m/c, a cuna — 4-10° H. Kakosa 6y/er cko-
pocThb ciycTs 30 CeKyH MOCJE Havallia JIBUKEHHUS ]

1.4 3apgaHus I KOHTPOJIHPYEMO caMOCTOSITeIbHOI padoThI

1.4.1 Halitu oOmiee pemieHue wiaud oOmwuil uHTerpan auddepeHnnaibHOro
ypaBHeHus. [Ipu pemiennu 3aaum HEOOXOIMMO YKa3aTh TUIT ypaBHEHUSI.

1411 (xy?=x)dx+(yx*—y)dy=0. 1412 y+1-x*—cos’y=0.
1413  (xy*+x)dx+(yx*+y)dy=0. 1.4.14 (@1+x*)dy=(9+y*)dx.

2 2
1415 Y= §¥y+ iz . 1416 (x+2)*dy—(y—3)%dx=0.
1.4.1.7 sin3ycosxdy =cos3ysinxdx. 1.4.1.8 (x-5)'dy—(y+1)°dx=0.
dx )
1.4.1.9 +ctgxsinydy =0.  1.4.1.10 e”®dy—xdx=0.

COS” XCOS Y
14111 (xy>+x)dx+(yx>+y)dy=0. 14112 3 = y;(y _

,  Cos(2x+ cos(2x —
14113 Yy - ( 3 y): ( 3 y). 1.4.1.14 (L+e*)xdx=edy.
cos’ y cos y
1.4.1.15 Yy +sin(x+y)=sin(x—y). 1.4.1.16 SINX-y'=Yy-COSX+2C0SX.
. 1-e") cosy 3
1.4.1.17 e*-tgydx= dy . 1.4.1.18 dx =2dy +cosydy.
& cos’ y y 1+ X2

14119 1+(@+y")-e’=0. 1.4.1.20 e*-sinydx+tgydy=0.
14



14121 x4+ y’d+ y@+x2dy=0. 14122 y-(Jx-y+x)-y=0.

14.1.23 J9-y?dx+y-v4—x*dy=0. 1.4.1.24 sec’x-tgy+y'sec’y-tgx=0.
1.4.1.25 x(y*+1)dx+y*(x* +1)dy=0. 1.4.1.26 y-In'y+y -/x+1=0.

dy +sin(x + y)dx =sin(x — y)dx

1.4.1.27 14128 3% +5°%.y' =0,

1.4.1.29 j—§+cos(x+2y):cos(x—2y). 1.4.1.30 In(cosy)dx+x-tgydy=0.

1.4.2 Halitu oOmiee pemieHue WM oOmmMi uHTerpan auddepeHnraibHOTro
ypaBHeHus. [lpu pemennu 3a1a4n HEOOXOAMMO yKa3aTh THUI YPaBHEHHSI.

1421 (X¥*-y?>)dy=2-x-ydx. 1422 y-(Iny-Inx)dx—xdy=0.
1423 (X-y'—-y)- arctg% =X. 1.4.2.4 § dy = § - e% dx + dx.
1425 (y+x)dy=(y—x)dx. 1426 xdy=y-(1-Inx+Iny)dx.
1.4.2.7 x-y’:x-cos¥+y. 1.4.2.8 Xdy=(y+x-sin%j dx.

1429 (¥*+2:x-y)dx+x-ydy=0. 14210 y=x-(y'-/e’).
14211 X-y+y* =2-x+x-y)-y. 1.4.2.12 2-\/x-y—y)dx+xdy=0.

1.4.2.13 x-y’+y-(ln¥—1):0. 1.4.2.14 (x2+y2)dx+2-x-ydy:0.

1.4.2.15 (y2—2-x-y)dx—x2dy=O. 1.4.2.16 (Xz—yz)dx+2-x-ydy:0.

14217 (x+2-y)dx+xdy=0. 14218 (2-x—y)dx+(x+y)dy=0.

;X

14219 2-x7-y'=y-(2-x" ~y*). 1.4.2.20 y=§+¥.

1.4.2.21 — 3y . 14222 xdy=ydx+x-cos? Y dx.
X dy =4/X°—y° dx+ydx y=y X

14223 Xx-y'=y+2-\y’+9-X*. 14224 x2dy=x-ydx+y?-e™ dx.

1.4.2.25 (1—%C08%de+cos%dy:0_ 14226 2-x*dy=(x*+y?)dx.

14227 xdy—ydx=ydy. 14228 (2x-y—y)dx+xdy=0,

14229 (y+/x-y)dx=xdy. 14230 Jy?+x2 dx=y dx—xdy.
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1.4.3 Haiitu o6muit nuaterpan nuddepeHnuanbHOro ypaBHeHusI.

1.43.1

1.4.3.3

1.4.3.5

1.4.3.7

1.4.3.9

1.43.11

1.4.3.13

1.4.3.15

1.4.3.17

1.4.3.19

1.43.21

1.4.3.23

1.4.3.25

1.4.3.27

1.4.3.29

2Xx—-3y+1
4x+y-5"
,  Ax+3y-7

y'=

y_2x—5y+3'

,  4x-5y+1
3X+y-4-
, _ 4X+2y-6

C3X+y-4

,  3Xx-=3y

S 2x+2y—4

,  BX+y-—7
8Xx+y-9
,  4x-5y+1

y_2x+7y—9'

, 2X+y-3
g XHy-3

X—=Yy
,  X—=5y+4

y_9x—4y—5'

, 6x-2y-4

C3X+y-—4

,  5X—-6y+1

y_7x+2y—9'

, X=1y+8
S 2x—y-1’
, 2X+Yy-3
CX+6y—7
,  2X-y-1
_Z;fng'
, _OX-y-4
S Ix+y-8

1.4.3.2

1.4.3.4

1.4.3.6

1.4.3.8

1.4.3.10

1.4.3.12

1.4.3.14

1.4.3.16

1.4.3.18

1.4.3.20

1.4.3.22

1.4.3.24

1.4.3.26

1.4.3.28

1.4.3.30

16

, 6x-0y+1
y_2x—y—1'
,  IXx=12y+5
© 3x+2y-5
, X+3y-—-4
BX+y—6
, Ix=3y-4
C4Xx-9y+5’
XY
= oxey 3
,  4x-y-3
Y sy =1
__ X=y
3x+2y-5'
,  X=3y+2
CX+y-2
,  BX+y-—7
S 3x+y-4°
,  3X+3y-6
C4X+5y-9°
,  3X-2y+1
y_5x+2y—7'
,  X+8y-9
y_4x—y—3'
, 6x-5y-1
y_2x+5y—7'
, b6X—-y-5
y:4x—y—3'
,  Ax+3y-7
C2x+y-3°

y

y

y

y

y



2 JUHEVHBIE TU®OEPEHIIUAJIGHBIE YPABHEHUS
ITEPBOI'O NIOPAIKA

Conep:xanue: uHelHbIe TU(PepeHIIMaIbHbIE YPaBHEHUS TIEPBOTO IMOPSIIKA,
ypaBHeHUe bepHyiuin, ypaBHEeHUE B MOMHBIX AU depeHIanax.

2.1 TeopeTuueckuii MaTepuaJl Mo TeMe NPAKTUYECKOT0 3aHATHS
2.1.1 JInneiinbie nuddepeHunanbHble YypaBHEHHUS MEPBOT0 MOPSIAKA

Omnpenenenue 2.1.1.1 YpaBaenue
y'+P(x)-y=Q(x), (2.1.1.1)

rae P(X), Q(X) — 3amannble QyHKIUM, KOTOPBIE SBISIOTCS TUHENHBLIMU OTHOCUTEb-
HO HEW3BECTHOW QYyHKIMH Y U €€ MPOU3BOJAHON, HA3BIBACTCS JIUHEUHbIM Oupdepen-

YUATIbHBIM YPAGHEHUEM Nep8o20 NOPSAOKdA.
Ecim Q(X) =0, To ypaBHEHME HAa3BIBAETCS IUHEIHBIM 0OHOPOOHBIM, B TIPOTUB-

HOM CJIy4ae — JUHEUHbIM HEOOHOPOOHBIM.

Cy1iecTBYIOT pa3IMuHbIC METOJIbI PEIICHUS TUHEHHBIX YPABHEHHM.

Jluneiinbie nudpepeHnraibHbpie ypaBHEHUS MOKHO HHTETPUPOBATh METOJIOM
BapHaIMU TPOU3BOJIbHOM MOCTOSTHHOM (MeToA Jlarpanxka).

[lycth 3amaHO HEOAHOPOIHOE JMHEWHOe auddepeHIuaIbHOe ypaBHEHUE
(2.1.1.1). 3anmcpiBaeM COOTBETCTBYIOIIEE OJHOpOAHOE ypaBHeHHEe Y +P(X)-y=0.

Paznensis mepemeHHble B OJHOPOAHOM YpPaBHEHHH, HAXOJUM €ro oOlllee peIIeHHE

y=C -e—J.P(x)dx

OO6miee penieHue HeOJHOPOIHOTO YPABHEHHSI MOKHO HAUTH UCXOJs U3 OOIIEro
pelIeHnsi COOTBETCTBYIOIIET0 OAHOPOIHOTO YpaBHEHUs 1o MeToay Jlarpanika, Bapb-

, e C —1pou3BOIbHAS TOCTOSTHHAS.

—J.P(x)dx
Upys MPOU3BOJIBHYIO MOCTOSHHYIO, TO €CTh, moyarast Yy =C(X)-e , tie C(x)—

HEKOTOpasi, moJIexkalas onpeaenacHuto, nuddepernupyemas GyHKIUS OT TEPEMEH-
ot X. Jlnsa maxoxaenuss C(X) moacraBisieM (QYHKIHMIO Y B MCXOJHOE YpaBHEHHE

[Poa =Q(x). Ortkyna

P(x)d
C(x) =IQ(X) -eI “¥x+C, e C —pou3BObHAd TocTosHHAsA. Torma Mckomoe

(2.1.1.1), 4gro mnpuBogut Kk ypaBHeHuio C'(X)-e

o0l1ee pelieHne HeoJHOPOIHOTO JIMHEWHOTO YpaBHEHHsI OyIeT HMETh BUJI
y=elPO” ( Q- el 7%y c) . (2.1.1.2)
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Jluneitnsie auddepeHmanbHbIe YPaBHEHNUS MOKHO UHTETPHPOBATH TAKXKE Me-
tofgoMm beprymmm. ITomaraem y=u-v, tome U=U(X) u V=V(X) IBe HEH3BECTHBHIE

byHKIIMA, TTpeoOpa3yeM UCXOTHOE YpaBHEHUE K BUIY
u-v+v-u+P(x)-u-v=0Q(x), (2.1.1.3)
HNJIN

u-v+u- (V' +P(x)-v)=Q(x). (2.1.1 4)

®dynkmuioo  V=V(X) HaxoguM KaKk YaCcTHOE pElIeHHe  YPaBHEHHS

V'+P(X)-v=0. Pa3nmenss mnepeMeHHbIe B ypaBHCHUH, HAXOIUM (YHKIUIO
- P(x)d
v=e Jeo ¥ VuuTBIBas, 4TO BBIPAXCHHE B CKOOKAX PABHO HYJIO, YPABHEHHE
P(x)d
(2.1.1.4) paBHOCHIBHO ypaBHeHHIO U -V =Q(X) miu U =Q(X) -eI 0 ", U3 KOTOPOro
P(x)d

HaxoxuM QyHKumo U=U(X): U= I Q(x)-eI “dx+C. YMHOKAs U Ha V, HAXOAUM
pemenue ypaBuenus (2.1.1.1) B Bune dopmynsl (2.1.1.2).

2.1.2 YpaBHuenue bepny/uiu

Onpenenenue 2.1.2.1 luddepennmanbuoe ypaBHEHHE
YV+P(X)-y=Q(X)-y* (¢eR,a#0,a=#1l) (2.1.2.1)

Ha3bIBAETCS ypasHeHuem bepnyniu.
VYpaBuenue bepHymin MoxkHO npeoOpa3oBaTh B JUHEHHOE YPABHEHHE, BBINOJI-

o 1-
HUB 3aMEHY HEM3BECTHOW ()YHKITUH MPHU ITOMOIIM 3aMEHBI Z =Y “, KOTOpas Mpeoo-

2"+ P(X)-2=Q(X).

[Ipu uHTETpUPOBAHNK KOHKPETHBIX ypaBHeHM bepHymm nx He 0053aTebHO
peoOpa3oBbIBaTh B JUHEHHOE ypaBHEHHUE, a Cpa3y MOKHO MPUMEHSTh JTUOO METO.
Bapualy MPOU3BOJILHON MOCTOSHHOM, 1100 MeTo1 bepHyiu.

pa3yeT UCXOJHOE YpaBHEHUE B ypABHEHUE

2.1.3 In¢pdepenumnanbHoe ypaBHeHUE B MOJHbIX AU depeHumnanax

Omnpenenenue 2.1.3.1 /Tluddepenunansuoe ypaBHeHHE BHUIA
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P(x,y) dx+Q(x,y)dy=0 (2.1.3.1)

Ha3bIBACTCS YPAGHEHUEM 8 NOIHbIX Ouepenyuanax, ecii ero JeBas 4acTb €CTh
HOJHBIH guddepenian HekoTopoit GpyHkmuu U(X,Y) .

Teopema 2.1.3.1 Vpapnenue (2.1.3.1) ¢ HenpepsiBHO auddepeHIpyEeMbIMUA
byaxmuamu P(X,y) u Q(X,Y) sBusercs ypaBHeHHEM B MOIHBIX auddepeHnmanax

TOraa v TOJIbKO TOT'Zd, KOI'la BBIIIOJIHACTCA YCIIOBUC

PR (2132)
oy OX
OO6mmii naTerpan ypaBuenus (2.1.3.1) HaxoauTCs MO OJHOM U3 CIEAYIOLIUX
dhopmyir:

IP(X, Y,) dx + TQ(X, y)dy=C (2.1.3.3)
Xo Yo
nJIn

JX'P(X, y) dx+Jy'Q(xO,y) dy=C, (2.1.3.4)
Xo

Yo

rae touka M, (X,;Y,) TpHHamIeKRuT obmactu ompeneienus ¢yskimit P(X,y) wu

Q(x,Y).

2.2 llpuMepsl penieHUs: TUMOBBIX 32124

2.2.1 Haiitu o01iiee perieHne ypaBHeHust Y — Y /X = X,

Pemenue. 3amanHoe ypaBHEHUE SIBISCTCS JHHEHHBIM TuddepeHnanTbHbIM
ypaBHEHHEM. PemuM ero MeTrogom Bapualydyd MPOW3BOJBHOM MOCTOSIHHOM (METO.

y

Jlarpamka). MHTErpupyeM COOTBETCTBYIOIIEE OJHOPOJHOE ypaBHeHue Y ——=0,
X

dy dx _
pa3leianuB IEepPeMCHHbBIC Ty ——=0, In ‘7‘ —1In ‘X‘ =InC, y=C-Xx. Haxogum permie-
y X

HHME UCXOIHOro HeomuopoaHoro ypasuenus B Buge Y =C(X)-X, rue C(X) — neus-
BecTHasl QyHKIHSI.
[MoxcraBnss B ucxonnoe ypapuenne GpyHkuuio Y =C(X)-X u €€ npousBoaHyIO
C(x)-x
X
C'(x)=1, orkyna C(X)=x+C. Takum o06pa3om, OOIIMM pEIIEHUEM HCXOJHOTO

y'=C'(X)x+C(x), mpuxomum k ypaBHenuto C'(x)-x+C(X)—

=X WIn

ypaBHenus Oyznet pynkmus Y =C(X)-X=(Xx+C)-x=x*+C-X.
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2.2.2 Haiitu wacTHoe penienue ypasaenus Y — ythx =ch?x, ecmu y(0) =1.

Pemenue. 3amaHHoe ypaBHEHUE SIBIsieTCS JUHEHHBIM TuddepeHnnanbHbIM
ypaBHeHHeM. Pemum ero mo merony bepnyiu. Ilonoxum y=u-v. Torma mocne

MOJACTAaHOBKM (YHKIIMM W €€ TPOU3BOJHONW TMOJydaeM ypaBHEHHE BHJA
u-v+v-u—-u-v-thx=ch’x wm Uu-v+u-(V —-v-thx)=ch?’x. Tlomaraem

dv
V' —vthx=0, orkyma — =thxdx; wunTerpupys, naxomum: In M =1In ‘Ch X‘ WIH
\"
v=ChX (TOCTOsSHHYIO MHTETPHUPOBAHKS HE BBOIMM, TaK KaK HaM JAOCTATOYHO HAMTH
¢GyHkuo V=V(X) KaK 4acTHOE pelIeHre YPaBHEHHUS).
Jlns onpenenenns dyHkimu U=U(X) pemmm ypaHenme U'-V=ch’X mm
u-chx=ch?x. OTkynma HaxoauM U =Ich Xdx+C =shx+C. YmHoxag U Ha V, 3a-

nuceIBacM oOliee pemrenue 3amxanHoro ypasHenus Y =chX-(shx+C). ITo navans-
Homy yenoBuio Y(0) =1 naxoaum npousBosbHyro moctosaayio C: 1=ch0(sh0+C),
orkyna C =1. CrnenoBarenbHo, HCKoMoe yacTHoe pemenue Y =Cchx(shx+1).

2.2.3 Haiitu o6miee perenue audhepeHIuanbHOro ypaBHEeHUs

) 1
 Xcosy+sin2y’

Pemenue. J[anHoe ypaBHEHHE HE SIBIISICTCS JIMHEWHBIM OTHOCHUTEIHHO (PYHK-
IIUU Y, OJTHAKO OHO MPUBOJUTCS K TMHCHHOMY YPAaBHEHUIO OTHOCUTEIIBHO X M X' :

X'—Xxcosy=sin2y.
[Monoxum X=U(Y)-V(y). Torma mociie MoaCTAHOBKH ()YHKLUU U €€ MPOM3-
BojHOW X =U'V+VU momydyaeM ypaBHeHHE BHma U'-V+V-U—U-V-COSY=SIiN2y
Wi U -v+U- (V' —v-cosy)=sin2y. Haiiném yukuuro V=V(Y) Kak yacTHOE pele-

dv

Hue ypaBHeHHs V' —vcoSy =0, otkyma — =cosydy. WHrerpupys ypaBHEHUE,
\"

HAXOINM: InM =siny umm V= e

st onpenenenust Gyskuuun U=U(Y) pemmum ypaBHeHue U'-V=Sin2y wuiu

siny

u-e™ =sin2y. Orkyma HaxoauMm U :jsin 2y-e ™ dx+C. IIpu moMomm mojcTa-

HOBKHU SINY =1 ¥ nmpuMeHss METO] MHTErPUPOBAHMS 10 YACTAM, ONpEAesieM PyHK-
o Uu(y)=-2-(siny+1)-e™"¥ +C. YMHOXas U Ha V, 3alMCHIBAEM 0OIIee pelie-
HHe 3aaHHOTO ypaBHeHus X(y) =-2siny—2+C-e™",

2xy  44]yarctgXx

1+x* 1+%°

Pemenue. JlanHoe ypaBHeHue siBiseTcs IUDPepeHIMaTbHBIM ypaBHEHUEM
bepnymm. IIpounrerpupyem ero merogom bepHymm, Ay 4ero mojaoxumM y=u-V.
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[ToncraBisiss B UCXOAHOE ypaBHEHUE Y =U-V U Yy =U'-V+V'-U, crpynnupyeM diie-

HEI, conepxcaume U B HCpBOP'I CTCIICHU.
2XV 4+/uv arctg x
u'v+u (v’ — = g .

1+x° V1+ X

[Tpumem 3a V Kakoe-1M0O0 YaCTHOE pEIICHUE YpaBHEHUS V' — 1
+ X

>=0. Pazne-

ﬂ:Zx—d)z(, OTKy/Ia InM:In(1+x2) I

IS I1 B HéM HepeMeHHBIe, HaxXoJUuM:
v 1+X

2 . 4<Juvarctg x
v=1+X". [lna HaxoxmeHus U MMeeM ypaBHEHHe U'V = ﬁ’ WK (TIOCKOJIb-
1+X

4-Ju arctg x
——— . PazniensieM nepemMeHHbIe U UHTETPUPYEM:

xy V=1+X*) u'v=
Y ) 1+ x°

2

du  2arctgx du 2arctg x ) )
= dx = dx, =arctg°x+C, u=(arctg°x+C
2Ju 1+ x° I 2Ju I 1+ x? u g X+ ( g x+ )

Takum o6pazom, y = (1+ X’ )(arctg2 X+ C)2 — o0l111ee pelieHrue ypaBHeHUSI.

2.2.5 Haiitu o6muii uaterpan ypasuenus (X + Yy —21)dx+ (e’ +x)dy =0,

Pemenue. B ycnosum 3amaum: P(X,y)=X+y-1, Q(x,y)=¢’+Xx, a—:l’
y

OX
JTAHHOE ypaBHEHUE SIBJISIETCS ypaBHEHHUEM B TOJHBIX Auddepenimanax. Halném o0-

mui uaTerpan no ¢popmyne (2.1.3.4), nonoxus B Hell X, =0, y, =0.

X y X
j(x+y—1)dx+jeydy=C0, (%x2+xy—x)
0

0
[Toxcrasisis mpeebl UHTETPUPOBAHUS, HAXOIUM OOIINIA UHTETpall ypaBHEHUS

0
Q =1, takum oOpaszom, yciioBHe MOJHOrO AuddepeHinana BhIIOJIHEHO, TO €CTh

y
+ey‘ =C,.
0
0

x*/2+xy—x+e*=C,rme C=C, +1.
2.2.6 Cuna Ttoka | B menu ¢ compotmBienreM R, mHmyknmeir L u smekTpo-

aBwokymier cuiaor E =kt, xoTtopas mpomopruoHalbHA BPEMEHH, YJIOBJIETBOpPSET

muddepeHranbHOMY YpaBHEHHUIO

LY RaE,

dt

HaiiTi 3aBucuMocTh cuitbl Toka | oT Bpemenu t, cuuras conpotuBieHne R u
MHAYKIHIO BEJIMUYMHAMU MTOCTOSIHHBIMU, a CUJjia ToKa | B HadalbHBII MOMEHT Bpeme-

HH paBHaA HYIIIO.
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I
Pemenne. JluddepennunansHoe ypaBHEHHE L-(;—t+ R-1=Kk-t sBusercs nu-

HEWHBIM, TJie HEM3BECTHOM (yHKImel sBisercs cuina Toka | (t). [omoxkum | =u-v.
Torma, mocie MOACTaHOBKM (GyHKIUHM | ¥ €€ MpOW3BOAHON IMOTydYaeM ypaBHCHHE
Buma L-u-v+L-V-U+R-u-v=ch®x wm L-u"-v+u-(L-V'+R-v)=k-t. ITonara-

em L-v'+R-v=0, otkyna ﬂ:—%dt; UHTETPUPYS, HAXOTUM: In‘v‘:—%dt 17001
\'

R
it
v=e ' . Jlns onpenenenuss pynkuuu U=U(t) pemmm ypaBHenwe U'-V=K-t wimm
R

. k Ry k kL
u-et =k-t. Orkyga HaxoauMm u:EIteL dt+C = (Rt—R—jeL +C (mpu

HaXOXKJICHUU HWHTErpaja HCIOoJIb30oBanach (opMmysia WHTEIPUPOBAHUS IO YACTSIM).
YMHOkass U Ha V, 3amnuchiBaéM oOIIee peuieHue 3aJaHHOTO YpPaBHEHHS

R
I(t)—% t—% Ce L. o navansaoMy ycinosuro |(0) =0 maxoaum npoussosb-

k-L

Hyto nocrosiHHyto C: 0=— -—. CrenoBarensHo, UCKOMast

3aBUCUMOCTb MCIKIY CHJIOM TOKa U BpeMeHCM HUMECT BHU ]

kL kL R
I(t)_— t—?‘F?e L .

2.3 3apanus AJ1s1 pelieHUsl HA MPAKTUYECKOM 3aHATHH

2.3.1 Haiitu ob1ee pemenne ypapHeHus Xy — Y = X° COSX .
2.3.2 HaiiTtu ob1iee pemeHue ypaBHeHus Y cOS” X+ Y = tgX.
2.3.3 Haiitu o01iee penieHue ypaBHeHus: Y’ COSX+ Yy =1—sinx.

2.3.4 HaiiTu 9acTHOE pelleHue ypaBHEeHUs Y’ — 4y _ 74 ,ecim Y(1)=0.
X X

2.3.5 N3 cemeiicTBa MHTErpaibHBIX KPUBBIX NTUDPEPEHIIMATBHOIO YPAaBHEHHUS
y'+2xy = 2x% ™ Haittu KPHBYIO, poxoisILyto uepe3 Touky M, (0;1).
Yy
y'+2x
2.3.7 Haiitu ob1mee pemenue ypapHenus 4xy’ +3y = —e*x*y®.
2%y 4\5 arctg x.

2.3.8 HaiiTu o61ee pemieHue ypaBHeHHS Y — > =
1+X 1+ x?

2.3.9 HatiTu o01iee pemeHne ypaBHCHHSI (X2 Iny— X)- y'=y.

2.3.6 Haiitu o01iee perenne ypaBHeHus Y' =
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2.3.10 Haiitu qacTHOe perrenne ypaBHerns Y + Y = e 2\/9 ,ecimu Y(0) = % :

X’y

2.3.11 Haiitu yacTHOe pelleHHe ypaBHEHHS Y +— 1 y2(x* +1)sinx, ecim

y(0) =1.
2.3.12 Haittu obmmii maTerpan ypapHeHns (X° +sin y)dx + (xcosy +1)dy =0.

2.3.13 Haiitu o6mmuii naterpan ypasaenus ye dx + (y +e*)dy =0.

2.3.14 Haiitu yacTHblii uHTErpan ypaBHeHus Ye dx+ (y-+e*)dy =0, opu 3a-
nannoM HayansHoM ycinosun Y(0)=2.

2.3.15 Haifti 4acTHbIii mHTerpan ypaeHeHus (2y—3)dx+(2x+3y*)dy =0,
U 3aJaHHOM HadanbsHOM yenosun Y(2) =1.

2.3.16 Haiftu nuHMIO, y KOTOPOIl HauajabHasl OpAMHATA JIOO0W KacaTeIbHOU Ha
JIBE €IMHUIIBI MacIITaba MEHbIIE a0CIIMCCHl TOYKH KacaHusl.

2.3.17 HaiftTu TOK B KaTylIKe B MOMEHT BpeMeHHU t, eciii €€ CONMpOTHBICHHE
paBHO R, MHIyKTHUBHOCTH paBHa L, HauanbHbI TOK |, =0, 3nekTpoABIKyIIas cuia

MCHACTCA I10 3aKOHY E= EO sin wt , d IAJACHUC HAIIPSKCHUA BOOJIb IIPOBOAHHUKA PaB-

HO L-d—I+R-I.
dt

2.4 3aganusi VI KOHTPOJMPYEMOii caMoCTOSITeIbHOI PadoThI

2.4.1 Haittn yacTHoe pemieHue nudQepeHraibHoro ypaBHEHUS, KOTOPOE
yIIOBJIETBOPSIET HAYaJIbHOMY ycioButo Y(X,) =Y,. IIpu pemenun 3amaun HeoOX01u-

MO y1(a3aTB THUII ypaBHeHI/IH.
Xx+1)y +y=x 'sin X — yCcos X =sin®x,
24.1.1 {( ) 24.1.2 y y
(0)=5. y(7/2)=1/2.

y COSX = ysmx+cos X,

2.4.1.3
y(37/2)=-1/4.

2414

= X +arcsinx,

{ {
{y«» ; 2z {Yorens

{ o

- |

X-y'+y-3-sinx=0,
y(z12)=21r.

(1+x )y —2xy = 3X 1+ x?)?,

24.1.7

24.1.9



(x+1)-y'+y=x>+x°, X-y —2-y+x?=0,
24.1.11 { y y= 2.41.12 { y y
y(0)=0. y@®) =0.
{XY+Y sinx, (ﬁ—ﬂ-y—xy:xawg
24.1.13 2.4.1.14
y(z12)=21n. y(\/§)=1
1-x +Xx-y=1 ". ctgx 2C0S” X - ctgx
2.4.1.15 {( ) y y 2.4.1.16 {y -y J
y(0 y(0)=0
=2-X-y+3 '_2.x.y=x.e X
24117 { Y 24118 (Y ZXy=xeET,
y@®=-1 y(0) =0.
2. X _ X-y +y=Inx+1
24119 |V 3Xy-xet=0 2.4.1.20 { y+y=
y(0) =0. y@)=0
' t =2
y —y-t1gx=secx, yﬂﬂnx—ywmsx=—sm2&
24121 |y(0)=1. 2.4.1.22 X
y(z/2)=2/x.
sin2xdy=2- (y—rcosx)dx , - x—2x?
24123 |y — 24124 Y =2-y-sIN°X+2-x-8 %,
T
y y(0) =0.
1 2x -1 -y —e* =0,
2.4.1.25 {X (X=1)-y'+y= x (2x=D), 2.4.1.26 {X y+y-e
y(2)=4. y@) =e.
—2. t "+2.y-tgx = X - cos®
2.4.1.27 y—enyrelgx= sin®x, 2.4.1.28 y ey Igr= X008 X
y(z12)=0. y(0) =1.
y' —y-CoSX =-sin2x, {x-y—y+4nx=0x
2.4.1.29 2.4.1.30
{Wm=3- y@) =2

2.4.2 Pemnts 3amayy Komm npu 3aganHoM HavaiasHoM yeaosuu Y(3) =M, roe

yuciao M — HoMep BapuaHTa. [lpu pemeHun 3agaHus HEOOXOAMMO YyKa3aTh THII
YpaBHEHUSI.

3 3 1 —4x
2.42.1 fﬁ“&lch%. 2422 y+axy=FDE T
X X y
, X o
2423 y+y=xy 2424 y—y—ye2
2Xy Py —
4.2. — =,y -arctgx. 4.2, y +X= :
2425 Y-~ Jy -arctg 2.4.2.6 Ty
2427 Y+ th 2428 2x°yy +3x%y*+1=0.
X COS X

24



2429

24.2.11

2.4.2.13

2.4.2.15

24.2.17

2.4.2.19

24.2.21

2.4.2.23

2.4.2.25

2.4.2.27

2.4.2.29

, X
Yy +y:—2.
y

X(x=1)-y'+y’=x-y

y' +y’cosx=y.

y'  2X
—3+—2:2X3.

y y

2X 2X

,:yzlnx_l
3x  3x

y,_3_y__(5x2 +3)y°

y'—y=2y°x.

!

y
x—-1

Xy ,2

Xy
+——=¢

x—-1 y
y'+2xy =2x°y°.
Y +y=yX.

3xy’ +5y = (4x-5)y*.

24.2.10

24.2.12

24.2.14

24.2.16

24.2.18

2.4.2.20

2.4.2.22

24.2.24

2.4.2.26

2.4.2.28

2.4.2.30

xy'+y=y’Inx.

2.4.3 Haittu o6mwmii uaTerpan nudepeHnnanibHoro ypaBHEHUS.

243.1

2.4.3.3

2435

2.4.3.7

X

2

1+5 |ax+ X —Xe'dy-o0.

2

y y

(x® + xy?)dx + (x°y + y*)dy =0.

ZX—%jdx—(Zy—ijdyzo.
X

X

4

X x3

2
iz+3ijdx—2ydy:0.
X

243.2

2434

2.4.3.6

2.4.3.8

25

, 3 =2x-y
X—2y—-3y?

L 3x* + 6xy?
6x°y +4y°®

2x(1+ﬂ).

2

X"—y
y,__3y2+2xy+2x
6xy+x°+3

!

y:




2.4.3.9

243.11

2.4.3.13

2.4.3.15

2.4.3.17

2.4.3.19

24.3.21

2.4.3.23

2.4.3.25

2.4.3.27

2.4.3.29

sin2x+xydx__y3—sin2x

dy.
y y*
e Ydx+ (1—xe¥)dy =0.
e’dx + (cosy + xe’)dy =0.
2
(Iny—2x)dx+ X=2y dy =0.
y

3-x*-eY+(x*-e'=1)-y' =0.

2Xdy2:( 2 y 2_1jdx'
X2+y? \xP+y

1+2xy dx + 2 % dy =0.
X2y Xy

(3x* +4y*)dx = —(8xy +e”)dy.

tgx dXJ{y—In(cosx)jdy:O.
y

(3x*y? + 7)dx + 2x°ydy =0.

(xy? = x¥)dx + (x*y — y)dy =0.

2.4.3.10

24.3.12

243.14

2.4.3.16

2.4.3.18

2.4.3.20

2.4.3.22

24.3.24

2.4.3.26

2.4.3.28

2.4.3.30

(2x—y)dx+(2y —x)dy =0.

, 2xcos’y
~ x2sin2y -2y’
. X2 =3xy?
C3xty—6y: -1
2xdx  y*—3x°
+

3 4

y y
(2x® —xy?)dx = —(2y® — x*y)dy

dy=0.

e’ dx+(x-e’—2-y)dy=0.

2
%_x+2y dy=0.
y y
(er%jdx—ﬂ:O.
X X
,__ e'siny+x
e*cosy+y
2
ﬂ—xiy dy=0.
y y

xe' dx = —(xzyey2 + tgzy)dy.

3 ANPPEPEHIIMAJIBHBIE YPABHEHU S BBICHIET'O ITIOPAAKA

Conep:xanue: guddepeHuuaibHble YpaBHEHUS! BBICIIETO MOPSAKA, TOMYyCKa-
IOLLIME TOHMKEHHUE MOPSIKA.

3.1 Teoperuyeckuii MaTepuaJj Mo TeMe NPAKTUYECKOT0 3aHATHSA

3amaua uHTETpUpOBaHUs AU(GEePEHITUATHHBIX YPAaBHEHUN BBICIIUX TMOPSIIKOB
3HAUUTETFHO CJIOXKHEEe 3a7aud perieHus nudQepeHnnanbHbIX YpaBHEHUN TEPBOTO
nopsinka. PaccMoTpuM HeKoTOpbIe TUTBI MU PEPEHIMATBHBIX YPaBHEHUN BBICIITUX
MOPSAJIKOB, JONMYCKAIOWINX IOHWXEHHWE MOopsiaka. Teopema CyleCTBOBAaHUS U €IWH-
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CTBEHHOCTH perieHus 3amaaun Komm st ypaBHEHUH 3TOTO TUMA (HOPMYIUPYETCS
TaKXke, KaK U JJIs JII0OBIX ypaBHEHHM BhICIIETO mopsiaka (teopema 1.1.1.1).

1. Vpasuenue muna y™ = f(x).
Ob6mee pemenue auddepeHIINATLHOTO YPAaBHEHUS HAXOJUM METOIOM
N-KpaTHOTO MHTETPHPOBAHUSA. YMHOXKass 00e ero yactd Ha dX M MHTErpupys, MOy-

yaeM ypaBHeHue (N —1)-ro mopsaxa: y" P = j y™Mdx = J. f (x)dx = ¢,(x) +C,. ITosTo-

psisi 9Ty OTEepaIHio, MPUXOANM K ypaBHEHHIO (N —2)-TO MOpsIKa:
y" ) = _f y"Ddx = _f(gol(x) +C,)dx =g,(x) +Cx+C,.

ITocne N-KpaTHOT'O HHTCTPUPOBAHUS I1OTy4aCM 0611166 PCHICHUC YPABHCHHA:

y=¢,(X)+CxX""+Cx"?+..+C _x+C_,

rac Ci (I :1, n) — IIPOU3BOJILHBIC ITIOCTOAHHBIC BCIIMYNHLBI, CBA3aHHBIC OHpeIIGJIéHHI)IM

o6pa30M C IIPOU3BOJIBHBIMU ITIOCTOAHHBIMU 3HAYCHUAMUA Ci .

2. Ypasnenue muna F(X, y(k),y(k”),...,y(”)):o, HE cojeprKaliee sIBHO MCKO-

My0 QyHKIHIO Y U ¢€ mpou3Boanbie 10 (K —1)-ro mopsaka BKIIOUYNTEIHHO (k =1n ) :

[Topsimok Takoro muddepeHIMaTbHOTO YpaBHEHUS MOKHO TOHU3HTH, B3SIB 32
HOBYIO HEU3BECTHYIO (DYHKITMIO HAUMEHBIIYIO U3 TTPOU3BOIHBIX JAaHHOTO YPaBHECHMSI,
TO €CTh IOJOXKXHUB y(k) =2Z. Torga mojay4yuM ypaBHEHHE F(X,Z,Z’,...,Z(”_k)):O. Ta-
KHM 00pa3oM, TOPSA0K YpaBHEHUS MOHU3MWIN Ha « K » equnui. Eciu ynactes HaiTh
oOimee  pemieHHe  UCXOAHOTO  audepeHInanTbHOTO  ypaBHEHHUS B BHJE
7= (p(X,Cl,(.“,z,...,Cn_k ) , TO IPUXOAUM K TuddepeHInaIbHOMY YPaBHEHUIO BBICIIIETO
TopsiJiKa, JIOITYCKAFOIIETO MTOHVKCHHE TopsiJiKa, IEPBOTO THUIIA:
z=y" =¢(x,C,C,,....C, ), PCLICHHE KOTOPOr0 HAXOAMM K-KpaTHBIM HHTETPHPO-
BanueM. B wactaocty, ecim N=2, K =1, To mocie 3aMeHbI IEPEXOIUM OT ypaBHEHUS
BTOPOTO MOPSAKA K YPABHEHUIO ITEPBOTO TOPSIIKA.

3. Vpasnenue muna F(y, Yy, y”,...,y(”)):O, HE cojepKallee SIBHO HE3aBHCH-
MYIO TIEPEMEHHYIO X .

[Topsinok storo nuddepeHnanbHOro ypaBHEHUS! MOKHO MMOHU3UTh, €CJIA BbI-
noJHUTH 3aMeHy Y = p(y), rae Yy paccMaTtpuBaeTcs Kak apryMeHT ¢ynkiuu Yy . B

aToM ciydae Y, y”,..., mo npaBuiaaM qudGepeHIMPOBaHUS CIOXKHON (QYHKIIUH, BbI-
pazsitcst o hopmyam

" dp " ,d 2 p dp ‘
H
y P dy y g dy2 P dy
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Y TaK gasee. B uTore BMECTO MCXOTHOTO YPAaBHEHUS ITOJIy4aeM YPaBHEHHUE BHIA

dp de dn—lp
F y M ey :0.
1£y p dy dy2 dyn,l

Ecnu mocnennee ypaBHEeHUE MMeEET OOIee pelieHue P :(p(y,Cl,Cz,...,Cn_l),

rone p= d—i, TO AJI HAXOXKACHHA O6HICFO HHTCIpajia UCXOAHOI'O YpaBHCHUA Heo0Xo0-

AUMO Pa3acCiInTh IIEPCMCHHBIC U PCIIUTD ITOJIYUYCHHOC YPABHCHHUC

dy
=|dx wm ®(y,C,,C,,....C ,)=x+C,.
jcu(y,Cl,CZ,...,cnl) J (¥.C.C, )

B wactHOCTH, €ciii N =2, TO MOCJIE€ 3aMEHBI IEPEXOIUM OT YPaBHEHHUS BTOPOrO
MOpsIJIKa K YPAaBHEHUIO IEPBOTO MOPSAIKA.

3.2 IlpuMepsl penieHUsi TUMOBBIX 32124

m

3.2.1 Haiftu yactHoe penieHue ypaBHeHUs Yy" =24X—16C0S2X, yAOBIETBO-
psroriee HayanbHbM yeaosusM Y(0) =3, y'(0)=8, y"(0)=6.
Pemienne. JlanHoe ypaBHEHHE, KOTOpoe sIBIIETCS U hepeHINAIbHBIM ypaB-

HEHUEM BBICUIETO IOPAIKA, TOMYCKAIONEe MOHMKEHUE NIOPAIKA, OTHOCUTCS K ypaB-
HEHUIO niepBoro tuma. Hanném ero pemenne myTéM TpEXKPATHOTO UHTETPUPOBAHUSL.

UuTterpupyeM ypaBHeHue: Y = I (24x —16c0s2x)dx +C, =12x* —8sin2x +C, .
Hcnons3ys nagansHoe ycnoBue Y”(0) =6, momyuyaem, uro C, =6, a, cienoBarenbHoO,
y" =12x* —8sin2x + 6. UaTerpupyeM momydenHoe audhepeHmansHoe ypaBHEHHE:
y = J'(12x2 —8sin2x +6)dx = 4x° + 4c0s2X + 6X + C,. Vcnonb3ys Ha4aabHOE YCIIO-

Bue Y'(0)=8, nomyuaem, uto C, =4, a, cnefoBatensHo, Y =4xX® +4C0S2X +6X + 4.

NuTerpupyemM TONy4eHHOE YypaBHEHHE: Y = j(4x3 +4c0s2X+6Xx+4)dx+C; =

y = X" +2sin2x +3x* + 4x+C,. Hcnons3ys HauansHoe ycrnosue Y(0)=3, momyua-

em, uyto C,; =3, a, caenoBareibHO, Y = X* 4+ 2sin2x + 3x? + 4x+3 — wacTHOE perie-

HUE UCXOTHOTO YPAaBHEHHSI, YIOBJICTBOPSIONICE HAYAIbHBIM YCIOBHSIM.
3.2.2 Haiitu obuiee peuienue nuddepeHiuansHoro ypasaenus Yy =y'/X.
Pemenue. Jlannoe ypaBHEHHE, KOTOpoe sIBIIeTCS U hepeHInaIbHBIM ypaB-
HEHHEM BBICIICTO MOPSIKA, JOMyCKAOIIee MOHMKCHUE MOPSIKA, OTHOCUTCS K ypaB-
HeHHo BToporo tuna. CruenaeM 3ameny Y' =z, toraa Yy' =27'. [lonydaem muddepeH-
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[[MaJbHOE ypaBHEHHE MEPBOTO MOpsAKAa Z' =Z/X, KOTOpOE SBJSIETCS YPaBHEHHEM C
pa3leAIoIMMUCA TIEPEMEHHBIMU. 3anucaB 3TO ypaBHeHHE B AuddepeHnaIbHOMn

dz dx
dbopMe U pa3zieuB MePEeMEHHBIC, MOJydaeM PaBHOCHUIbHOE ypaBHeHHEe — = — . VH-
Z X
dz dx
TErpUpPYEM TIOCIICIHEE ypaBHCHHE: _[_: —+InC,, In‘z‘: |n‘x‘+|n C,, z=CxX.
z X

BosBpamasce k nepeMeHHOW Y, npuxoauM K ypaBHeHuio Yy =C X. 3 Hero Haxo-

UM 0011Iee pellieHrne UCXOJHOTO YPaBHEHHUS: Y = J. C.xdx =Cx? / 2+C,.

12
3.2.3 Haiitu o6miee pemienue auddepeHuaibsHoro ypaBHeHus y" = ~—.
y
Pemenne. Jlannoe ypaBHEHHE, KOTOpoe sIBIeTCS TU(PdepeHINAIbHBIM ypaB-
HEHHEM BBICIIECTO MOPSIKA, JOMyCKAOIIee MOHMKEHUE TIOPSIKa, OTHOCUTCS K ypaB-

) d
HECHUIO TpeThero Tuma. Beimonnus 3ameny Yy = p(y), ¢ yuérom toro, 4to Yy" = p—p,
dy
dp _ p’
noiayyuM U QepeHIralbHOEe ypaBHEHHE IIEPBOT0O MOpSIKa pd—z—, KOTOpOE
. h_o s P_P
PaBHOCWJIBHO COBOKYIHOCTH ABYX ypaBHeHHid P=0 u YIRS [lepBoe ypaBHeHME,
y
nocyie oopartHoii 3ameHbl, npuHuMaeT BuI Y =0, a ero pemenune Y =C. Paznenus
dp _dy
NepeMEeHHbIE BO BTOPOM YPaBHEHUU — = —— W MHTETPHUPYs €0, HAXOAUM peIleHHE

ypaBHeHus: P=C,y. YuutbBasg, uto pP=Y', npuxoauMm K auddepeHaIbHOMy

d
ypaBHeHHIO TiepBoro mnopsiaka Y =Cy wunm —yzCl dx. Marerpupyem mocienHee

Cix

ypaBHEHHE! Id—jolj.dXHnCz, Inly|=Cx+InC,, y=C,e™. Oynkunun y=C u

y=C, G
3.2.4 Temo Maccel M MajaeT 1Mo BEPTHKAIM ¢ HEKOTOPOM BBHICOTHI 0€3 HaYaIb-
HOU ckopocTH. [Ipu mageHun TEIO0 UCHBITHIBAET CONPOTUBICHHUE BO3/yXa, MPOMOP-
LHOHAJIBHOE KBAIPATYy CKOPOCTH Teiia. HaTh 3aK0oH ABMKEHUS Tea.
Pemenue. [1o Bropomy 3akony HeroToHa monmydaem crenyroriee auddepeHim-

SABJIAIOTCA O6H_[I/IMI/I PCUICHUAMHU UCXOOHOTO YPABHCHMA.

) d’s dv
aJIbHOE YpaBHCHHE JIBMIKCHHS Teja: Ma=mg —kv® wium mF =mg —k R BrI-

S
MOJTHUM 3aMEHY E:V. B pesynbrare monyuum auddepeHnranibHoe ypaBHEHUE
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mg

dv k , )
nepBoro mnopsaka: — =g ——V°. Otkyaa, nojaras T:b , TTIOJIyYUM ypaBHEHHE
m

dt
dv

=—dt . Uarerpupys ypaBHeHUE, HAX0AMM 00IIHid nHTEerpai (V<b):

b?>—v? m
1 In brv_ Et +C,.
2b b-v m
YuauteiBas, uto V(0) =0, momyuaem C, =0. Takum oOpazom, InELV = %t
-V m

bk
w V=Dbth—t. 3amenss v gepes e MPUXOUM ISl ONIPEACIICHUS S K ypaBHE-
m

HUIO ((jj—? =Dbth %t . UaTerpupys ypaBHeHue, onpenensiem S :
m

S :mlnch%HC2 :mlnch,/k—gHCZ.
k m K m

Vuureisas HauansHoe yeinosue S(0) =0, naxoqum C, =0,

Wtak, 3aK0H MaJieHusl Tea TPy CONPOTUBIICHUU BO3AYyXa, MIPONOPLIMOHAIBHBIM
KBaJpaTy CKOPOCTH, OMUCHIBAECTCSI POPMYIION

s =Minch /k—gt.
k m

3.2.5 Haiitu nuHuI0, Y KOTOPOH paanyc KpUBU3HBI paBeH KyOy Hopmaiu. W3-
BECTHO, YTO JIMHUS MPOXoauT uepe3 Touky M, (0,1) u umeeT B 3TO# TOUKe Kacaremb-

HYIO, KOTOPAsi COCTABIISET ¢ OChIO abcrmce yrom 135°,
Pemenne. Tak kak paguyc KpUBU3HBI IJIOCKOW KPUBOM BhIpakaeTcst (popMyoit

(1 +y"? )3/2
y'

HUE OyJIeT UMETh BUJT

T
R= , @ n1Ha HopMau N = y(1+ y 2) , To nuddepeHmanbHoe ypaBHe-

! 3/2 ",
OTtKkyna, COKpaThB Ha (l+ y 2) , IPHXOIMM K ypaBHeHHIo Y'y° =1,
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dp

[MomoxkuB Y = p(y), Y'=p 3—5, NPUXOJUM K YPAaBHEHHIO P d_y y® =1. Unre-

dy 1 2 1 1
IpUpPYsl €ro, HaXOIUM: pdsz WIn Epz :_Z_yZ+ECl’ TO ecTh P’ =C,-—.

o 2
Bo3Bparmasck K mepeMeHHOI Y, MPUXOAUM K ypaBHeHHIo Y'* =C, —— .

y

HpOI/IBBOJII)HYIO ITOCTOAHHYIO Cl HaﬁﬂéM H3 yCIOBUs, YTO KAaCATCIIbHAA B TOY-

ke M,(0,1) cocraBusieT ¢ OCbIO aOCHUCC YroJ 135% y'(0)=tg135° =—1. CuemoBa-
tenbHO, 1=C, -1 wim C, =2. TakuMm oOpa3om ais onpeneiacHuss GyHKIUU Y TOIy-

1
ueHo audQepeHIuanbHoe YpaBHEHHE TIIepBOTO mopsgka Y’ =2—-— WM
y
2y -1
"= y— Paznensem mepeMeHHbie &z—dx U UHTETPUPYEM ypaBHE-

Y= y J2y? -1

HUE: %\/Zyz—lz—xntCz W y2:2(C2—X)2+% (mpu yciosun C, —x>0). Tak

xak no yenosuro Y(0)=1>0, to y:\/Z(CZ—X)Z+% uC,>0.

HpOI/IBBOJII)HYIO ITOCTOAHHYTO C2 OIIpCACIAACM U3 YCIIOBHA IIPOXOKIACHHUA JIHN-

uuu gepes Touky M (0,1), To ects 1= \/Z(Cz -0)° +% i C, :% :

Takum 006pa3om, UCKOMasi JIMHUSI ONIPEACIIACTCS YpaBHEHUEM

y=v2x"—2x+1.

3.3 3aganusi 1S pellleHUs] HA MPAKTHYeCKOM 3aHATHH

14

3.3.1 Haiitu ob1ee pemenne ypapHenus Yy”sin® x =sin2x,

"n

3.3.2 Haiitun yacTHOE pelleHne ypaBHEHUS = Xe* TpHW 3aJaHHBIX HAYAIb-
y

ubix yenosusx Y(0)=0, y'(0)=2, y"(0)=2.

3.3.3 Haifty uacTHOe pelleHHMe YpaBHEHHs Y'° =COS°X TpH 3aJaHHBIX
HavanpHbIX yeaoBusax y(0)=1/32, y'(0)=0, y"(0)=1/8, y"(0)=0.

3.3.4 Haiitu o6mee pemenue ypapHerus (L—x?)y” —xy' = 2.

3.3.5 Haiiti yacTHOe pemenne ypasaeHns (X—1)y” —y' = x(x—1)° npu 3anas-
HBIX HayajbHBIX yenoBusax Y(2) =1, y'(2) =-1.
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3.3.6 Haiitu obmiee pemenue ypapHeHus Yy —y'> = y?Iny.

3.3.7 Haiftu wacTHOe pemeHue ypasHeHus Yy'—Yy°=0 npu 3aJaHHBIX
HavanbHbIX yenosuax Y(0) =1, y'(0)=2.
3.3.8 Haiitu o6mee perrenue ypaBaenus Xy” =V’ -In(y'/ x).

3.3.9 Haifru obmee pemenue ypasnenus Y’ =(1—y'? .

3.3.10 Haiitu uactHOe pemieHue ypaBHeHus Y'+2yy° =0 npu 3aJaHHBIX
navanbHbx yeaosusx Y(0)=0, y'(0) =-3.

3.3.11 Halitu ypaBHEHHE JMHUH, JJIsI KOTOPOU MPOEKIUS paanyca KPUBU3HBI
Ha OCh OPAMHAT €CTh BEJIMYNHA MTOCTOSTHHAS.

3.3.12 Halitu nuHUIO, JJIMHA TyTH KOTOPOM, OTCUMTHIBaeMas OT HEKOTOPOU
TOYKH, IPOMOPIIMOHATIFHA YTII0BOMY KO3 (PUITMEHTY KacaTeIbHOW B KOHEUHON TOUYKE
TyTH.

3.3.13 Haiitu 3aKOH NPSMOJIMHEHHOTO JBUKEHUS MATEPUATBLHON TOUKH MAaCCHI
M, eciii U3BECTHO, UTO padoTa CHJIbI, ICUCTBYIOIIAs B HAlIPABJICHUHU JBUXKEHUS U 3a-
BHCSIIAs OT TYTH, IMPOIMOPIHOHAIFHA BPEMEHHU, MPOTEKIIEMYy ¢ MOMEHTa Hadaia
TIBYDKEHUS.

3.4 3aganus 111 KOHTPOJIMPYEMOii CaMOCTOSITeIbHON padoThI

3.4.1 Haiitu o6miee perenue audhepeHImanb-HOro ypaBHEHUS.

3.4.1.1 xy"=y'In(y'/x). 3412  xy"+y =In(y/x).
3.4.1.3 y'tgx—y'=1. 3414  xy"—-y =x%",
3.4.1.5 X2y +xy'=1. 3416  xXy"+xy =1
3.4.1.7 xy" +y"=1/Jx. 3418 xy"+y=Inx.
3.4.1.9 y'Inx—y'/x=0. 34110 xy"-2y"=-2/%%.
3.4.111 (L+ x*)y"+2xy’ =12x°. 34112 x'y'+x’y'=4.
34113 (X+Dy"+y"'=(x+1). 34114  xy"+y =+X.
3.4.1.15  y'—2y'ctgx =sin’x. 34116 y"+y"/x=1/\x.
3.4.1.17 (X +1)y"+2xy' =X 34118 xy"-y"+1/x=0.
34119 Yy -y/(x-1)=x"-x. 3.4.1.20 2xyy'-y?=1.
3.4121 Y +2xy'/(xX* +1)=2x. 34122 xy"-y"=0.
34123 (1+x*)y"—2xy'=0. 3.4124  xy"—y =x.
3.4.1.25 y'(e*+1)+y' =0. 34126 Yy'+Yy =sinx.
34127 xy"+xy?-y =0. 34128 y'-y/x=x]y".
3.4.1.29 Y +Yytgx=sin2x. 34130 VY'=Yy+Xx.
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3.4.2 Pemmnts 3aaauy Komm npu 3ajaHHBIX HAYaIbHBIX YCIOBHSIX.

3421

3.4.2.3

34.25

3.4.2.7

3.4.2.9

34.2.11

3.4.2.13

3.4.2.15

3.4.2.17

3.4.2.19

34.2.21

3.4.2.23

3.4.2.25

3.4.2.27

3.4.2.29

" "2

y' =y,

y"(0) =—1,y'(0) =0, y(0) =1.

y"? =4(y'-1),
y(0)=0, y'(0)=2.
y'y* =1,

y(0) =1,y'(0) =1.
yy"-y? =0,
y(0)=1y'(0) =2.
2y” =(y-1y",
y(0)=y'(0) =2.
y'=1/\ly,
y(0)=y'(0)=0.
y' =y 14Jy,

y(0)=1 y'(0)=2.

y(1-Iny)y"+(1+Iny)y" =

y(0)=y'(0)=1.
y' —y?-y'=0,
y(0)=0,y'(0) =1.
2y12 — yyrr’
y(0)=1y(0)=2.
Zyy” _ yr2 +1: O,
y(0)=2, y'(0) =1.
y'+y?-1=0,
y(0)=0, y'(0)=0.
y" — (1+ y12)3/2’
y(0) =1, y'(0) =0.
e—y . yu _ y; — 0’
y(0)=0,y'(0) =1.
y"+50-siny-cos’y =0,
y(0)=0, y'(0)=5.

3422

3424

3.4.2.6

3.4.2.8

3.4.2.10

3.4.2.12

3.4.2.14

3.4.2.16

3.4.2.18

3.4.2.20

3.4.2.22

3.4.2.24

3.4.2.26

3.4.2.28

3.4.2.30
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2yy"=y",

y(-1) =4, y'(-])=1
W=y =y’

y(0) =-0,5,y’(0) =0.
yy' =y =y’ Iny,
y(0) =y'(0) =1.
y"+yy” =0,

y(0) =1, y'(0)=2.
4y" =y"” +1,

y(0) =1, y'(0) =0.
yy"=2yy'Iny=y",
y(0) =y'(0) =1.
Y'A+y)=y*+Y,
y(0)=y'(0) =2.
@-y)y" =-2y",
y(0)=0,y'(0)=1.
y"+yy"-5y”? =0,
y(0)=0, y'(0)=1.
y' =y~

y(0)=1, y'(0) =0,
y" -y'=0,
y(0)=2/3, y'(0)=1.
2yy"-y* =0,
y(0)=1y'(0)=1.
y"—2sin’y-cosy =0,
y@) =7/2,y'(1) =1.
y-y'=2-y-y-Iny=y?
y(0) =1 y'(0)=1.
y'=-yy"?,

y(0) =1, y'(0) =2.



4 OTHOPOJHBIE IUHEMHBIE TU®®EPEHIIUAJIBHBIE YPABHEHU A
BBICHIEI'O ITOPAAKA

Conep:xanue: JuHeWHHbIE OJHOPOIHBIE AU depeHIInanbHble YpaBHEHHS BbIC-
IIET0 MOPSAKA U CTPYKTypa UX PEIICHUM, TUHEHbIe OMHOPOIHbIE nu(depeHInaTb-
HbI€ YPaBHEHUS BBICIIETO MOPSAIKA C MOCTOSIHHBIMUA KO PUITUEHTaAMU.

4.1 TeopeaneCKnﬁ MaTepHual 1nmo TEME NMPAKTHYECCKOI0 3aHATHSA

Onpenenenue 4.1.1 Jlunetinvim 00HOpOOHBIM OUPPepeHyUaIbHbIM VPABHEHU-
em N-20 nopsoka ¢ NOCMOSHHbLIMU KO3 puyuenmamuy Ha3bIBACTCS ypaBHEHUE BUA

a,y™ +ay"® +ay™d . .+a .y +ay=0, (4.1.1)

rae a,1=1,n — nocrosgHHbIe yncaa, Npu4eM a, # 0.

Onpenesenne 4.1.2 Cucrema Gynkuuii Y. (X), i =1,n Ha3bpIBaeTCA IUHEUHO 3a-
gucuMolu Ha UHTEpBajie |, ecu CymiecTBYIOT TaKue 4ucia «,, &y, ..., &, , 10 KpaitHen

Mepe, OJTHO M3 KOTOPBIX OTIMYHO OT HyJsd, 4TO Ais Beex X €| nuHenHas xoMOuHa-
musg  QyHKOMA ~ paBHAa  HYJIIO, TO  €CThb  BBINOJHAETCA  PaBEHCTBO
ay, +a,y, +...+a,y,=0. Ecnu paBeHCTBO HyIIIO TMHEHHON KOMOMHAIMN BBIITOJIHS-

€TCSl TOJBKO MPHU HYJIEBBIX KOAP(UIIMEHTaX, TO cucTeMa (yHKIUNA HA3bIBACTCS JU-
HeUHO He3a8UCUMOLL.

Onpenenenue 4.1.3 Jlro6as COBOKYMHOCTh N JIMHEWHO HE3aBHCHMBIX pelie-
HUW JIMHEWHOTO OJTHOPOJIHOTO MU PepeHInaTIbHOrO YpaBHEHUS N-TO MOPsIKa Ha3bI-
BaCTCS (OYHOAMEHMANILHOU CUCMEMOU peLteHUll.

Teopema 4.1.1 Obwee pewenue TUHEWHOTO OAHOPOIHOTO AU depeHunanb-
HOT'O YpaBHEHHUs N-TO MOPSAKA MpeACTaBiIseT cOO0N TUHEWHYI0 KOMOMHAIUIO (yH-
JAMEHTAIBHOW CHCTEMBI PELICHUM.

Takum obpazom, eciu Y, (X), Y,(X),..., ¥, (X) — dyHnameHnTanpHas cucrema pe-

meHuit qudpepeHnnansHoT0 ypaBHEHUs, TO oOmiee pemnieHue ypaBHeHus (4.1.1)
UMeeT BUJT

yo.o :Clyl(x)+c2y2(x)++Cnyn(x) ' (412)

rae C,, C,,...,C, — Ipon3BOJIbHBIE IOCTOSIHHBIE.

JIy1st HaxOKIeHUs OOIIETO pelieHus: OHOPOAHOTO U PepeHIInanTbHOTO YpaB-
HEHHUS N-TO TOPSAKA C IMOCTOSHHBIMH KOA()(PHUIIMECHTAMU COCTaBIIIEM Xapaxkmepu-
cmuyeckoe ypasHeHue
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aA"+ai"t +a,A" +..+a A+a =0, (4.1.3)

Ilycte A, A, ..., A, — KOPHU XapaKTepUCTUIECKOrO ypaBHeHus. Toraa

1) KaXI0My JACHCTBUTEILHOMY OJTHOKPATHOMY KOPHIO A B (yHIaMEHTaJIbHOU
CUCTEME pelIeHUI JTUHEHHOTO OJHOPOIHOTO AU(PepeHIINaIbHOIO YpaBHEHUS Oy 1eT
COOTBETCTBOBATH (PYHKITUS

y=¢e-,

2) KaxJIoMy JEHCTBUTEIBHOMY KOpPHIO A KpaTtHOcTH K B ()yHIaMEHTaIbHOM
CUCTEME pPEIICHUI JUHEHHOT0 0OTHOPOIHOTO MU PepeHInanbHOTO ypaBHEHUS OyayT
COOTBETCTBOBATh (DYHKIIUU

ylze/lx’ yzzxe/lx, " yk:Xk—le/lx;

3) KaXJI0¥ mape OAHOKPATHBIX KOMILICKCHO-CONPSUKEHHBIX KOpHEH A =a + fi

B (pyHIaMEHTaJIbHON CUCTEME PelICHUN JTMHEHHOr0 OJHOPOAHOTO nuddepeHInaib-
HOTO ypaBHEHHUsI OyAyT COOTBETCTBOBATh (PYHKIIUU

y, =e“*cos X, Yy, =e"sinfx;

4) xaxa0i mape OJHOKPATHBIX KOMILICKCHO-COMPSDKEHHBIX KOpHEH A =a + fi

B (pyHIaMEHTaIbHOM CHUCTEME PelIeHUN JTMHEHHOr0 OJHOPOAHOTO nuddepeHInaib-
HOTO ypaBHEHHsI OyAyT COOTBETCTBOBAThH (DYHKIIUU

y, =e“*cos X, Yy, =e“sinfx,
Yy, = Xe**cos X, Yy, =xe“sinpx,

ooooooooooooooooooooooooooooooooooooo

Yoy = X '€ C0S BX, Y, = X6 sin px.

[TpuBeném cxemy pemieHHus JUHEHHOTO OJHOPOIHOro auddepeHIuanbHOro
ypaBHEHUS N-TO MOPSIKA C TOCTOSTHHBIMU KOd(DpuIimeHTamu.

1. CocTaBnsieM XxapakTepucTuieckoe ypaBsHenue (4.1.3).

2. HaxoouM KOpHH XapaKTePUCTHUECKOTO YpaBHEHHA A, Ay, ..., A .

3. B 3aBUCMMOCTH OT XapakTepa KOpHEW 3amuchiBaecM (yHAaMEHTAIbHYIO CU-
CTEMY PELICHUN.

4. Tloncrapnsas GyHaaMeHTaIbHYIO CUCTEMY pelieHuit B popmyiny (4.1.2), mo-
nydaeM oOiee perienue ypaBuenus (4.1.1).
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4.2 IlpuMepsbl penieHUs] TUMOBBIX 32424

4.2.1 Haiitu perierne ypasuenust y' —5y' +6y =0, ecmu y(0) =3, y'(0) =8.

2
Pemenne. CoctaBisieM xapakTepucTuueckoe ypasuenue: A°—54+6=0.
Haxonum xopHu 3Toro ypaBHeHus:: A =2 wim A =3. KopHu XapakTepuUCTHUYECKOrO
YpaBHEHUs AEUCTBUTEIbHBI U PA3IUYHbIE, 4, CIEA0BATEIbHO, (PyHIAMEHTAJIbHAS CHU-

cTeMa penieHuii umeer Bun: Y, =e°*, y, =€**. Torma, cormacHo dopmyie (4.1.2),
HaxouM obmiee pemenue Y, =Ce* +Ce*.

Bocnons3yemcs HadanbHbiMu yenoBusmu: C, +C, =3, 2C, +3C, =8. Otkyzna
C, =1, a C, = 2. CneoBarenbHo, MCKOMOE pelenue oyner Y, , =e”* + 2%,

4.2.2 Haiitu obmiee pemenue ypaaenus y” —3y" +3y' —1=0.

2
Pemenne. CocrapisieM xapakrepuctuueckoe ypapaenne: A°—31%+31-1=0,
Haxoxnm kopHH 3TOTO ypaBHeHHS: 4 ,,=1 — kopenb kparHoctu K =3. CiemoBa-

TeIbHO, (yHIAMEHTalbHAS CHCTEMa pelIeHW wuMeeT Bum: Y, =€, Y, =Xe",
y, =x’¢". Torma, cormacHo ¢opmyne (4.1.2), Haxogum oOliee pelIeHHE
y, =Ce* +C,xe* +C,x%".

4.2.3 Haiitu obmiee pemenne ypaBuenus y' —6y +13y=0.

Pemenne. CocTaBisieM XapakTepucTHueckoe ypaBHenme: A° —64+13=0.
Haxomum KopHH 3TOr0 ypaBHeHHs: A, =3+ 2i. KopHu xapakTepuCTHIECKOTO ypaB-
HEHUSI KOMIUIEKCHBIE W pas3lIduHbIe, a, CIIeA0BaTebHO, (ByHIaMEeHTaIbHAS CHCTEMa
pelieHnii umeeT BHA: Y, =€ C0S2X, Y, =€sin2x. Torma, cornacHo (opmyie
(4.1.2), naxonum obree pemenue Y, =Ce”cos3x +C,e”sin3x.

4.2.4 MatepuanpHasi TOuka Macchl 2 2 ABmwxkercs mo ocu OX moj aeiicTBueM
BOCTAHABJIMBAIOIIECH CWJIbI, HAIIPABJICHHON K Hayaly KOOPAHMHAT U MPONOPLHAOHAIb-
HOM pacCTOSHUIO JIBIJKYILEHCS TOYKM OT Hayaja, ¢ KO3(PQPUIMEHTOM IpPONOpLHO-
HasbHOCTH K, =58. Cpena, B KOTOpOI NMPOMCXOTUT JBM)KEHUE, OKA3bIBACT JIBHIKE-

HUIO COMNPATHUBIICHHUE, MPONOPLHUOHAIBHOE CKOPOCTU ABWXKEHUS, ¢ KOA(POUIIUEHTOM
npornopiroHanbHoCcT K, = 8. HaiiT 3aK0oH IBMKEHHSI MaTePHATbHON TOUKH.

Pemenne. CkopocTh Toukn X', e€ yckopeHue X', TyHCTBYIOIINE HA HEE CHJIBL:
BoccTaHaBnuBamas F, =-58X, cuna conpotusnenus cpeasl F, =—8x'. Ilo Bropomy

3akoHy HproToHa Haxomum: 2X" =—-8x' —58x umm X" +4x +29x=0.

CocTaBisieM XapakTepucTHueckoe ypasHenme: A°+41+29=0. Haxoaum
KOPHH 9TOro ypaBHeHHs: A, =-2+5i. KopHr XapakTepucTHYECKOro ypaBHEHHMS
KOMIUJICKCHBIC M pa3M4HbIC, a, CICIOBATENIbHO, (DyHIAMEHTAIbHAS CHCTEMa pellle-
HUil UMeeT BUI: X, =€ > C0S5X, X, =e>*sin5x. Torxaa, cormacuo dopmyie (4.1.2),
HaxoauM obmiee pemieHne ypasHenus X, , =Ce*cos5x+C,e?*sin5x, kotopoe
OIMCHIBAET 3aTYXAIOIIUE KOJICOAHMS.
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4.3 3agaHus 175 pelieHUsl HA NPAKTUYECKOM 3aHATHHU

4.3.1 B 3agavax 4.3.1.1-4.3.1.9 naiitu GpyHIaMEHTAIBHYIO CUCTEMY PEIICHUI
1 00I1Iee pemeHue s IMHEHHBIX OJJHOPOIHBIX AU PEpeHIINATHHBIX YPABHCHHIA.

4311 y'-6y+8y=0. 4312 Y'+y-2y=0. 4313 y'-4y=0.

4 4 ! 6 ' 9 :0 ”—2 ! :0
4314 y'+4y+4y=0. 4315 J OV T 4316 VY

y"—4y'+5y=0

4317 Y'+6y +25y=0. 4318 4319 Yy +4y=0.

4.3.2 B 3anavax 4.3.2.1 -4.3.2.4 naiitu QpyHIaMEHTAIBHYIO CUCTEMY PEIICHUIN
U o0I1Iee perIeHre s JIMHEHHBIX OJTHOPOIHBIX AU(PepeHIINATHHBIX YPABHCHHIA.
4321 y"+6y"+12y'+8=0. 4322 y"-9y"+26y —24y=0.
4323 y"-y"-5y-3y=0. 4324 yY+5y"+4y=0.
4.3.3 Haiitu pemenue ypasaenus Y -5y +4y =0, ecan y(0) =1, y'(0)=2.
4.3.4 Pemts 3amauy Komm: y” —2y"=0, y(0)=6, y'(0)=7, y"(0)=8.
4.3.5 HaliTn wHTErpanbHyl0 KpHBYIO ypaBHeHHS V' +9y =0, mpoxomsmryto
gyepe3 Touky M, (7,—1) u kacarourytocsi B 3Tol Touke npsiMond Y +1=X—r.

4.3.6 Pemuts 3amauy Ne 4.2.4, eciu criia CONPOTUBIICHUS CPEIbl pPaBHA HYJIIO.
4.3.7 Pemnts 3anauy Ne 4.2.4, ecimn k, =16, a k, =12.

4.3.8 Pemnts 3amauy Ne 4.2.4, eciu k; =50, a k, =20.

4.4 3apanus AJ151 KOHTPOJIUPYEMOil CaMOCTOSATEIbHOMH PadoThI

4.4.1 Haiitu oOuiee pemenue quddepeHunanbHbIX ypaBHEHUM.
4411 a) Yy'+3y'-18y=0; 6) y'+4y' +4y=0; B) Y'+4y +5y=0.
4412 a) Yy'-11y'+18y=0; 6) y"'—28y'+196y=0; B) y"+25y=0.
4413 a) Yy'+y-20y=0; 6) y'+8y+16y=0; B) 2y"+2y'+y=0.
4414 a) Yy -6y +8y=0; 6) y'+22y'+121y=0; B) y"+y=0.
4415 a) Yy'+11y'+28y=0; 6) y'+16y'+64y=0; BB) 16y"+y=0.
4416 a) Y -7y+12y=0; 6) y'-14y'+49y=0; ) Yy"'-2y'+2y=0.
4417 a) Y +4y'-32y=0; 6) Yy +6y +9y=0; B) 36y"+25y=0.
4418 a) Y' -7y +10y=0; 6) y' —26y'+169y=0; B) 5y"-2y'+y=0.
4419 a) Y'+12y'+32y=0; 6) Yy'+20y'+100y=0; B) 25y"+y=0.
44110 a) Y-8y +15y=0; 6) y'-18y'+8ly=0; ) y"+4y=0.
44111 a) Yy'+4y -21y=0; 6) Yy'+12y'+36y=0; B) Yy'+2y +5y=0.
44112 a) y'-9y'+20y=0; 6) y'-8y +64y=0; B) 9y"+25y=0.
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4.4.1.13
4.4.1.14
4.4.1.15
4.4.1.16
44117
4.4.1.18
4.4.1.19
4.4.1.20
44121
4.4.1.22
4.4.1.23
4.4.1.24
4.4.1.25
4.4.1.26
4.4.1.27
4.4.1.28
4.4.1.29
4.4.1.30

y' -4y’ -21y=0
y"' -8y +12y=0;
y"—5y'—-24y =0;
y"—9y'+18y =0;
y"'=7y'-18y=0;
y"—10y'+ 24y =0;
y"—3y'-10y=0;
y'—9y'+14y =0;
y"+3y'-18y=0;
y"—10y'+21y =0;
y'+7y" =18y =0;
y"—-11y'+28y =0;
y"+2y' =15y =0;
y"-10y'+16y =0;
y"—3y'—28y=0;
y"—11y' + 24y =0;
y'—12y'+32y=0;
y"+11y"'+30y =0;

0)
6)
0)
6)
0)
0)
6)
0)
6)
0)
6)
0)
0)
0)
6)
0)
6)
0)

y"+18y'+81ly =0;
y'—4y'+4y =0,
y"+ 26y +169=0;
y"—-10y'+ 25y =0;
y"+28y'+196=0;
y"'—24y'+144y =0;
y'+14y"+49y =0;
y"—-16y'+64y=0;
y"+30y'+225y=0;
y'—6y'+9y=0;
y'+22y'+121y =0;
y'=2y'+y=0;
y"+10y'+ 25y =0;
y"—20y"+100y=0;
y'+24y' +576y =0;
y"—-12y'+36y=0;
y'+2y'+y=0;

y" =30y +225y=0;

5y"+4y"+y=0.
4y"+ 25y =0.
8ly"+y=0.
y'—4y'+5y=0.
4y"+9y=0.
9y"+y=0.
y"—2y'+5y=0.
y"+81y=0.
25y" +36y=0.
5y"—4y'+y=0.
49y" + 4y =0.
2y"-2y'+y=0,
y"+9y=0.
16y" +49y=0.
5y"+2y"+y=0.
4y"+y=0.
y"+16y=0.
y'+2y'+2y=0.

5 HEOJJHOPO/HBIE TMHEWHBIE TU®OEPEHIIUAJIBHBIE
YPABHEHMUMS BBICIHIEI'O ITOPAIKA

Conep:xanue: nuHEHbIE HEOJHOpPOAHBIE IU((epeHlranbHble YpaBHEHUS
BBICIIETO MOPsIJIKa, PEeIIEHNE JTUHEHHBIX HEOAHOPOAHBIX NU(PPEepeHIMaNIbHBIX ypaB-
HEHHU BBICIIETO MOPSAAKAa METOJIOM BapUallUK MPOU3BOJIBHON MTOCTOSTHHOM, PEILICHHE
JMHENHBIX HEOJHOPOIHBIX NH((epeHalbHbIX YpaBHEHUM BBICILErO MOpsAKa CO
CIIEIUAITLHON MTPABOM YaCThIO.

5.1 Teopernueckuii MaTepuaJ Mo TeMe NPAKTHYECKOT0 3aAHATHSA

Onpenenenue 5.1.1 Jluneiinvim HeoOHOPOOHLIM UG hepernyuanrbHbim ypasHe-
Huem N-20 NOpOKa ¢ NOCMOAHHbIMU KOd(duyuenmamy Ha3bIBaCTCsl ypaBHEHHUE BUA

a,y® +ay™ +ay™ +. . +a Y +ay=f(x),
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rae a;,i=1n — nocrosHuble yncna, npuuém a, =0 n f(Xx)#0.

[Ipeamomnoxum, 4To U3BeCTHO 0OIIee permeHue (4.1.2) COOTBETCTBYIOIIETO O/1-
HOpoAHOro ypaBHeHus (4.1.1).

Teopema 5.1.1 OOmiee perieHre JTUHEHHOTO HEOTHOPOIHOTO AU hepeHIIn-
albHOTO ypaBHEHHs N-ro mopsanaka (5.1.1) paBHO cyMMe COOTBETCTBYIOILIETO OJIHO-
poaHoro ypaBHeHus (4.1.1) U MPOU3BOJIBLHOTO YaCTHOTO PEUIEHUS HEOJIHOPOIHOTO
muddepeHnanbHOTO YPaBHEHHUS, TO €CTh

yO.H = yo.o + y‘l.H ' (512)

Cy1iecTByeT HECKOJIBKO METOJOB OIPEACTICHHUS YaCTHOTO PEHICHHsS] HEOIHO-
poaHoro AuddepeHImaILHOro ypaBHEHUS.

MeToa HAX0KACHUS YACTHOI'O PelleHUs] HEOAHOPOXHOr0 AU depeHInAIBHOIO
YPaBHEHHMS METOA0M BapHALMH NPOU3BOJIbHBIX MOCTOAHHBIX
(metox Jlarpan:xa)

[Ipenmnonoxum, 4To U3BECTHO OOIIEe PEUICHHE COOTBETCTBYIOIIETO OJTHOPO/I-
Horo ypasHeHus: Y, =C Y, (X)+C,y,(X)+...+C y, (x). Cornacno merony Jlarpan-

Ka, 4aCTHOC peIHCHI/IC BCeraa HpeJ:[CTaBI/IMO B BUC
Yoru = Cl(x) : yl(X) + Cz (x)- yz(X) +...t Cn (x)- Y., (x), (5.1.3)

rae GyHkmumu Y;(X) o0pa3yroT (pyHIAaMEHTAIBHYIO CHCTEMY DEIIEHUH ypaBHEHUS
(4.1.1), a nensBectrole pyHkIMu C,(X) ONpenensroTcs u3 CUCTEMBI

C/(¥)-%:(x)  +Co(x)-y,(x)  +..+C (X)-y,(x) =0,
C/(¥)-y(x)  +Co(x)-y(x)  +..+C () -y, (x) =0,

CH00- Y™ 00+ C400 - Y (0 +..+ C00- Y () = (),

KOTOpasi SIBIIACTCS JIMHEMHOW CHCTEMOW alre0pandecKuX ypaBHEHU OTHOCHUTEIHHO
N HemsBecTHBIX C/(X). Tak kak pyHKIuU Y,(X) SBISAIOTCS JMHEHHO HE3aBUCUMBIMH,

TO OMPEICITUTENIb OCHOBHOW MATPHIIBI TAHHOW CHCTEMbI OTJIMYEH OT HYJIA, &, CIIe/0-
BaTeJIbHO, cHUcTeMa uMeeT eauHcTBeHHOe pemieHne C/(X) =g, (X). UnTerpupys mo-

CIIEJHHE PaBEHCTBA, KOTOPHIE SABISIOTCS IU(p(HEepeHINAIBHBIMA YPAaBHCHUSIMU TIEp-
BOro nopsiaka, Haxoaum C. (X) = I g; (x)dx, mmst Beex i =1,n.
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CrnenoBarenbHO, YacTHOE penieHue Y,  ypaBHeHus (5.1.1) umeer Bua

U.H

You = 200 [ 6,008+ ¥,(0) - [ 9,(dx+...+,(x) - [9,()dx. (5.1.5)

3ameuanue 1. [Ipu HaxoxaeHnn nHTErpaaoB B hopmyde (5.1.5) nosustores
N TPOU3BOJIBHBIX TIOCTOSIHHBIX. B 00111eM cilydae ux MOKHO TIPUHSTH PaBHBIMH HY-
J1O.

MeToa HAX0KIAEHUSA YACTHOI0 PellleHUs1 HEOTAHOPOAHOI0 nuddepeHIInATBHOTO
YPABHEHHUS CO CIIEUHAJIBHOU NMPABOM YaCThIO

PaccMmoTpum nuHeliHOe HeoqHOpOoAHOE AuddepeHIInaIbHOe ypaBHEHHUE, MMpa-
Basi 4aCTh KOTOPOTO UMEET CIEeHaTbHBIN BU]T

f(x) =e”-(P,(x)-cos Bx +Q, (x)-sin Bx), (5.1.6)

rae P (X), Q,(X) — MHOrouneHsl creneHd N U M, COOTBETCTBEHHO.
Ecnu uucimo a+ fi He SBISETCS KOPHEM XapaKTEPUCTUYCCKOTO YpaBHEHHS

(4.1.3) nst OAHOPOAHOTO JIMHEWHOTO AU dEepeHITNATBHOTO ypaBHEHHS, TO YaCTHOE
penieHre HeOJHOPOAHOTO MU PEpEeHIIMATIEHOTO YpaBHEHUSI HAXO UM 110 popMmyiie

Y, =€”-(p,(x)-cos Bx+q,(x)-sin Bx), (5.1.7)

rae p,(X), 0,(X) — MHOrouneHs! crenenu k = max{n, m}.
Ecnu umcino «* i sBnsercs KOpHEM XapaKTEPUCTHYECKOrO YpaBHEHHUS

(4.1.3) kpaTtHOCTH I' I OJHOPOAHOTO MUPPEPEHIINATBHOTO YpaBHEHHUS, TO YACTHOE
perieHne HeOJHOPOAHOTO MU PEepeHITNATBHOTO YpaBHEHUSI HAX0 UM TI0 popMyIie

Y =X €7 (P (X) - €08 Bx + 0 (X) -sin Bx), (5.1.8)
rae p,(X), 0,(X) — mHoroutens: crenenu k =max{n, m}.

[IpuBenéM BUIBI YaCTHBIX PEIIEHUN U1 PA3IMYHbIX NPAaBbIX 4YacCTEW JIMHEU-
HBIX HEOJHOPOJAHBIX YPABHEHMUIA.
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[Mpasas yacte f(X)

g epeHnaIbHOro
ypaBHEHUS

Kopnu xapakrepuctuye-
CKOT'O ypaBHEHUS

YacTHoe pelieHue Y,

g depeHInaIbHOTO
ypaBHEHHUS

2

3

4

Pn (X)

Yucio 0 He aBisgeTCs
KOpPHEM XapaKTePUCTH-
YECKOr0 YpaBHCHUS

P, (X)

Yucio 0 gBisieTcst Kop-
HEM XapaKTepucTuye-
CKOT'O ypaBHEHUS, KpaT-
HOCTH I

X" P, (X)

A.eax

Yuciio o He IBIISETCA
KOPHEM XapaKTEPUCTHU-
YECKOTO YpaBHEHHUS

a_eax

Hucno o saBusgercs Kop-
HEM XapaKTEpHUCTHYE-
CKOr'0 YpaBHEHUS, KpaT-
HOCTH I

e” - P (X)

Yucio o He sSBIseTCs
KOPHEM XapaKTepUCTHU-
YECKOT'0 YPaBHEHUS

e - p,(x)

Yucno o ABasieTcst Kop-
HEM XapaKTepHUCTHYE-
CKOr'0 YpaBHEHUS, Kpat-
HOCTH I

Xr . eax . pn (X)

P.(X)-sin X
(Q.(x) - cos Sx)

Yucno 41 He aBngercs

KOPHEM XapaKTepHUCTH-
YECKOr0 YpaBHEHUS

p,(X)-sin Bx +
+0,,(X) - cos X

Yucno 41 asnsercs

KOPHEM XapaKTEepUCTHU-
YECKOI'0 ypaBHEHMUS,
KpaTHOCTH I

X"+ (p,(X)-sin Sx+
+0, (X) - cos SX)

e’ - P (X)-sin gx
(e*" - Q,(x) - cos Bx)

Yucno a + [ He aBus-

€TCsl KOPHEM XapaKTepu-
CTUYECKOTO YPaBHEHHUSI

e (p,(X)-sin Sx +
+0, (X) - cos x)

Yucno a + Sl asnsercs
KOPHEM XapaKTepUCTH-
YECKOr'0 YpaBHEHHUS,
KPaTHOCTH [

X" e (p,(x)-sin Sx +
+0, (X) - cos fX)
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3

4

e - (P, (x)-sin gx +
+Q,, (x) - cos £x)

Yucio a + fi He aBis-

CTCA KOPHCM XapaKTCpH-
CTHYCCKOI'O YPABHCHUA

e - (p (X)-sin Bx +
+0, (X) - cos X)
k =max{n, m}

Yucno a + fi sasiusercs
KOPHEM XapaKTEPHUCTH-

X" e (p, (X)-sin Sx+
+0, (X) - cos Sx)

YCCKOI'O YpaBHCHHA,
KpaTHOCTH I

k =max{n, m}

Jlst onipesiesieHUs apaMeTpoB MHOTOUYJICHOB MPUMEHSIETCSI Memoo0 Heonpeoe-
NéHHBIX KOIPDuyuenmos. [loacTaBnseM 4acTHOE pelieHue Y, , W ero Mpou3BOJHBIE

B HCXOJHOE ypaBHeHHME. CpaBHHBasS KO3()(HUIIMEHTHI MPU COOTBETCTBYIOIINUX CTEIIe-
HSX MHOTOYJICHA B JICBOM M MPABOM YaCTH IMOJYYCHHOTO PaBEHCTBA HJIM IIPH COOT-
BETCTBYIOIIUX TPUTOHOMETPHUCCKUX (PYHKIUSAX, HAXOJUM COOTBETCTBYIOIIUE Iapa-
METpbI MHOTOWIEHOB P, (X) 1 (, (X).

Ecnu npaBast 4acTh MICXOJHOTO YPABHEHHSI paBHA CYyMME Pa3JIMYHbIX (PYHKIUH,
KaXZ1asi U3 KOTOPBIX UMEET CIEUUAIBHBIA BHUJI, TO JJI1 HAXOXKJICHHS YaCTHOTO pelle-
HUS TaKOro ypaBHEHHUs HEOOXOAMMO HAWTH YACTHBIE PEUIEHUS, COOTBETCTBYIOIINE
OTJIEJIbHBIM CJIara€MbIM MPABOU YACTH, U B3ATh UX CYMMY, KOTOpasi U OyAeT SIBISATHCS
YaCTHBIM PELIEHUEM UCXOAHOTO YPABHEHHS.

5.2 Ilpumepsl peuieHusi TUMOBBIX 32124

5.2.1 Haiitu obiee pemenne ypapHeHns Y' — Yy’ =e**sine*,
Pemenre. Haxoaum oO1riee peiieHre COOTBETCTBYIONIETO OTHOPOAHOTO ypaB-
nernst y" —Yy' =0. CocraBisieM xapakrepucTiieckoe ypasuerne: A° —A=0. Haxo-

UM KopHU 3Toro ypaBHeHus:: A =0 wim A =1. KopHu XxapakTepuCTUYECKOrO ypaB-
HEHUS JIEUCTBUTEIbHBI U Pa3JIMuHbIEe, a, CIeA0BaTEIbHO, (PyHIaMeHTaIbHaAs CUCTEMA

pemenuii umeet Bux: Y, =e°* =1, y, =e*. Torza, cornacuo dopmyne (4.1.2), Haxo-
num obiee pemenne Yy,  =C, +C,e*. HacTHOoe penieHre HeOJHOPOIHOTO YPaBHEHHUS
Oynem uckats B Buae Y, =C,(x) +C,(x)e”.

Jst onpenenenus mpou3BosbHBIX GyHknui C,(X) u C,(X) cocraBum cucremy
ypaBHeHu# Buaa (5.1.4):

C,(x) +C;(x)e* =0,
C,(x)e* =e*sine*,
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Pemas cucremy, umeem C,(x)=-cose*, C,(x)=e*cose* —sine*. Cnenosa-
TEJIbHO, YACTHOE PEIICHHE 3aJaHHOTO HEOAHOPOJAHOTO YPAaBHEHHUSI MOXKET OBITh 3aIlu-
caHo B Buze Yy, , =—Sine*.

Cornacao dopmyne (5.1.2), nomyyaeMm o6Iee penieHrue UCXOAHOTO HEOHO-
poanoro nuddepenimanbaoro ypasuenus: Yy, , =C, +C,e* —sine”.

5.2.2 Haiitu o6mee penrenue ypapaenust Y’ —3y' +2y =130-sin3X.

Pemenne.  CocrtaBisieM  COOTBETCTBYIOLEE  OJHOPOJHOE  ypaBHEHHE
y" —3y'+2y =0. Ero xapakrepuctuyeckoe ypauerne A°—31+2=0 umeer KopHH
A, =1, A, =2. CrnenosatenbHo, Yy, =Ce*+C,.e’",

[lpaBas 4YacTp HMCXOJHOTO  YpaBHEHUS HMMEET CIEUUAIbHBIA  BUJ
130-sin3x =e%*(0-cos3x +130-sin3x), nmpuuém o+ Bi=0+3i=+3i He saBngercs
KOPHEM XapaKTepUCTUYECKOTO ypaBHEHHs. Torima 4acTHOE pElICHHE MOYKHO 3alIlu-
catb B Buze Y, =Acos3x+ Bsin3x. Ilocne muddepenunposanus GpyHkuuu y,, u
MOJICTAHOBKH €€ MPOU3BOIHBIX B ICXOHOE YPaBHEHUE, UMEEM

(-7A-9B)cos3x+(9A—7B)sin3x =130-sin 3x.

[MpupaBuuBas ko3pduumenTsr nmpu ¢GyHKOHAX COS3X u SIN3X, moirydaem
A=9, B=-7. Torma y,, =9c0s3x —7sin3x . CienoBaTelibHO, COTIACHO (GOpMyIie
(5.1.2), obmiee pemenue ypasuenus: Y, =Ce* +C.e** +9cos3x —7sin3x.

5.2.3 Haiitu obmiee pemenne ypasHeHus Y — 8y + 20y =10,
Pemienne.  CocTaBigeM  COOTBETCTBYIONIEE  OJHOPOJHOE  YPaBHEHHE
y"—8y'+20y=0. Ero xapakrepuctuueckoe ypasHenne A°—81+20=0 wumeer

KopHH 4, , =4+ 2i. CnenosarensHo, Y, , =C,e” cos2x+C,e*sin2x.

[IpaBass d4YacTh HUCXOAHOTO  ypPaBHGHHS HWMEET  CICIHMAJIbHBIA  BH]I
10e™ =e™(10-cos(0- X) +Q_(x)-sin(0- X)), npuuém a =+ Bi=5+0i=5 ue apnsercs
KOPHEM XapaKTePUCTHYECKOTO ypaBHEHHWs. Torja 4acTHOE pelieHHUEe MOYKHO 3arlu-
catb B Buge Y, , = Ae”*. Tlocne muddepenrupopanus GyHKIUK Y, | IOACTAHOBKH

o 5X 5X
e€ MPOM3BOJIHBIX B UCXOAHOE ypaBHeHHe, uMeeM oAe™ =10-e°". Orkyna noaydaem
A=2.Torna y,, =2e”*. Cnenosareibto, corsacHo gopmyie (5.1.2), obuiee pere-

nue ypapaenus: Y, =C.e"cos2x+C,e™sin2x + 28,

5.2.4 Haiitu ob1ee pemenue ypapHenus y” —4y" = 48x° — 48x —10.
Pemenne.  CocTaBisieM  COOTBETCTBYIOICE  OJHOPOJHOC  ypaBHCHHE

L4

3 2
—4y"=0. Ero xapakrepuctuueckoe ypaBHeHne A°—41°=0 wumeer KopHHU

y
A, =0, 4, =4. Cnegosarensto, Yy, =C, +C,x+C.,e*.

[IpaBas dYacTh HWCXOAHOTO ypPaBHCHHUS HWMEET  CHCIHWAIBHBIA B
48x* — 48x —10 =e** ((48x* —48x —10) - cos(0- X) +Q_ () -sin(0- x)),
npuuéM o+ fi =0 sBisgeTcss KOpHEM XapaKTEPUCTHYECKOTO YPaBHEHHUS KPATHOCTH
2. Torna Y4acTHOE pelicHue MOKHO 3aIUCcaTh B BUIIE
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y,, =X (AX2 + BX + C) = Ax* + Bx* + Cx*. Tlocne muddepeHpoBanus (yHKIUU
y,, W TOJICTAHOBKHU €€ MPOU3BOAHBIX B UICXOJTHOE ypaBHEHNUE UMEEM
—48AX* + (24A—24B)x + 6B —8C = 48x* —48x —10.
[TpupaBHUBas KOXGGUIUEHTHI TPU COOTBETCTBYIOIIUX CTEIMEHSX, MOTydaeM
A=-1, B=1, C=2. Toraa y,, =—X"+X° +2x°. CiemoBareibHO, COrIacHo $hop-
myie (5.1.2), obuiee pemenue ypapHenus: Y, =C, +Cx+Ce™ —x* + x>+ 2x°.

5.2.5 CBOOO/IHO BHUCAIAsA HA KPIOKE OJHOPOJIHAS LIE€TIh COCKAJIb3BIBACT C HETO
NoJ1 IeMCTBUEM COOCTBEHHHO Beca (TpeHHeM IpeHeOperaeM). OnpeaenuThb, 3a Kakoe
BpeMsi (B CEKyH/IaX) COCKOJIb3HET C KPIOKa BCS LIETb, €CJIM B HA4aJIbHBIH MOMEHT C
OJIHOW CTOPOHBI Kproka BHUcesno 20 M, a ¢ Ipyroi CTOpoHbl — 12 M 1enu, U CKOPOCTh
LIETIH paBHA HYJIIO.

Pemienue. I[Ipeanonoxxum, 4To BEC OJJHOrO MOTOHHOIO METpa lenu paBeH P.
O06o03HauuM uyepe3 X JJIMHY OOJbIIEH YacTH IENU, CBEIIMBAIOLIEHCS ¢ KpIOKa uepes
BpeMms t mocne Havyana JBwkeHUsA. K LEHTpy TsKeCTH Lenu MNPUIIOKEHA Cujia

F=(x-(32-x))-P=P-(2x—32), macca uenu pasHa 2—2 P, a yckopeHHe paBHO

X"(t) . Ucnone3yst BTopoii 3akoH HbI0TOHA, MPUXOIUM K YPaBHEHUIO JTBHKCHUS TCH-

9

2
Tpa TSHKECTH LIETIH: 32, P-x"=(2x-32)-P wm X" _EX =—0. JlanHoe ypaBHEHUE

HEeO0O0X0MMO peluTh pH HavanbHbIX yeiroBusax X(0) =20, x'(0)=0.

9

3amuchiBaeéM COOTBETCTBYIOIEE OAHOPOIHOE ypaBHeHHe X' ——X=0 wu ero

2
XapaKTEPUCTUYECKOE ypaBHEHUE A —%:O, KOPHSAIMHM KOTOPOTO SIBJISIFOTCS YHCIIA

.9
ﬂl,z—iT

. HactHoe pemieHue nuddepeHInaibHOT0 YpaBHEHUSI HaXOJAUM B BUJE

X =A. Tlocne MOJCTAHOBKH B ypaBHEHHE X”—%X:—g HaxoguMm A =16 wiu
X =16.
Takum oOpazoMm, o0mmM perieHueM audhepeHIuaIbHOT0 ypaBHEHUS, COTIIac-
&, 6

NY N
Ho dopmye (5.1.2), sBasercst byukuus X(t)=Ce* +Ce 4 +16.
Hcnonb3oBanue HayalbHBIX yclioBUM naér nBa ypaBHeHus: C, +C, +16 =20,

NP
4 4

yacTHOE perieHne TudPepeHImarIbHOT0 YpaBHEHUS, YIOBICTBOPSIONICEe HAaYaIhbHBIM
YCJIOBHSIM, UMEET BUJT

,=0. Pemas nomydennyto cucremy, Haxomum C,=C,=2. Torma

NG g
X()=2-e4 +2-¢ 4t+16:4ch@t+16.
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Bpems, 3a KOTOpO€ COCKOJIB3HET BCsS LENb, ONPEACIAETCS U3 YCIOBHS:

X(T)=32. Pemas ypaBuenue 4ch @T +16 =32, maxoxum Bpems T ~ 2,64 c.

5.3 3aIlaHl/Iﬂ AJIA PEHICHUSA Ha IIPAKTHYECCKOM 3aHATUH

5.3.1 Haiitu o6iiee pemienue ypaBHeHus Y +5y' + 6y = e
+€e

5.3.2 Haiitu obiee pemenue ypapHenus Y + 4y +4y=e*Inx,

5.3.3 Haiitu o61ee penienue ypaBaenus Yy’ +4y = :
C0S2X

5.3.4 Pemuts 3amauy Komm: y" + 4y =ctg2x, y(%) = \/E, y’(%) = g
5.3.5 Haiitu o6miee pemenue ypaBHeHus Y +5Yy' +6y =3x+ 2.
5.3.6 Haiitu o6mee pemenune ypapHenus Y’ +8Yy' = 60x° —32x° +18x.
5.3.7 Haiftu o6mee penrenue ypapHenus Y +9y = 36e*.
5.3.8 Haiitu ob1ee pemenune ypapaenus y” + 2y +y = —2e 7",

5.3.9 Haiitu o61ee pemienue ypasaenus YY" +9y =e* cos3X.

5.3.10 Haiitu obmiee pemenne ypaBuenus y' —5y —6y =19-sin x +3CoS X.

5.3.11 Haiitu obmiee pernienne ypaBHeHus Y + Y —2y =Sin2X.

5.3.12 Pemnmts 3agauy Komm: y” —4y'+3y=¢"*, y(0)=3, y'(0)=9.

5.3.13 Haiftu yacTHOe pemenne ypapHenus Y”+ 3y = (40x +58)e”*, ymosie-
TBOpsroniee HauanbubM yeaosusM Y(0) =0, y'(0) =2.

5.3.14 Pemmrts 3amauqy Komm: y”+y =cos3x, y(%) =4, y'(%) =1.

5.3.15 Haiitu o61iiee pemeHne ypaBHeHust Y + Y = xe* +2e™",
+y"-2y'=x—-¢e".

5.3.17 OnpenenuTh 3aKOH JBM)XEHUS MaTEepUATbHOM TOYKHM Macco M, mepe-
MEUIAIOIIEUCA IO PSIMOW IO/ BIMSIHUEM BOCCTAHABJIMBAIOUIEH CUJIbI, HAIIPABJICHHOU
K Hayajay OTCY€Ta MEePMELIEHUN U IPSAMOIPONOPLHUOHAIBHON PACCTOSHUIO TOUYKHA OT
HayaJla OTCYETA, €CJIM COIPOTUBIIEHUE CPEABl OTCYTCTBYET, HO HA TOYKY JACUCTBYET
BHelHAA cuia F = Acosat.

"

5.3.16 Haiitu ob1iee penieHre ypaBHeHUs Y

5.3.18 Pemuth 3anagy Ne 5.2.5 ¢ yuétom TpeHHs LIeTIH O KPIOK, €CJIM CHUJia Tpe-
HUS paBHA BECY OJHOTO METpPa LeMH.
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5.4 3ananus 11 KOHTPOJHMPYEMOH CaMOCTOATEIbHON padoThI

5.4.1 Haiinure oOriee pemenue audpepeHImaisHOro ypaBHEHUS.

5411
5.4.13
5.4.1.5
5.4.1.7
54.19
54.1.11
5.4.1.13
5.4.1.15
5.4.1.17
5.4.1.19
5.4.1.21
5.4.1.23
5.4.1.25
5.4.1.27
5.4.1.29

y'—2y'+y=6xe".

y" -2y +10y =37 cos3x.
y"—y —6y=9cosx—sinx.
y" +8y' + 25y =18e™.
6y’ —y —y=3e"
y'+2y' +37y =2x+5.
y"+6Yy +5y=25x*—2,
y"—4y' + 29y =104sin5x.
y" =5y’ + 4y = 4x%e,
y"+9y =9x* +12x* - 27.
y" -6y’ +13y =—-3C0s2X.
y" +y =2c0s5x + 3sin5x.
y" —y" =12x* + 6X.
y"+y=2c0s3x—3sin3x.
y"+2y' -3y =x%"

54.1.2

5414

5.4.1.6

5.4.1.8

5.4.1.10
54.1.12
5.4.1.14
5.4.1.16
5.4.1.18
5.4.1.20
5.4.1.22
5.4.1.24
5.4.1.26
5.4.1.28
5.4.1.30

y"+2y +5y=17sin2x.

y" —y=—4c0osX+2sinX.
y'—y' +y=-13sin2x.

2y" +7y"+ 3y =222sin3x.
y"+y=4xe".

y" —4y' +5y =3sin X+ COS X.
y'+y +y=6e".

y"+16y =8cos4x.

y" =12y’ + 40y = 2e°*.

y"+ 4y =e*(12c0os2x +sin 2x).

y" =3y + 2y =5sin2x.

y" —4y' + 4y =e**sin5x.
y"+2y' +5y =—CosX.

y" -8y’ =16+ 48x* —128x°.
y"—9y'+18y = 26C0S X.

5.4.2 Pemnth 3a7auy Koy npu 3a1aHHBIX HAYATbHBIX YCIOBUSIX.

5421

5423

5.4.25

54.2.7

5429

54211

5.4.2.13

y"+y'=2xCc0sX,
y(0)=1 y'(0)=0.

ym_yr:6_3X2’
y(0)=y'(0)=y"(0) =1.
yll_zyl+5y:e2X’

y(0)=0,y'(0) = 4.

y' =6y +9y =9x*—12x + 2,

y(0)=1y'(0)=3.

y" + 4y +5y =5x* —32x +5,

y(0)=y'(0)=0.

yrr + yr — ZXZEX,

y(0) =5, y'(0) =0,5.
y" +9y = cos3x,

y(0) =1, y'(0)=0.

5.4.2.2

5424

5.4.2.6

5428

5.4.2.10

5.4.2.12

5.4.2.14
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y'—y'=2(1-x),
y(0)=y'(0)=1.

y" —4y' +5y = xe*,
y(0)=-1,y'(0)=0.
yu_4yr+4y :e2x,
y(0)=0, y'(0) =8.

y" =10y’ + 25y = (2x —1)e™,
y(0)=1y'(0) =6.
y"+9y =15sin 2x,
y(0)=-7, y'(0)=0.

V' +3y +2y =1+ x+ X%,
y(0)=0, y'(0)=1.
y'+2y'+y=C0sX,
y(0)=y'(0)=0.



5.4.2.15

5.4.2.17

5.4.2.19

5.4.2.21

5.4.2.23

5.4.2.25

5.4.2.27

5.4.2.29

543.1

5.4.3.3

5.4.3.5

5.4.3.7

5.4.3.9

yv+ y’:2X+X2’ 54.2.16 yu_gy:e—zx’

y(0)=4,y'(0)=-2. y(0)=y'(0)=0.
y" +y"=sinx, 54218 y"-2y"+y' =4,
y(0)=y'(0)=1,y"(0) =0. y(0)=1,y'(0)=2,y"(0) = -2.
y'+y' —2y=cosx—3sinx, 54220 4y"—4y' +y=e"
y(0) =1, y'(0) =2. y(0)=-2, y'(0) =0.
y' =2y =e*(x* + x-23), 54222 y"-8y' +16y=(2x—-3)e",
y(0)=2,y'(0)=2. y(0)=y'(0)=0.
y'-10y'+25y =(x* +8x)e™, 542.24 y'+dy=4e”,
y(0)=1,y'(0) =0. y(O)=y(©)=0.
y" +9y =36e>, 5.42.26 y"-8y' +16y=(x+6)e",
y(0)=2,y'(0) =6. y(0)=0,y'(0) =1.
y' =5y +6y=(12x-7)e”*, 54228 y"-2y +y=16¢",
y(0) = y'(0) =0. y(0)=1y'(0)=2.
y"—3y'+ 2y =5sin2x, 54230 y"—4y' =6x*+1,
y(0)=3/4,y'(0)=-1/2. y(0)=2,y'(0)=3.

5.4.3 Pemith 3aauy Ko npu 3a1aHHBIX HAYATbHBIX YCIOBUSIX.

ye—, A VA Y
COS X (1+e™)
y(0) =1, y'(0) =0. y(0) =y'(0) =0.
N PASEygyiay- :
sin x +e™)
y(z/2) =1y (n/2) = x/2. y(0)=1+2In2, y'(0)=3In2.
y ;yZZCtg: T y'ray= cOS2X
G=tyG)=2 ¥(0)=2, y(0)=0.
) , e* 5.4.3.8 y
y +3y+2yZM’ YOy = osax
y(0)=y'(0)=0. y(0)=1 y'(0)=0.
-2X

V4 6y +8y = 24i - 54310 16y - si:\64x’
y(0)=0, y'(0)=0. y(7/8) =3, Y'(z/8)=2x.
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543.11

5.4.3.13

5.4.3.15

5.4.3.17

5.4.3.19

54.3.21

5.4.3.23

5.4.3.25

5.4.3.27

5.4.3.29

!!+4 — ’
y y sin2x

y(z/4) =2,y (n/4) =7

y"+0,25-y=0,25-ctg(0,5- x),

y(r)=2, y'(x)=0,5.

y"_yf_ 1
1+e*’

y(0)=1 y'(0)=2.

y(7/6)=4,y'(%/6)=3x/2.
y' -6y +8y=

2+e
y(0)=1+3In3, y'(0)=10In3.
y" + 4y =8ctg2x,

y(z/4) =5, y'(r/4) = 4.

2
yrr+7z_2y:

sinzx’

yl/2)=1y'(1/2) = z*/2.
”+iy_ 1
2 - ’
4 7% Cos>
T
y(0)=2, y'(0) =0.
4e*
”—6 ,+8 _
Y Y eY Ey e

y(0) =y'(0) =0.

y"—9y'+18y - J¢

y

]

-3x ]

+€
y(0) =y'(0) =0.

5.4.3.12

543.14

5.4.3.16

5.4.3.18

5.4.3.20

5.4.3.22

5.4.3.24

5.4.3.26

5.4.3.28

5.4.3.30
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1
(2+e™)’
y(0)=1+3In3, y'(0) =5In3.

—-X

y' =3y +2y=

y' =y =,
y(0)=1In27,y'(0) =In9 -1.
y" +y = 4ctgx,

y(7/2) =4, y'(7/2) =4.

16
cos4x

y(0) =3, y'(0) =0.

2

y'+16y =

yrr+7z_2y: ’
COS X

y(0) =3, y'(0)=0.
9e3x

1+e%’
y(0) =In4,y'(0) =3-1In8.

y'+3y'=

-2x !

+e
y(0)=1+2In2, y'(0)=6In2.
y" +4y = 4ctg2x,

y(z/4) =3,y (x/4)=2.

4
”_6 !+8 -
y —by +oy 1

y" +y =—ctg®x,
y(7/2)=2, y'(x/2) =0.

y'+y =tg°x,
y(0)=-2, y'(0)=0.



6 CUCTEMBI JIU®DPEPEHIIMAJIBHBIX YPABHEHUI

Copeprxanue: HOpMalibHbIE CUCTEMBI JU((EepeHIIMATBHBIX YPaBHEHUH, pellie-
HHe cucteM auddepeHnnanbHbIX YpaBHEHUH METOIOM WCKIIIOUYEHUH, JTMHEHHbIE CU-
cTeMbl AudQepeHInaIbHbIX YpaBHEHUH, JTHHEHHbBIE OJHOPOAHbBIE cUcTeMbl audde-
PECHIMANBHBIX YpaBHEHUH C MOCTOSHHBIMU KOX(pQUIMEHTAMH, JIMHEHHbIE HEOIHO-
poaHbIe cUCTeMbl AU PepeHIInaNIbHbIX YPaBHEHUH ¢ MOCTOSHHBIMU KO3 UIIUEHTa-
MHU.

6.1 TeopeaneCKnﬁ MaTepUuaJ 1o TEME NMPAKTHYECCKOI0 3aHATHSA

Onpenenenue 6.1.1 Hopmanvroti cucmemou oughghepeHyuanvuvix ypagrueHull
N -TO MOpsiiKa Ha3bIBAETCs CHUCTEMa BHJIA

d

d))/(1 - fl(X’yliyZ""’y”);

dy, _ ;
5 dx - fz(X, yl’y2""’yn)’ (6'1'1)
d

%: fn(X, yl’y2""’y“)'

BBenem BekTOpHBIE 00O3HAYEHUS JJII HOPMAaJbHOW cucTembl auddepeHIu-
aJbHBIX YPAaBHEHUN:

- dy [dy d dy T
yx) =[y. ¥, - yn]T; d)s(/:[d{(l d):(z %};f:[f1 f, .. fn]T.

Torma cucremy nuddepeHuranbHbiX ypaBHeHUR (6.1.1) MOXXHO 3amucaTh B
BEKTOPHOU (hopme

dy 2,0 -
Y _Fx ). (6.1.2)
dx
Onpenesienne 6.1.2 Bekrop — dynkuus Y, (X) ::[ylo VA VA ]T, ompe-
JIeJIEHHAs Ha MHTEpBaje (a; b) , Ha3bIBaeTcs peutenuem cucteMsl (6.1.1) wm (6.1.2),
€CJIM OHa HeTmpepbiBHA U AuddepeHImpyeMa Ha 3aJJaHHOM UHTEPBAJIC U MOJCTAaHOBKE
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e€ B cucremy nuddepeHInanbHbIX YpaBHEHUN, Bce €€ ypaBHEHHUS O0OpaIarTcs B
TOXKJIECTBO.

3amaua oTbicKaHUs pemreHus cuctemsl (6.1.1) wmm (6.1.2), koTopoe ymosie-
TBOPSICT HAYaJbHBIM YCIOBHSIM Y(X,) = Y,, 3alllICAaHHBIM B BEKTOPHOU (opMme, WK B

KOOPJIMHATHOH (hopme

yl(XO) = y](.);

0.
yZ(XO) - y21 (613)
Yo (%) =Ys

HazbIBaeTcs 3adaveu Kowwu, a ycinosus (6.1.3) — ycinosusimu 3agaun Komm.

Teopema 6.1.1 (cymiecTBoBaHUSI U eIMHCTBEHHOCTH 3anaduu Kommu). Eciam B
okpecTHOCTH ToukH M (X,; VYiYas.;yo), (N+1) — MepHOrOo mpocTpancTBa GyHKIMK
f.  HempephIBHBI W WMEIOT OTPAaHUYCHHBIE YaCTHBICE MPOU3BOAHBIE, TO B O -
OKPECTHOCTH TOYKU X, CYIIECTBYET M TMPUTOM EIUHCTBEHHOE pEIICHHE
Y, =Y.()5 Y, =Y,(X);...; ¥, =Y, (X) cucremsl (6.1.1), ynosieTBopsronee HaqaabHbIM
yenosuaM ¥; (%) = ¥y's ¥, (%) = Vi1 Yo (%) = ¥y -

Onpenenenue 6.1.3 Odowum peuwenuem cucrembl auddepeHITHATBHBIX ypaB-

HeHHUH HasbiBaeTcs cucrema dynkmuit Yy, =V.(x,C,C,,...,C ), rae i=1...,n, ynosiue-

TBOPSIOIIAS YCIOBHSIM:
1) mpu moObIx pomyctumbix koHcrantax C,,C,,...,C. a3rta cucrema (yHKimi

YOBJIETBOPSIET BCEM YPAaBHEHUSIM CUCTEMBI TP depeHInaTbHbIX YPABHEHHUI;

2) npu moOOBIX HaYalbHBIX yCIoBUSX Y (X,)=Y’, i=1..,N MOXHO TOJO-

0

OpaTh TakWe 3HAYCHUS] TTOCTOSTHHBIX Cf,cg’ N Ghe

TaKk 4ToObl cucTeMa (YyHKIIM
Y. =V, (X,Cl0 ,C2,...,C? ) ABJISIJIACh PELICHUEM CUCTEMBI.

Pemenue cucremsl auddepeHmaibHbIX YPABHEHUM TPU OMPEICICHHBIX 3Ha-
YEHUSIX MOCTOSTHHBIX HA3BIBACTCS YACHMHBIM peuleHuem CUCTEMBI.

Mexny HopmanbHOU cuctemor /[Y-n u nuddepennuaibHbiM ypaBHEHHEM N-
ro TOpsiKa CYIIECTBYET TE€CHas CBsi3b. B dacTHOCTH mro6oe auddepeHimanbrHoe

ypaBHenue N-ro nopsaka suga y" = f (x, VoY, y(”‘l)) MOYKHO CBECTH K HOpMaslb-

HOW crucTeEME N-TO MOPSIKA.
Ilycte y=Yy,, Torma y, =y =Y,,

n

Y'=Y,=VYs
y(n—l) - y:vl = yn !
y;l yn+l
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Toraa npuxoauM K HOpManbHOU cucteme N AuQdepeHInaTbHBIX YPABHEHHIM:

Y1 =Y,

Y2 =Yy

........... (6.1.4)
Yo1 = Yo

LYo =T (X Y0 Yo V)

[Ipu ompeneeHHBIX YCIOBUAX PEIICHUE HOPMaIbHOM cucTeMbl auddepeHIin-
aJbHBIX YPaBHEHUH MOKHO CBECTH K pelieHUI0 qudepeHIIaIbHOr0 ypaBHEHUS TO-
ro )K€ TopsKa.

PaccmoTpum aizopumm pewienus nocmagieHnol 3a0aiu.

[Tpomud depeniupyem nepBoe ypaBHeHHe cuctemsl (6.1.1) mo nepemeHHoON X !

2 n
ay, o, Zi .
2
dx oX 13 0y,
CTaBJsieM MX 3HaueHus u3 cucreMsl (6.1.1). [lomydenHoe paBeHCTBO CHOBA MPOIuU -

Y =0,(X, ¥, Y5,y Y,) . B JaHHOM ypaBHEHHH BMECTO Y, MOJI-

d? 0 0 ,
dX{l = ;’(2 +; (pkz Y =@,(X, Y1, Yoo ¥,) M TAK

(dhepeHupyeM 1o IepeMEHHON X

4y

nanee. an =¢,(X, Y, Y5, Y,). B pesynbrare mcxomHas cuctema OyaeT SKBUBa-

JICHTHA CIIEIYIOLIECH CUCTEME:

d

d_))/(l = f1(X7 Yis yzi---yn)’

d?, _

a2 =0,(% Y1, Yar-Yn)s (6.1.5)
dn

=0, Yy Yo Yy

Eciu moxno u3 (N—1) mepBeIX ypaBHEHHIH MOIYyYEHHOM CHCTEMBI BBIPA3UTh
GyHKIMHA Y,,Y,,..., Y, ¥ NOACTABUTH UX B MOCIEIHEE YPABHEHHUE, TO NOIydaeM JH}-

n

2 n-1
(bepeHnuanLHoe ypaBHEHHE N-TO MOPSIKA: %: f(x,yl,dyl dy, d ylj. B

dx dx? T dx™

ob1iemM cirydae nopsaok 1Y MoxeT moiayduThbesi MeHbIne N. JJaHHBIM METO1 peleHusl
HOpMaJbHOM cucteMsl [{Y Ha3bIBacTCA Memo0oM UCKTIQUEHUA.
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Onpenenenune 6.1.4 Hopmanvuoii nunetinou cuctemon nuddepeHanibHbIX
ypaBHEHMI Ha3bIBAETCS CUCTEMA BUA

d -+ + @,

('j))/(1 =3, (X)Y, +a,(X) Y, +...+a,(X)Y, + ¢, (%),

d 4 + .

dy)(2 =8, (X) Yy + 85, (XY, + ...+ 8,5, (X) Y, + @, (X), (6.1.6)
d 4.4+ +

d):: =ay (XY +a,(X)Y, +...+a,,(X)y, + ¢, (X).

—

dy

B BekTopHO# opme cucTeMy MOXKHO 3alHcaTh B BUJIE T Ay + @(X). Ecnu
X

¢(x)=0, To NMHEWHas CHCTeMa Ha3bIBaeTCs OJHOPOJHOW, M B BEKTOPHOH (opme

—

d ~ ~
OJHOPOJIHAs CUCTEMA UMEET BUJL: d_y = Ay . Ecin @(X) TOXKIECTBEHHO HE PaBHO HY-
X
JI10, TO CUCTEMA HA3bIBAETCA HEOAHOPOAHOU. [IpUMeEHssT METOI UCKIIFOUEHUS] K HOP-
MaJIbHOW JIMHEHHON cUCTEeMeE, €€ PEIlICHHE CBEACTCS K PEIICHUIO JMHEHHOTro qudde-
PEHIIMATBHOTO YpaBHEHUA N-0ro NOpsiaKa UM MEHBIIE.

—

_ . d .
Ecmu Y, , (X) — peuieHre 01HOPOTHON CUCTEMBI d_y =Ay,a y, (X) - yacTHOE
X

Y.H.

—

d . . _
pereHrne HeOAHOPOTHON CHCTEMBI d—y: Ay +¢(X), To Y,,(X)+Y,,(X) - perenne
X

HEOJHOPOJHOU CUCTEMBI.
Onpenesenne 6.1.5 Cucrema dynkuuii Y, (X),Y,(X),...,y,(X) Ha3piBaeTcs Jiu-

HeUHO 3a8UCUMOLL, ECITN CYILIECTBYIOT YUCIIA &, Qy,..., &, , IO KPAalHENH Mepe, OHO U3

KOTOPBIX OTJIMYHO OT HYJIA, TAKUC, UYTO JIMHEHHAs KOM6I/IHaHI/I}I BCKTOPOB paBHA HY-
JI10, TO €CTb BBIIIOJIHACTCA PaBCHCTBO

alyl(x)+a2y2(x)+---+anyn(x):0- (6-1-7)

Ecnu u3 paBenctBa (6.1.7) cnenyer, uto o, =a,=..=a,=0, To cucrema

GyHKIUI Ha3bIBACTCS JUHEUHO HE3A8UCUMOLL.
BrimuieM KoopMHATHl BEKTOP-(QYyHKIUH.

yl(x):[yll(x) y21(X) ynl(X)]T
yz(x):[ylz(x) yzz(x) ynz(x)]T

..........................................

yn(x) = [yln (X) y2n (X) ynn (X)]T
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Teopema 6.1.2 Ecniu cucteMa TuHENHHO 3aBHCHMa, TO ONIPENEIUTENb BpoHCKO-
ro (WJIM BpOHCKHAH) paBeH HYIIIO:

yll(x) y12 (X) yln (X)

W(X):y21(x) Yo (X) ... y2n(x):O. (6.1.8)

ynl(x) ynl(x) e ynn (X)
Teopema 6.1.3 [l Toro 4uroOsl cucreMa pemenuit Y, (X),VY,(X),...,¥,(X) ox-

HOPOJHOW HOPMAJIbHOM JIMHEWHON CHCTEMbI Obla JUHEITHO HE3aBUCUMOM HAa UHTEP-
Bane (@,b), HeoOX0aMMO M TOCTATOYHO, YTOOBI €€ BPOHCKUAH ObLI OTJIMYEH OT HYJIs

B Ka)XI0H Touke nanHoro uutepsana (W (x) = 0).

Onpenenenue 6.1.6 JIto6as COBOKYMHOCTh N JTMHEHHO HE3aBUCUMBIX PEIICHUMA
OJIHOPOJTHOM JTHMHEHHOW CUCTEMBI N-0TO MOPSAKA HA3bIBACTCS YHOAMEHMANbHOU CU-
cmemot peuleHul.

Teopema 6.1.4 (06 o01IeM perIeHUN OJHOPOIHOM cUCTeMBbl). JIMHEeHHAsS KOM-
Oounarus J1000M GyHIaMEHTAIBHONW CUCTEMBI PEIICHUM ¢ TPOU3BOJILHBIMU KOdh D u-
[MEHTAMHU SIBJISIETCSl OOIIMM pEHICHUEM OJHOPOJIHOM CHUCTEMBI JIMHEWHBIX ypaBHeE-
HUM.

Voo = 2,Ci¥i(X) =C¥i(X) + C,¥, () +... 4 C ¥, (X) . (6.1.9)

i=1

Teopema 6.1.5 (06 o61IeM penIeHHH HEOTHOPOIHOM cucTeMbl). Obee pere-
HUE HEOJTHOPOIHOW CHCTEMBI MPEACTABISIECT COOONW CyMMY OOIIEro PEIICHUS COOT-
BETCTBYIOIICH OJHOPOIHON CHCTEMBI H HEKOTOPOTO YaCTHOTO PEHICHUS HEOTHOPO/I-
HOI cucTembl qudPepeHnnanTbHbIX YpaBHEHUH.

You (=Y, () +¥,,(0-

Teopema 6.1.6 Eciu xommiekcHo-3HaunMas GyHkous Y(X) =U(X) +1i-V(X)
ABJIACTCA PEIICHUEM OJHOPOIHON cUCTEMBI T (EpEHIMANBHBIX YPaBHEHHH, TO pe-
IIEHUEM OTOM CHCTEMBI OYIyT JAeHCTBUTENbHBIE BekTOp-QyHKIMH U=U(X) wu
V=V(x).

PaccMOTpUM JIMHEHHBIE OJHOPOAHBIE CUCTEMBI JU((EPEHIIMATbLHBIX ypaBHe-
HUM C IOCTOSIHHBIMU KO3 pUIIieHTamu.

Onpenenenue 6.1.7 Oonopoonou auHetinou cucmemou OughghepenyuanbHbvix
VpaeHeHull C IOCTOSTHHBIMHU KO3 (UIIMEHTaMH Ha3bIBACTCS CUCTEMa BUA
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%Zaieraier +a,y
dX 171 272 n/n?’

%:a Y, +ay,Y, +..+a, Y
J dX 2171 2272 2nJn? (6110)

dy
—L=a Yy +a,y,+..+a.,y,.

dx

Pemenne cuctemsl (6.1.10) HaxoasT B BUC

Y= 7/19/1)(’ Y, = 72elxi ------- Yo = 7/nelx- (6.1.11)

B pesynbpTaTe moAacTaHOBKM (PYHKIUH M €€ MPOU3BOJAHBIX B cucteMy (6.1.10)
MPUXOIUM K OJHOPOJIHOM CUCTEME JIMHEUHBIX AJITOpanyecKuX ypaBHEHUI

'(an_ﬂ«)?/l"‘ ALY, T +a,.7, =0,
817+ (B = )7y v+ 80, =0, (6.1.12)
ay), + a7 +...+(ann—ﬂ)7n =0

HonyquHaﬂ CHCTCMAa 6yz[eT HUMCTb HC HYJICBOC PCIICHHC, B TOM M TOJBKO B
TOM cCiIy4dac, €CJIn OIIpCACIUTCIIb OCHOBHOM MaTpHULbl CUCTCMbI OTJIIMYCH OT HYJIA.

a11 -1 a12 a1n
a a, —A a
2 2 =0. (6.1.13)
anl an2 a‘nn -1

3anucaHHOE YpaBHEHHE OTHOCUTENBHO NapaMeTpa A Ha3bIBA€TCSl XapaKTepH-
CTUYECKMM YpaBHEHUEM OJHOPOJHOW JIMHEHHON cucteMbl AuddepeHnaIbHbIX
YpPaBHEHUM.

1. Bce xOpHM XapaKTEpUCTUYECKOTO YPABHEHMs JEHCTBUTENIBHBIE U Pa3Iny-
Hele: A, A,,..., 4,. IloacraBnss HaliaeHHBbIE COOCTBEHHBIE 3HAUEHUS B CUCTEMY

(6.1.12) u pemas e€, HaxoAUM N JTUHEHHO HE3aBUCUMBIX COOCTBEHHBIX BEKTOPOB OC-
HOBHOW MaTpPHUIIbl CUCTEMBI:
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=0 e e = (6.1.14)
ynl 7/n2 7/nn

OTUM COOCTBEHHBIM BEKTOpaMm OYIET COOTBETCTBOBATH N BEKTOPOB, KOTOPHIE
SIBJISIFOTCS peIIeHUsIMU cucTeMBI (6.1.10):

Ay
711eﬂix 7/12e42x V1n€ "
X AoX ApX
. V21€ = V20€ = Van€
=" Y= e Yam| T (6.1.15)
J/nleﬂix j/nzekzx }/nneﬂﬂx

OO1ee pereHne CUCTEMbl OJJTHOPOIHBIX JIMHEHHBIX YPaBHEHHUH C TIOCTOSHHBI-
MU KOA(PPUITUESHTAMH ISl ClTydasi JCHCTBUTEIBHBIX Pa3IMIHBIX KOPHEH XapaKTepu-
cruyeckoro ypasHeHus umeer Bua: Y =CY,(X) +C,Y,(X) +...+C.y, (X), unu B Koop-

IUHATHOU (popme

e

Y= Clylleﬂix + C27/12e12X +ot Cn71ne%xi

Y, = Crp€™ +Cppp€™ +.. 4+ C y,, 0", (6.1.16)

2. KopHr XapaKTepHCTHUECKOTO YpaBHEHUS PA3IMYHBI, HO CPEIH HUX €CTh
KOMILIEKCHBIH KopeHb. Ilycth A =a + 1 — KOMIUIEKCHBIM KOPEHb XapaKTepUCTUUE-

CKOro ypaBHEHHs. Tak Kak KOA(hOUIIMEHTH B XapaKTEPUCTUIECKOM YpaBHEHUU JICH-
CTBUTEJIBHBIE, TO CONPSIKEHHOE YHCIIO & — 1 TakKe SABIACTCA KOPHEM ypaBHEHHUSL.

[Tomy4eHHBIM KOMITJICKCHO-COTIPSHKEHHBIM COOCTBEHHBIM 3HAUCHUSM MATPHIIBI KO-
b dunreHToB OyIyT COOTBETCTBOBATH COOCTBEHHBIE BEKTOPHI C KOMIUJIEKCHO-
COTPSKEHHBIMU KOOPIMHATAMMU:

(6.1.17)

Torna pemenne CUCTEMBI B BEKTOPHOU (POpME MOXKET OBITH 3aITUCAHO B BUJIE:
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(p, +ig,)e!
: (a+pi)
y — 77,e(a+ﬂi)x _ (pz + |q2)e e

=U(x)+iv(x), (6.1.18)
i
rac
e (p,cos Bx — q,sin £X) e (p,sin Bx + @, cos £x)
0(x) = e”*(|p, cos Bfx —q,sin BX) (0= e (p,sin Bx+ q, cos BX) (6.1.19)
e (,c05 fx G, sin ) e (p,sin X+, €05 )

PaCCMOTpI/IM pPCUICHUC JINHEHHBIX HCOOHOPOAHBIX CHUCTCM ,Z[I/I(b(l)epeHI_[I/IaJIB-
HBIX ypaBHeHHﬁ C ITIOCTOAHHBIMH KOB(i)(l)I/IHI/IeHTaMI/IZ

d
d_3)1(1 =a, Y, +a,Y, +o(X),
(6.1.20)
dy, _
ax ay Y, +ay,Y, + ¢,(X).

OO6ee perieHre HEOTHOPOIHONM CUCTEMBI TIPEACTAaBIsACT COO0M cymMMy oOIIe-
IO PEIICHUs OJTHOPOJHOM CHUCTEMBbI M YAaCTHOTO PEIICHUS HEOTHOPOJIHON CHUCTEMBI.
[Ipeanonoxxum, 4TO0 U3BECTHO OOIIIEE PEIICHUE OJTHOPOIHON cucTeMbl TuddepeHiiu-
AJIbHBIX YPAaBHEHUU.

{yl = C1y11 + C2y12’ (6.1.21)

Y, = C1y21 + Cz Yoo-

YacTHOE penieHne HEOJHOPOJHONW CUCTEMbI MOKHO HAWUTH METOJIOM BapHUalluu
MPOM3BOJIbHBIX MOCTOSTHHBIX, KOTOPOE€ COCTOUT B TOM, UTO YaCTHOE PEIICHUE HEO-
HOPOJIHOM CHCTEMBI UMEET TOYHO TaKOM )K€ BUJI, KaK M 00I11Iee pelIeHHe OTHOPOTHOM
CHUCTEMBI, TOJIBKO CYUTAEM, UTO MPOU3BOJIbHBIE TIOCTOSAHHBIE 3aBUCAT OT IEPEMEHHOM
X:

y; = Cl(X) Yt Cz (x) Yizs
y; = Cl(x) Yot Cz (X) Yoo

[TpousBonsHbie TocTosiHHBIE C,(X) 1 C,(X) ompenensieM U3 CUCTEMBI:

(6.1.22)
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(6.1.23)

{Cll(x) Y t Cé (X) Yio = (Dl(x)s
Cll(x) Yor t+ C;(X) Yoo = (pz(x)-

6.2 Ilpumepsbl pemieHusi TUMOBBIX 3a/1a4

6.2.1 MeTo10M UCKITIOUEHUS! HAMTH YaCTHOE PEIICHHE CUCTEMBI

By —2X+4y—-x=¢e"',
y+8y—-3x=>5e",

yaosieTBopsoniee HauansabM yeaosusM Y(0) =1, x(0)=2.
Pemenue. MickimouaeM X U3 ypaBHEHHH cucTeMBI. I3 BTOpOro ypaBHEHHs BbI-

1
paxxaeM (QyHKIHIO X :g(y’+8y—56_t). [ToxcraBuB X B MEPBOE ypaBHEHUE, MOCIE

YIOPOIICHUS, MPUXOJIUM K JUHEHHOMY auddepeHnaIsHOMy yYPaBHEHUIO BTOPOTO
nopsiagka oTHocutensHo GyHkmun Y(t): y'+ Yy —2y=-4e'. KopHaAMH XapaKTepH-

CTHYECCKOTO YpaBHCHHS A2+ 1-2=0 musa COOTBETCTBYIOILIETO OJHOPOJAHOIO Jr(-
(bepeHnnanbHOro ypaBHeHus sABistorcs yucna A, =1 u A, =-2. Toraa obuee pernie-

HHE OJJHOPOIHOTO YpaBHEHUs 3amuchiBaeM B Buje Y =Ce* +Ce ™",

YacTHOE pelieHne HEOTHOPOJHOTO YPaBHEHNS 3alliChIBaeM B Buae Y = Ae ~.

Haxozs nepByro 1 BTOpYIO MPOU3BOAHBIE, TIOJICTABISIEM UX U (PYHKIIHIO B UCXOJHOE
ypaBHeHue, HaxonuM 3HaueHne A=2. Ha ocnHoBanum dopmyinsl (5.1.2) momydaem

obmee pemenue nupdepenmuanbaoro ypapuenus: y =Ce' +C.e7°' +2e™.

Ilocne moncramoekn Yy u Yy =Ce' -2Ce* —2e" B BhIpaxkeHue
1
X = 5( y' +8y— 5e_t) HaxonuMm Qyskmuio X=3Ce' +2C.e ' +3e'. Torma obmum

pelIeHreM 3aJJaHHON CUCTEMbI OyIyT PYyHKIUN

x=3Ce' +2C,e* +3e™,

y=Ce' +C,e™ +2e™

Haiiném uactaoe pemenne cucreMsl, noacrasub Y(0) =1 u x(0)=2 B cucre-

My:
{Cl +C,+2=1,

3C,+2C,+3=2.
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PemuB cucremy otHocutensHo C, u C,, nonyuum C, =1, C,=-2. CinenoBa-
TEJIbHO, YaCTHOE PEIIEHUE CUCTEMBI UIMEET BUJT

x=3e"—4e +3e7,
y=e'—2e? +2e™".

6.2.2 MeTo0oM HCKIIIOUEHHUS PEIIUTh cUcTeMy auddepeHInalbHbIX YpaBHE-

HUHN
Y1 =Y1—2Y, Y,
Yo ==Y+ Y, + Vs,
Yo=Y = Ys

Pemenue. UckmounM Yy, W Y, W3 3TUX ypaBHEHWM, IJISI 9TOTO U3 TPETHETO
ypaBHEHMs HaxoIuM Y, =Y, +Y,. IIlponuddepennupyem noaydyeHHOE paBEeHCTBO IO
IIEPEMEHHOM X: Y, =Y5+Y;, NIOJCTABUB 3HAYEHUs Y, M Y, B IEPBOE ypaBHEHHE,

"

- 1 1
HalIEM U3 Hero Y, = > Y3 , a,CJIeIOBATEIbHO, Y, = > ya

[loncraBuB Y,, Y, U Y, BO BTOpOE ypaBHEHHUE, NOIyYnM AuddepeHnnaibHoe

"

ypaBHEHHE TpeThero mopsaka: Y, —Y;—2Y,=0. CocTaBuis XapakTepHCTHYECKOE

ypaBHEHHE U HaXOJs €ro KOPHH, 3aliChIBaeM peleHne audQepeHnaasHoro ypas-
. _ 2% —X
HeHus: Y, =C +C,e”" +Ce™.
YToOBI ONpeeuTh HEN3BECTHRIC (DYHKIINU, HAXOAUM Y; U Y, W3 IOCIEIHETO
!
paBeHcTBa. IloacTaBnsas mpousBoaHble QYHKIUH Y,(X) B GopMynbl Y, =Y;+Y, U

1
y, = -5 Y5 , oJTy4aeM o0liee pereHne CUCTEMB.

y,(x) =C, +3C,e*,

y,(X) =-2C,e** — %Cge‘x,

Y;(X)=C, +Ce”*+Ce ™"

6.2.3 Haiitu ob6miee pemienne cuctembl auQdepeHITNaNbHBIX YpaBHEHUN, WC-
MOJIB3YsI XapaKTEPUCTUIECKOE YPABHEHHUE CUCTEMBI.

Y1 =2Y, =Y, + Y,
Yo=Y, +2Y, = Y,
Yo=Y, =Y, +2Y,.
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Pemenue. CocTaBnsieM XapaKTEpUCTUYECKOE YpPaBHEHUE.

2-4 -1 1
1 2-4 -1|=0,
-1 2-1

W=L dy=2, 4=3

Haxoaum coOGCTBEeHHBIE BEKTOPHI, COOTBETCTBYIOIINE MOTYYCHHBIM COOCTBEH-
HBIM 3HAYECHUSAM U3 CUCTEMBI.

V2t ys=0 Yy 4y =0
A4, =1 7it+7,—73=0 R Vo=Vs=y: =0
2y,—2y;=0
11=7,+73=0
0 0 0
Torma 7' =|y |=y|1|. Ecmn y=1,10 7' =| 1.
/4 1 1
~V2+73=0 1
Ay =2 71—7,=0 Nn=rv,=rs=r=1 yi=[1].
71— 7, =0 1
V=V, +73=0 . —y,+7,=0 1
=3 /=7~ 1=0 {_217 o nEnEr=l =0,7750
L=

1=V, — V=0 1

Toraa obmee pemenue B BekTopHOit Gopme Y =C y'e* +Cy%e** + Cy°e™ um
B KOOpJIMHATHOU popme
y, = C,e” +Ce¥,
y, =Ce* +Ce”,

X 2x 3x
y,=Ce" +Ce” +Cpe”.

6.2.4 Haiitu obmiee perieHne cuctembl auQGepeHITNaNbHBIX YpaBHEHUM, WC-
MOJIb3YsI XapaKTEPUCTUIECKOE YPABHEHUE CHCTEMBI.
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{w=2m—3n,
y; =3Y; +2Y,.

Pemenne. CocraBisgeM XApaKTCPUCTUUICCKOC YPABHCHHC

‘2—2 -3

=0, A,=2+3i
3 2—1‘ A

HaiineM coOCTBEHHbBIE BEKTOPBI, KOTOPHIE COOTBETCTBYIOT MOJIYYEHHBIM COO-
CTBEHHBIM 3HAYCHHUSIM.

=3iy, -3y, =0, )
{ V1= 97> v=i, 7, =1.

3y, —3iy, =0.

y, = 16?3 = ?*(—sin3x +icos3x)

(DYHI[aMCHTaJIBHEUI CUCTEMA pemeHHﬁ: 243i 9 L.
y, =e#¥* =e*(cos3x +isin 3x)

Torma
. —e?*sin3x . e** cos3x
G(x)= V(X) = .
) (ezxcos?)xj ) (ezxsinBXJ

2X a1 2X
y, =—C,e”"sin3x+C,e”” cos3x,

O6miee pelieHue: _
y, =C.?* cos3x +C,e”*sin3x.

6.2.5 Haiitm o01mee pelieHre HEOTHOPOIHOM cucTteMbl AuddepeHInaIbHbIX
YpPaBHECHUH.

dx _
dt 7

Wyt
dy cost

Pemenue. Haiinem ob1iee peiieHre COOTBETCTBYIONIECH OJTHOPOTHONU CUCTEMBI

ax
T
dy _
Y

—X.
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HpI/IMeHI/IM MCTOAOM HMCKIHOYCHUA

d’x _dy
dt2  dt’
&_
dy

[Tomyyaem nuHeliHOe nudQepeHInaTbHOE YpaBHEHHWE BTOPOTO MOpPsIKa

dt?

21’2 =+i. ®yHgaMeHTaIbHAas CUCTEMA PEIICHMIA X, =cost, X =sint. Obuiee penieHue

d?x
+x=0. Xapakrepuctuueckoe ypasuennme: A°+1=0. KopHu ypaBHEHHS:

i dx .
ypaBHenuss X=C, cost+C,sint. Ilo ycnoBuro Y= Py =-C,;sint+C,cost. Torna

o011iee peneHrne OTHOPOTHON CHCTEMBI:

x =C, cost +C,sint,
y =—-C;sint+C, cost.

YacTHOE pelieHrne HEOJTHOPOJHOM CUCTEMbBI HAXOJIUM B BUJE:

X =C,(t)cost + C,(t)sint,
y =—C,(t)sint + C,(t)cost.

[TpousBonsubie ocTosiHHbie C,(t) 1 C,(t) ompeaenum U3 CUCTEMBL:
C/(t)cost +C,(t)sint =0 xsint
. 1
—C/(t)sint + C! (t)cost = ——
(0 () cost| x cost

sint
C!t)=1 C/t)=———
O=1 ClO=-_

C,(t)=t; C,(t)=In|cost|

YacTHoe pelnieHrue HeoHOPOTHON CUCTEMBI:

x =In| cost|-cost +t-sint,
y =—In|cost|-sint +t - cost.
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Oob1ee penieHre HEOTHOPOAHON CUCTEMBI:

{x =C, cost +C,sint +In|cost|- cost +1 -sint,

y =—C,sint + C, cost — In| cost|-sint +t - cost.

6.3 3aganus AJs1 pelieHUsI HA MPAKTUYECKOM 3aHATHH

6.3.1 Pemiuth cucremy auddepeHranbHbpIX YpaBHEHUH METOJOM HCKITFOYe-
HUW:

d
%:)ﬁ"'zyz’
X —5x + 3y =2¢e¥,
0)
y—X—-y=5e";
Y, = =3y, +5Y,,
B){%_ T y(0)=1, y,(0)=-1;
Y2 =3Y1 = Ya,
) X—2x+y=0, (0)=0, y(0)=0
r X(U) =0, =V,
y+X—2y=5¢"sint, 4
X'—z-y=0,
o)y —-z-x=0, x(0)=-1 y(0)=1 z(0)=0.
Z'—x—-y=0,

6.3.2 Pemuth cuctemy nuddepeHnranibHbpIX YpaBHEHUNM C HMCHOJIb30BaHHEM
XapaKTEPUCTUUECKOTO YPABHEHUSI CUCTEMBI:

dy,

dt :_5y1+y2!
a) dy
d_tzz_zyl_?yz;
X=X-Y,
o1
y=X+Yy+e,
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Y, =-5Y, +2Y,,
B){l L y,(0)=5, y,(0)=-29

Y2 =Y, —6Y,,

F){X=x+y—cmﬂ, X(0)=0, y(0)=3.

y =—-2X—Yy+Ssint + cost,

X'=5x+2y -3z,
n) sy =4x+5y—-4z, x(0)=6, y(0)=7, z(0)=10
Z'=6x+4y -4z,

6.3.3 Haiitu mapy nuHui, 00iagaronux ClIeIyIOIMMA CBOWCTBAMHU: a) Kaca-
TeJbHbIE, MPOBEAEHHBIE B TOUKAX C OJMHAKOBBIMM a0CIMCCAMM, NEPECEKAOTCs] Ha
OCH OpJIMHAT; 0) HOpMaJH, NPOBEAEHHBIE B TOUKAX C OJMHAKOBBIMU abcuuccaMu, Ie-
pecekaroTcs Ha OCH abCLuCC.

6.3.4 JIBa umimHApa, OCHOBaHMS KOTOPBIX JIEKAT B OJHOW IJIOCKOCTH, COEIIH-
HEHHBIE BHU3Y KallWJUIAPHOU TPYOKOM, HAallOJHEHBI KHUIKOCTHIO O Pa3HOU BBICOTHI.
Yepes TpyOKy B €IMHHUILy BPEMEHHU MPOTEKAET O0BEM KUAKOCTU, MPONOPIHOHATb-
HBI pa3HOCTH BBICOT. HaliTW 3aKOH M3MEHEHHMs BBICOTHI JKUJKOCTU B COCYAax Hal
KaNWLISIPHOU TPYOKOM, €CIIM U3BECTHBI IONIEPEYHBIE CEYEHUSI COCY/IOB.

6.4 3aganust 111 KOHTPOJIMPYEMOii caMOCTOSITeIbHOI PadoThI

6.4.1 HaiiTu obiee pemeHne CUCTEMbI OJJHOPOIHBIX JTUHEHHBIX AU(depeHIIn-
aNbHBIX YPABHEHHU C MOCTOSIHHBIMHM KO3 (PUIMEHTaMU JBYMSI CIIOCOOaMU: a) METO-
JIOM UCKJIIOYEHHMSI; 0) UCIIONIb3Ysl XapaKTEPUCTUUECKOE YPAaBHEHHE MATpPUIIbl YKa3aH-
HOM CHUCTEMBI.

X=5x+2y, X=4x-12y
6.4.1.1 ) 6.4.1.2 )

y =4x+3y. y=X-4y.

X=6X+2Y, X=4x+12y,
6.4.1.3 6.4.1.4 )

y=4x+4y. y=—X—-4y.
6415 X=14x+2y, 6416 X=4X-0Y,
T y=4x+12y. T y=2x—-4y
6417 X=12x+2y, 6418 X=2x-3y,
T y =4x+10y. T y=—X-2y
6410 X=10x+2y, 64110 X=4x-0Y,
T y =4x +8y. T y =2x—-3y
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64111 1. ) 64112 XTI
4.1, y=-3x—2y 4.1, J=x—2y
X=—-X+8y, X=4X+06Y,
6.4.1.13 6.4.1.14
y=X+Y. y=-2x—-4y
X=X+Y, X =3x -8y,
6.4.1.15 <. 6.4.1.16
y=-2x+4y y =x-3y.
{X=—5x+2y, {x=2x—y,
6.4.1.17 <. 6.4.1.18
y=Xx-6y y=2X-Yy
{X=—2X—4y, {x=4x+4y,
6.4.1.19 <. 6.4.1.20
y=-X+Yy. y=-3x—4y.
{X=6X—2y, {x:3x+8y,
6.4.1.21 <. 6.4.1.22
y=X+3y y =—x-3y.
64103 |1 X7 64104 |
T y=2x+3y T y=3x—-4y
X =10x -8y, X=10x+11y,
6.4.1.25 <. 6.4.1.26
y=—-X+4y y=4x+3y
64107 |12 64108 | X7
T y=4x-3y T y=2Xx-5y
6.4.1.29 X=7x+10y, 6.4.1.30 X=7x+10y,
T y=-2x-5y T y=-2x-5y

7 IPEOBPA30OBAHMUE JIAIIVIACA

Conep:xxanue: npeoOpazoBanue Jlamnaca, QyHKUUS-OPUTHHAN M (PYHKIUS-
n300pakeHue, TadauIa OPUTMHAIOB U U300paKeHUH.

7.1 Teoperuveckuii MaTepuaJ Mo TeMe NPAKTUYECKOT0 3aHATHSA

Paccmorpum pyukimio f (t), koropas yaoBiIeTBOPSET CIIEAYIONMM YCIOBUAM:
1) f(t)=0, eciu t<O0;
2) na unrepsaie (0;+0) dynkums f(t) mmeer koHeUHOE YKMCIIO TOYCK PasphI-

Ba TMIEPBOTO POJIa;
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3) mpu 3HaYeHWM t—> 400 abCONIOTHAs BeTWYMHA (PYHKIIMHM BO3PACTAET HE
OBICTpEe HEKOTOPOI IKCIIOHEHTEL, TO ecTh | f ()| <M -e”.

DyHKIMSA, YIOBIETBOPSIOMIAS IEPEUUCICHHBIM YCIOBUAM, Ha3bIBAETCS (DYHK-
yueu-opueunanom o Jlamiacy.
Ecimn ¢yuxuus f(t) sBasercs opuruHaiaoMm, TO YKCEN O CYLIECTBYET OECKO-

HEYHO MHOTO, ITPH STOM HIKHSSI TPaHb BCEX YMCEN O HAa3bIBAETCS MOKa3aTeIeM po-
cta (QyHKITUH.

o, =inf{o} — nokasarens pocra.

Omnpenenenue 7.1.1 (mpeoOpazoBanus Jlamnaca). CoOTBETCTBHUE, [0 KOTOPOMY
Kaknoi  ¢yakiuu-opuruHany f(t) comocraBmsercs dymkmms  F(p), rme

P =S-+Ii®w —KOMIUIEKCHas TIEpEMECHHAas, OIpeaesieMas mo Gopmyiie
F(p)=]f®e™dt, (7.1.1)
0

HasbIBaeTCs npeobpaszosanuem Jlannaca. ®yuxuus F(p) nHaseBaetes ¢yuxyueri-
uzobpancenuem Gpynxuuu-opurunana f(t) mo Jlamnacy.

Jns mro6oi Gyrkuuu-opurunana f(t) uarerpan (7.1.1) sBasgercss cXonsiyM-
Cs1, TaK KaK 3TOT WHTETPaJl 10 a0COFOTHON BETMYMHE OTPAHUYICH:

IF(p)|< (7.1.2)

s—a,

CrnemoBarenbHO, IO CBOMCTBAM HECOOCTBEHHBIX MHTErpasioB, uaTerpai (7.1.1)
ABJIAETCA CXOAAIMMCH, ecti Re p=S>o,, TO ecTh JeHCTBUTENIBHASA YacTh OOJbIIE

MoKas3aresisi pocTa. DTO YCIOBHUE SBISIETCS HEOOXOAUMBIM YCIOBHEM TOTO, YTOOBI
GYHKITUS KOMIUICKCHOTO MEPEMEHHOT0 P=S+1® sBisuiach nzodpaxenuem. Kpome

3TOTrO, P 3HAYEHUU P —> o0, uzobpaxenue F(p) — 0.
O6o03HaueHus:
f(t).=" F(p) (pyukuus-opurunan f(t) umeer usodpaxenue F(p)),
F(p) *=, f(t) (byuxuus F(p) sasasercs nzobpaxenuem opurunana f(t)).
HecobOcTBeHHbI MHTETpai, onpeAenstonmii npeodpazoBanue Jlamnaca, obna-
JaeT ¥ TEM CBOWCTBOM, 4YTO B 00JaCTH ACUCTBUTEIBHON YacTu Rep > o, ero MoxHO

auddepennupoparts mo nepemenHon p. Iycre f(t) =" F(p). Torma

!
0

F(p)= T ft)e ™dt | =[(f(t)e™ )' dt = T(—t) f (e ™dt "=, -t f(t)

p 0
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B nansreiiniem, ropopst o pynkiuu f (t), Ml Bcerma Oymem moapasymeBars,
uro npu 3HaueHnd t <0 3nauenue opuruHana f(t)=0.

1, t>0;
0, t<0,

HOM QyHKIMEN unu ¢yHkiuend XasBucaiiia. B onepannoHHOM UCYUCICHUN TOApa3y-
MeBaeTcsl, YTo (PYHKIIMM YMHOXEHBbI Ha (pyHkiuio XsBucaiina. Hanpumep, nuiiem
t", t>0

0, t<DO.

Paccmotpum dynkmmio 1(t) = 7(t) ={ KOTOpasi Ha3bIBAECTCS €IMHHUY-

f (t) =t", no monmpazymenaem f (t) ={

Tadumnua 0CHOBHBIX OPUTHHAJIOB U M300pasKeHU i

O yHKIMA-OPUTHHAI DOyHKIUA-U300paKeHUE
1 2
1(0) &
p
n!
tn pn+1
" 1
p—A4
) W
SiInwt
p2+a)2
cosmwt 5 P >
p-+w
0]
shwt o
p
chwt S
fosinot 2P
-SINw
(b +o?)
2 2
)
t-coswt P >
(p*+o)
\ nke™?P
(t_a) n+l
P
n!
tn .e/l't —n+
(p-A)™
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1 2
(0]
Mt t
et .sinw (0 A+ o
| )
At t
e*.cosw T
(0]
e*t.shwt
(p—1) -’
| )
e’ .chwt
(p—A) -’
-t
1-e In[1+£]
t P

7.2 IlpuMepbl pelieHUs: TUNOBBIX 32124

7.2.1 Tlokazats, uro Qynkuus f(t)=e“coswt saBmsercs QyHKUMENH-

OPUTMHAJIOM.
Pemenue. B onepaninoHHOM HMCYHMCIEHUU paccMaTpUBAIOTCS (YHKIIMHM, YMHO-
’KEHHbIE Ha eMMHNYHYI0 QyHKUMIO. [loaTOMY 3amaHHast pyHKIMS UMEET BU]L

ot >
F(t) = e coswt, t>0,
0, t<O.

t
ITepBoe yCI0BHE BBIMIOIHEHO B CHIY 3aaanus GpyHkuuu. Oynkimu € u cos ot
SBIIIIOTCS HETPEpbIBHBIMU (QyHKIMsIMH nipu t >0, a, cienoBaTesbHO, HA 3TOM MpO-

MeKyTKe OyneT HempepbiBHa (ynkius f (t) =e” coswt, xak npoussenenue Hemnpe-

PHIBHBIX (YHKIMH. 3aqanHas GYHKIMS HE MMEET TOYEK Pa3pbiBa, TO €CTh BBIIOJIHS-
eTCsl BTOPOE YCIOBHE ONpeeaeHns (QYHKIMU-OPUTHHAIA.
[IpOBEpHM BBIIOJHEHHUE TPETHETO YCIOBUSL.
|f(t)|=[e" - cost| = |e|- [cos t| <€ -1=1-e"

Tpetbe ycnoBue dyHKIUU-opurnHaia Boimonnsercs: M =1, a mokazarens po-
cta o, paBeH «. Takum oOpazom, 3anaHas (yHKuuA sBiasercs ¢QyHKIUEH-

OpPUTHHAJIOM.
7.2.2 Haiitn 1o onpenenenno (GyHkiuo-uzobpaxenue F(p) mwis pyHxumu-

opurunana f(t)=e*.
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+00

Pewenue. Ilo onpenenenuo F(p)= I f (e ™dt = I e’e dt = j e (P At =
0

0 0

+00

+00

L-e_(p_’”t =0+ 1 1 . Takum o6pazom, e* = L

p—/lzp—/i p—4

7.3 3aIlaHl/Iﬂ AJIA PEHICHUA HA MIPAKTHYECKOM 3aHATUH

7.3.1 IIpoBepuTh 10 ONpEAEIEHUIO OpuruHana, kakue u3 gynkmmii f(t) ss-
JS0TCS PYHKIUSAMU-OPUTMHATIAMHU.

7311 fO=1). 7.3.1.2 f(t)=t% 7.3.1.3 f(t):t%l.
7314 f(t)=sin3t. 7.3.15 f(t)=cos4t. 7.3.1.6 f(t)=tgt.
7317 f(t)=ch2t. 7318 f(t)=shat 7319 f(t):t244

7.3.2 Haiitu o onpenenenuto GpyHkuuro-uzobpaxenne F(p) mwis GpyHkmmu-
opurunana f(t).

7.32.1 f()=1t). 7322 f(t)=t. 7.3.2.3 f(t)=sint.
7.3.2.4 f(t)=cos2t. 7.325 f(t)=sh3t. 7.32.6 f(t)=ch4t.
7327 f(t)=¢?. 7328 f()=2+4t. 7329 f(t):coszé.

7.4 3ananus 1J151 KOHTPOJIMPYEMO CAMOCTOSITEJILHOM PadoThI

7.4.1 TIpoBepuTh 110 ONMpPEAETIEHUIO opuruHana, kakue u3 QyHkmmi f(t) sB-

JA0TCA  QYHKUMSAMU-OpUIMHadaMu. Halith 1o  ompemeneHu0  (QyHKIHIO-
nsoOpaxenue F(p) mwia pynkiuu-opurunana f(t).

7411 f)=2t+1. 7412  f(t)=e". 7413  f(t)=sin2t.
7414 f(t)=cost. 7415  f(t)=sht. 7416  f(t)=ch2t.
7.41.7 f@t)=sin’t. 7.4.18  f(t)=cos’t. 7419  f(t)=5t-2.
74110 f@)=3+5. 74111 f(t)=e". 7.41.12 f(t)=sin4t.
74113 f(t)=cos3t. 74114 f(t)=sh2t. 7.41.15 f(t)=ch3t.
74116 f(t)=sin?2t. 7.4117 f(t)=cos’2t. 7.4.118 f(t)=7t-5.
74119 f(t)=6t+3. 74120 f(t)=e". 74121 f(t)=sinst.
7.41.22 f(t)=cos4t. 74123 f(t)=shat. 7.41.24 f(t)=ch4at.
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7.41.25 f(t)=sin?3t. 7.41.26 f(t)=cos?3t. 7.4.127 f(t)=6t-3.
7.41.28 f(t)=t> 74129 f({)=9%-10 74130 f(t)=e""

8 CBOMCTBA IPEOBPA3OBAHMUSA JIAILIACA
Coaep:xxanue: JMHEHHOCTb, mojob0ue, AuddepeHpoBaHUE OpHUTHUHANA U
M300paKEeHUs, UHTETPUPOBAHUE OPUTHHANIA M M300paKeHHUs, 3ama3bIBaHUE OPUTH-

Hajla, CMEIICHUE U300paKeHUs, CBEPTKA OPUTHHAIIOB, HAXOXKIEHUE U300paXEeHUs 110
3aJIaHHOMY OpUTHHAILY, ONPEAEICHHE OPUTHHAJIA IO U3BECTHOMY H300paKEHUIO.

8.1 Teopeanecmlifl MaTepHual 1o TEME NMPAKTUYECCKOIo 3aHATUSA

PaCCMOTpI/IM OCHOBHBIC CBOMCTBA OPUI'MHAJIOB U H306p&)1(€HHfI.

1. CBOWCTBO JINHEHHOCTH.
Ecmu f(t) =" F(p), o(t) .= ®(p), o Va,fcC cnpaBemmBo yTBepxkIe-
HHE:

a f()+po).= aF(p)+ (). (8.1.1)

2. CBOMCTBO Moa00OMs.
Ecmm f(t) =" F(p), 0 Va >0 cnpaBeayimBo yTBepKIeHHUE:

f(at) =" éF(g). (8.1.2)

3. CaoiicTBO nu(ppepeHIPOBAHNS OPUTHHAJIA.
Eciu ¢ynkuus f(t) u eé npoussoansie 10 N-ro mopsaka BKIKOUUTEILHO SB-

nasrores opuruHanamu u f (t) =" F(p), To
f®@) .= p"F(p)—p""f(0)~p"*f'(0)—...— F"(0). (8.1.3)

Ecmm f(t) u f'(t) — dpysaxuuu-opurunans u f (t) =" F(p), To u300paxenue
nepsoii npoussoanoi Gpyukuun f(t) onpenensercs mo Gopmyie

f'(t).=" pF(p) - f(0).
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Ecmu f(t), f'(t) f"(t)—dynkuuu-opurunaner u f(t) =" F(p), To u3obpa-
KeHue BTopoii npousBoanoi opurunana f(t) onpenensercsa mo Gpopmyie

f'(t).=" p*-F(p)-p- f(0)- '(0).

3ameuanue. B wactHoM ciyuae, eciu f(0)= f'(0)= f"(0)=...= " (0)=0,
to () =" p"-F(p). Takum o6pazom, auddepeHnrpoBaHIe OPHTHHAIA CBOIUTCS
K YMHOKEHHUIO H300pakeHust Ha P .

4. CpoiicTBO nu(pepeHIIUPOBAHNS U300PAKEHUS.
Ecmm f(t) — pynxumsa-opurunan u f(t) =" F(p), 1o

FO(p) ™= (0" 1 (D). (814

TaxkuMm o6pasoMm, nudpepeHIupOBaHIE U300PAKEHHS CBOJUTCS K YMHOKEHHIO
opuruHana Ha (—t).

5. CBOICTBO HHTErPUPOBAHUS OPUTHHAJIA.
Ecmu f(t) — dynxkums-opurunan u f(t) =" F(p), 1o

jﬂﬂda55%2. (8.1.5)

Takum 00pa3oM, UHTETPUPOBAHUE OPUTMHAA CBOAMUTCS K JENEHUIO M300pa-
KEHUS Ha .

6. CBOICTBO HHTEIPHPOBAHUS U300PaKEHHS.
Ecmu f(t) — pynkuus-opurunan u f (t) =" F(p), o

-%Q;@FQNL (8.1.6)

Takum o0pazoMm, neneHne Ha t OpHWrHMHAIA CBOJUTCS K WHTETPUPOBAHUIO
MU300paKEeHHUS.
7. CBOWCTBO 3ama3AbIBAHUsI OPUTHHAJIA.

Ecmm f(t) — pynxumsa-opurunan u f(t) .= F(p), o

ft—7).=" e -F(p). (8.1.7)
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Ecmu f(t) npuHAMaTh 32 HEKOTOPBIN CUTHAJ, KOTOPBIN BKIIFOYAETCS B MOMEHT
Bpemenu t=0, To f(t—7) — ecTb curHan, KOTOpPHI BKIIOYUTCS B MOMEHT BPEMEHU
t=r.

Takum oOpaszom, 3amazaplBaHHE OPUTHHANA HA BEJIMYMHY 7 O3HA4aeT YMHO-
KEHHE N300pKEHHs OPUTHHATIA HA € ' .

8. CBOMCTBO cMellleHUsI U300paKeHMsl.

Ecmm f(t) — pynxumsa-opurunan u f(t) =" F(p), o

e™ f(t).= F(p—py). (8.1.8)

t
TakuM 00pasoM, yMHOKEHHE OpUTMHana Ha €% OCYyIIECTBIAET CMENIEHUE
N300paXeHNs Ha BETMYHHY ], .

9. CBONICTBO CBéPTKH OPUTHHAJIOB.

Ceeprioii pynxumii f(t) u @(t) maseBaercs QyHKuIus _[ f(z) pt-7)dr,

kotopas obosnauaercs (1) *@(t) wm (f *@)(t).
Ecmm f(t) u o(t) sasusiorcs QyHKIUAMUA-OpUIHHATIAME, TO CBEPTKOW OPUTH-

t
HAJIOB Ha3bIBaeTCs onpeneiacHubi uarerpan (f * @)(t) = J f(r)-o(t-7)dr.
0

Ecmm f(t) u ¢@(t) sasosiorcs dynxuusmu-opurunanamu u  f(t) =" F(p),

o(t) =" ®(p), To cBepTKa PyHKIMI UMECT H300PAKEHUE

(f*@)t) = | f (2)p(t—7)dz =" F(p)®(p). (8.1.9)

PaccMoTpuM MeTOnBI HAaXOXKIEHUS (DYHKIIMU-OPUTHHAIA 10 3aaJaHHOMY
M300paKEHHUIO.

1. Ecnu u3o0pakeHue Mpe/CcTaBiIsieT APOOHO-PAIIMOHAIIBHOE BBIpaXEHUE, TO
PacKIIaJBIBAIOT APOOh Ha MPOCTEHIMe apodu, a 3aTeM, MPUMEHSSI METOJ] HeoTpee-
JICHHBIX KOX(PUIIMEHTOB, HAXOMST HEU3BECTHBIE KOIPQPHUIIMEHTHI B Pa3JIOKCHUH.
[Tocne aToTO UCTIOJIb3yeM CBOMCTBA M TAOJIUILy OPUTUHAIIOB U M300paKEHUH.

2. Metoq  WCHONB30BaHMSI  CBOMCTBA  CBEPTKM  (PYHKIMU-OpUTHHANA:

F(p)®(p) "= (T *)(1).
3. Merop ucnonb30BaHus CBOUCTB AU GEepeHIIMPOBAHMS U HHTETPUPOBAHMUS.
4. MeToJ UCTIONb30BaHUS CBOMCTB CMEIICHUS] M300paKEHUs U 3ama3blBaHus
OpUTMHAJIA.
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8.2 IlpuMepsl pelieHUsi THNOBBIX 33124

8.2.1 Ilo 3amannoii Gpynkuum-opurunany f(t)=(2t* +5)sinl2t maiitn n300-
paxenune F(p).

Pemenne. IlpeobpasyeM 3amamHyto ¢ymkmuio-opuruaan f (t) = (2t* +5) x

xsin12t = 2t?sin12t + 5sin12t . Ilo Tabnume OPUTHHAJIOB M HM300paKEHUH HaXOJIUM

n3o0pakenue GyHKIMHU cuuyca: 5sinl2t ="5- 12 = 60

p°+12° p®+144°
I[To cBoiicTBy au(depeHIUpoBaHNs N300paKeHHs yMHOXeHHE Ha t° QyHK-
[IUM-OpPUTHHAIA CBOAUTCS K IBYKpaTHOMY MH(h(epeHITMPOBaHUIO N300paKCHHS.

n

tsiniot = 22 | -[-__24P | _72p"-3456
p*+144 (p> +144)° )~ (p® +144)°

CJIGI[OB&TGJIBHO, HCXoaHasda Q)YHKHI/I}I-OPI/IFI/IHEUI HUMCCT I/I306pa}K€HI/IC

. 144 p* — 6912 60

(2t* +5)sin12t = ; +— :
(p?+144)°  p*+144

o :
8.2.2lo 3amanHo¥ ¢yHKIMU-OopurnHany f(t)= f sinz +sin2z dr mHaittu
0

T

uzobpaxenue F(p).

Pemenne. Jlnst HaxoxaeHUsT M300pakeHUs 3aaHHON (DYHKIUU-OpUTHHATA
BOCIIOJIb3YEeMCSl CBOMCTBOM HWHTETpUpOBaHUs opuruHaia. Haxomum wuzoOpaxeHue
YUCTUTENS JPOOHU.

1 2

sint+sin2t =" ——+—.
p°+1 p°+4

Torna n300pakeHne MOABIHTErPATLHON (PYHKITUN UMEET BUJI:

sint +sin2t _T( 1, 2 jdz_l_ i( 12 jdz—
t TP+l 7° t!mp +1 z°+4

b

b—oo b—oo 2

= |im(arctgz + arctg %j = |im(arctgb + arctgg —arctgp —arctg p] =

p
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P

P_ P
> .

T T
=3 + 5 arctgp — arctg— = arcctgp + arccth

Haxoanm n3o0paskeHue MCXOAHON (PYHKITHH

P
jinc+sin2ey . arcctg p +arccty -

0 4 P

8.2.3 [To 3aganHoii (ynkuuu-opurunany f(t)=e®(t* +3cost) maiitu 1u306-
paxenune F(p).

Pemenue. Jlns ompenenenus mM300pakeHHs] 3aaHHON (YHKIHUU-OPUTHUHATA
BOCITIOJIB3YEMCSI CBOMCTBOM cMeleHusi u3oOpaxeHus. [lo Tabnuile opuruHaioB u

2 3
nso0paxennit: t* +3cost =" — +— P
P

Torna ucxomHass (QyHKIUS-OpUTHHAT

p°+1

nMeeT u3obpaxenue e (t* +3cost) =" 2 n 3(p-6)

(p-6)° (p-6)"+1
8.2.4 Tlo 3amanHomy rpaduky ¢yukiuu-opurunana f(t) mHaiitm dyHkuro-

uso0paxkenue F(p).

Bt 4

Pucyuok 8.2.4 — I'paduk opurugaia

Pemenue. 3anumem QyHKIUIO, 3aaHHYI0 rpadudeckuM o0pa3oM, B aHAJIUTHU-
4ecKoM BHje. [ 3TOTO BOCIONB3yeMCsl ypaBHEHUEM IPSMOM, MTPOXOJSINCH depes

nee Toukn M (t; f(t,)) 1 M, (t,; f(t,)): tt __t,: _ ff((tt))—_ ff((ttl))_
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t—-0  f(t)-1
1-0 2-1

Ecmu t<0, to f(t)=0. Eciu 0<t<1, 10 wm f(t)=t+1.

t-1 f(t)-2
2-1 0-2
t-3 f()-0
4-3 1-0
Taxum 006pa3om, ucxoaHas PYHKITUS MOXKET OBITh 3aITMCaHa B BHJIC CHCTEMBI

Ecm 1<t<2, 10 wm f({t)=-2t+4. Eciu 2<t<3, T0o oueBUIHO,

yro f(t)=-1. Ecom t >3, 10 wm f(t)=t-3.

(0, npu t <0,

t+1 mpu 0<t<1],
f(t)=4 4-2t, npu 1<t <2;
-1, npu 2<t<3;
([ t-3, npu t=>3.

0, mpu t<0;

C nomoreio eauHnIHON Pyukiuu 1(t) ={ 3aITUIIEM HCXOTHYIO

1, npu t>0,
dyukuuro f(t) omHuM aHATUTHYECKUM BBIPAXKEHHEM, TO €CTh MPEACTABUM €€ B BHJIE

dbynkuun-opurunana. [lpu stom OyneM y4uThIBaTh, YTO €AMHUYHAS (PYHKIUSA, 3a-
Ma3AbIBaIOIasl HA BPEMS 7, UMEET BUJL:

l(t—z-):{ 0, mpu t<7;
1, mpu t>r.

®dynkius f(t) =0, npu 3nauennn Bpemenn t<0. B momenT Bpemenu t=0
OHA «BBIKIIOYAETCS» U «BKIovaercs» Qynkuus f(t)=t+1. Jlanee B MoMeHT Bpe-
mMern t=1 o¢ynxmus f(t)=t+1 «BeIKIIOUAETCS» W «BKIHOYAETCS» (YHKIMS
f(t)=4-2t, koTopas B CBOIO OUEpEh «BBLIKIKOUAETCS» B MOMEHT BpeMenu t=2. B
5TOT K€ MoMeHT Bkarouaercsa Qynkmus f(t)=-1, xoropas «BbIKIIOUAETCS» NIPH
t=3. U, nakonen, B MOMeHT BpeMenu t=3 «Bkmouaercsa» Qynkuus f(t)=t-3,

KOTOpasi U IEUCTBYET B AanbHeWmeM. [loaTromy dhyHKIMSI-OpUTHHAT MOKET OBITh 3a-
MMCaHa B BUJIE

F() = (t+ D) — (t + DUt —1) + (4 — 20Ut —1) — (4 201t — 2) 1t — 2) +1(t — 3) +
+(t—3)L(t —3) = (t +1)1t) — 3(t — DLt —1) + (2t = B)L(t — 2) + (t — 2t - 3).

Jnst Toro 4roObl HAWTHM H300pa)kK€HUE MOJYyYeHHOW (YHKIMHU, HEOOXOIUMO
MPECTABUTH €€ B BUJIE
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f@)=f @)+ f,¢-DIt -+ f,t-2)Lt—-2)+ f,(t -3)L(t-3).
CrnenoBaTelbHO, UCXOTHYIO (DYHKIIUIO-OPUTHHAIT 3aUIIIEM B BUC
fO=>0C+DLt) -3t -DI(t-D)+(2(t—2)-DUt-2) + ((t —3) + DLt - 3).

[To cBoiicTBam mpeobOpazoBanus Jlamiaca u Tabivile OPUTHMHAIIOB U UX HU300-
pakeHUI HaXOAUM M300paKEHUS MOTYyYEeHHBIX OPUTHHAIIOB:

2

fl(t)=t+1.=’i2+1, fz(t):—3t_:‘—i,
p° P

f=2t-1=2-1  fo=te1=— 41
p° P p* P

[To cBOWCTBY 3ama3apIBaHNs] OPUTMHAJIA BKIIOUECHUE OpPUTHHANA C 3ama3/bIBa-
HUCM Ha BEJIMYMHY 7 COOTBETCTBYCT YMHOXKCHHUIO M300pa)KCHHS Ha BEJIUUHHY € 7.
CrnenoBatenbHO, UCXOHAS (YHKIMS-OPUTHHAI OYJIET UMETh U300paKeHUE

f@t) = F(p):iz+l—%-e“’ +£%—1]~e‘2" +[i2+£j-e‘3p.
PP P P p- P

8.2.5Ilo 3amanHomy wusobpaxenuiro F(p)= HalTH (PYHKIMIO-

1
2
p(p” +16)
opurunan f(t).
Pemenue. Jlyis1 BOCCTaHOBIIEHUSI OpUTHMHANIA BOCHOJIB3YEMCSI CBOMCTBOM HMHTE-
rpupoBanus opurnHaia. [1o TabGnuie opuruHaIoB U M300paKEHUN ONpenesnsieM Opu-

1 :
TUHA JIJIST U300paskeHUsI =, —SIn4t. BoccranaBnuBaeM OpUTHHAI JIsI UC-

p>+16

XOJIHOTO U300pakKeHUSI.

t

+ ,ljsin4rdr=—icos4r :—icos4t+icosO=i—icos4t.
p(p” +16) " 44 16 , 16 16 16 16

P> +9p+5

8.2.6 Tlo 3amannomy wuzobpaxennio F(p)=-———
p*+p°-2

HalTH (PyHKIUIO-

opurunan f(t).

Pemenue. [po6s aBnsgercs npaBuibHOU. Pa3znoxum ee Ha mpocreiiiue 1poou,
JUI 4ero HeoOXOJUMO Pa3lIoKUTh 3HAMEHATeIb Ha mpocTeimue MHoxkutenu. [lona-
6OpOM HaxOIUM OJIMH M3 KopHel mHorounena P,(p)=p’+ p®—2. Kopuem storo
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MHOrowieHa sBisietcss yucio P=1, tak kak P,(1)=0. Pazgenum MHOTroOwIeH Ha

p-1.

p°’+p*+0-p-2 | p-1

p’ — p? | P> +2p+2
_2p°+0-p
2p*-2-p
_2- p—2
2-p-2
0

KBazpaTHblii TpexuneH P°+2p+2 He pacKIaAblBAeTCS HA MHOXKHUTEIHM, TaK

KaK JUCKPUMUHAHT KBaJPATHOTO TPEXUICHA OTPHUIIATEIICH.
CrnenoBatenso, P° + p> —2=(p—1)-(p® +2p + 2). PackiuansiBaeMm
MCXOJIHYIO IpOOb HA IPOCTEUIINE APOOH.

p°+9p+5__ p°+9p+5 A Bp+C _
PP+p°-2 (p-1)-(p°+2p+2) p-1 p*+2p+2

_A-(p*+2p+2)+(Bp+C)-(p-1) _(A+B)p°+(2A-B+C)p+2A-C
(P-D-(p*+2p+2) (P=1-(p*+2p+2) |

I[pO6I/I paBHbI, 3BHAMCHATCIIM PaBHLI, CJICA0BATCIbHO, PaBHbI 1 YACJIUTCIIN.
(A+B)p*+(2A-B+C)p+2A-C=p°+9p+5

CpaBHuBass KOA(PQGUIIMESHTHI MPH COOTBETCTBYIOIIMX CTEICHSIX, HAXOIWM KO-
s unmenter A, B u C.

A+B=1 B=1-A; B=-2;
2A-B+C=9; 2A-1+A+2A-5=9; A=3
2A-C=5; C=2A-5 C=1.

TakuMm o0pazoM, UCXoaHas ApoOb MpeACTaBUMa B BUAEC CyMMBI IMPOCTEUIITHX
palMOHANIBHBIX ApoOei
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p>’+9p+5 3 N -2p+1
p’+p*-2 p-1 p*+2p+2

Haiinem n3oOpaskeHust Juisi Kaxa0i (GyHKIUU-OPUTHHAJA B MOJyYEHHOM pas-

‘= 3.¢e\.

noxxenun. [1o Tabnuie opuruHanoB U n300paKeHU:

Omnpenenum n3o0paxeHue BTOPOTO cllaraeMoro, JijIs 4Yero B 3HaMEHAaTeJe BhI-
JIeJTUM TIOJTHBIM KBaJpaT, a B YUCIUTENEC BhIpaXKCHUE, BO3BOJAMMOE B KBaJpaT B 3Ha-
MeHarelie. 3aTeM MPeJCTaBUM JAPOOb B BUIE CYMMBI IBYX JPOOCH.

-2p+1 —2(p+1)+3 p+1 1
2 - 2 =2 7 +3 2 1"
p°+2p+2 (p+D)°+1 (p+D)°+1 (p+D)°+1

s ompeneneHuss (yHKIMH-OpUTHHANA ISl 33JaHHOTO H300pa)KEHUs BOC-
MOJIb3yEeMCsl CBOMCTBOM CMelIeHHs] n300paxenus. [1o Tabnune opuruHaioB u u3o0-

P
p®+1 p®+1
CHCHOB&TCHBHO, I10 CBOﬁCTBy CMCUICHUA I/I306pa}KeHI/IH UMEEM

pakCHHU: ‘=, cost, ‘=, sint.

2—2p+1 __9. p+21 +3. 12 "=, -2-e'cos t+3-e'sin t.
P> +2p+2 (p+D)"+1  (p+D)°+1

Takum 00pazom, GyHKIHUS-OPUTHHAI JJIS 33IAaHHOTO U300pakKeHUsI UMEET BU]T

2
w *=_3.e'—2-e"cost+3-e"'sint,
p"+p -2
pe725p
8.2.7 Ilo 3amanHOMy wu300paxenuto F(p) T HalTH  (yHKUHUIO-
p°+

opurunan f(t).

Pemenne. Jlnsa ompeneneHus: GyHKIMU-OpUTHHANA 3aJaHHOTO HU300paKCHUS
BOCTIOJIB3YEMCSI CBOMCTBOM 3ara3bIBAHUSI OPUTHUHAIIA.

p

T or "=, cos5t, To
p*+

Tak kak

pe—25 p
2

07 125 *=, cos5(t —25)-1(t —25).
+
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8.3 3aganus 115 pellleHUs] HA MPAKTHYECKOM 3aHATHH

8.3.1 Io 3agannoii pyukiuu-opurunany f(t) maiitu nzodpaxenue F(p).

8.3.1.1 f(t)=(3t—-4)cos2t. 8.3.1.2  f(t)=(2t*+5)sin3t.
8.3.1.3 f(t)=(5t+3)sh4t. 8.3.1.4 f(t)=(t>-1)ch2t.
t - -
8315 f(t)=(3t+2)e". 8316 f()=[2n2 M4y,
0 T
t t
8317 f() =IC°SBT+C°STdr. 8.3.1.8 f(t) =jcos2 47 dr.
0 0
8.3.1.9 f(t)=e*cos3t. 8.3.1.10 f(t)=e*sinbt.
8.3.1.11 f(t)=e™*chbst. 8.3.1.12 f(t)=e"'sh3t.
8.3.1.13 f(t)=(t—23)°1(t-23). 8.3.1.14 f(t)=sh(2t-4)1(t-2).
8.3.1.15 f(t)=e"*1t-2). 8.3.1.16 f(t)=2sin(3t +9)1(t +3).
8.3.1.17 Tf(t)=5cos(4t+8)1(t+2). 8.3.1.18 f(t)=1+sin(5t +10)1(t +2).
8.3.1.19 f(t)=ch3t+tsh3t+2. 8.3.1.20 f(t)=sin5t—tcos5t-5.

8.3.2 Tlo 3amanHoMy Tpaduky ¢yHkuuu-opurunaina f(t) maiitu Qyskumro-
uzobpaxenue F(p).

Pucynox 8.3.2 — I'paduk opurunana 2

8.3.3 o 3amanHomy rpaduky ¢yukuuu-opurunana f(t) mHaiitm dynkiuro-
uzo0paxkenue F(p).

78



Pucynok 8.3.3 — I'paduk opurunana 3

8.3.4 Ilo 3amannoi Qyukuuu-uzobpaxenuro F(pP) BocTaHOBUTHL (QyHKIMUIO-

opurunan T (t)

8.3.1.1

8.3.1.3

8.3.1.5

8.3.1.7

8.3.1.9

8.3.1.11

8.3.1.13

8.3.1.15

8.3.1.17

8.3.1.19

8.3.1.21

8.3.1.23

p
F(p)= .
() p°—9p+20

_ b+2

p?-2p+5"
2

F(p)=——=-

F(p)=

2

P

F(p)=

p
F(p) = .
(D)= vy

4
p’(p®+16)
_p+7
p(p>-9)
p+2
p?—6p+8

F(p)=
F(p)=
F(p)=

F(p)= P

(p* - 25)(p*-36)

(p?+25)(p*+36)

p
F(p) = .
(D)= 2 (proy

e?P
p(p*+1)

etP

p(p?-9)

F(p)=

F(p)=

8.3.1.2

8.3.1.4

8.3.1.6

8.3.1.8

8.3.1.10

8.3.1.12

8.3.1.14

8.3.1.16

8.3.1.18

8.3.1.20

8.3.1.22

8.3.1.24
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p+3
p>+6p—7"
_p-3
p(p®+16)

2

P
F(p) = .
)= o +9)

1
(p>+4)*
2

p

F(p)_ (p2+9)2 '

4
p(p®-9)

p—32
p>+6p+25

p—4
p?+8p+16

F(p)=

F(p)=

F(p)=

F(p)=

F(p)=
F(p)=

P
F(p) = .
)=+ D +9)

F(p)=—P1
)= =27 (p+3)

e
p(p*+4)
e—p
p(p®-25)

F(p)=

F(p)=



8.4 3aganus 11 KOHTPOJMPYEMOii CaMOCTOSITeIbHON PadoThI

8.4.1 Haiitu pyHKIMIO-OpUTHHAI 110 33ITaHHOMY U300paKEHUIO

8.4.1.1

8.4.1.2

8.4.1.3

8.4.1.4

8.4.1.5

8.4.1.6

8.4.1.7

8.4.1.8

8.4.1.9

8.4.1.10

8.4.1.11

8.4.1.12

8.4.1.13

8.4.1.14

8.4.1.15

8.4.1.16

a)

(p*—9)°

(p? +25)

(p*—36)°

(p? +49)

(p*—64)°

1 .
(p*-1)*’
p

(P17

4

(P =2y’

4p

(p?+4)

1

P

(p?+9)°"

9

(p?—25)°

9p

16

10p

(p?+36)"

4

(p?—49)°"

12p

13

P

(p? + 64)%

15

(p?—100)*’

16p

(p? +100)*"

0)

0)

0)

0)

0)

0)

0)

0)

6)

0)

0)

6)

6)

0)

0)

6)

p-1

pz(p2+1);

p+2

pz(pz—l);

p—3

p*(p°+4)

p+4

pz(p2—4);

p-5

p*(p°+9)’

p+6

pz(p2—9);

p-—7

p*(p*+25)

p+8

p*(p*>-25)

p-—9

p?(p*+36)

p+10

p*(p*-36)’

p-11

p*(p*+49)’

p+12

p*(p® -49)’

p-13

p?(p® +64)

p+14

p?(p*-64)

p—-15

p?(p® +100)°

p+16

p*(p®-100)’
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efp

(p-1)-(p*+2p+2)
e2P

(p+2)-(p°-2p+2)

e3P

(p—3)-(p*+4p+5)
e*P

(p+4)-(p°—4p+5)
e

(p-5)-(p*+2p+10)
e°P

(p+6)-(p*-2p+10)
e 'P

(p-7)-(p*+4p+13)

e8P

(p+8)-(p°—4p+13)

e %P

(p-9)-(p*+6p+13)

10
ep

(p+10)-(p*-6p+13)

-11
e p

(p-11)-(p?+8p+25)

12
ep

(p+12)-(p*>-8p+25)

-13
e p

(p-13)-(p*+8p+20)

14
ep

(p+14)-(p?>-8p+20)

-15
e p

(p—-15)-(p*+10p+74)

16
ep

(p+16)-(p?>-10p+74)



8.4.1.17

8.4.1.18

8.4.1.19

8.4.1.20

8.4.1.21

8.4.1.22

8.4.1.23

8.4.1.24

8.4.1.25

8.4.1.26

8.4.1.27

8.4.1.28

8.4.1.29

8.4.1.30

17

(p*-121)"

18p

(p? +121)%

19

(p? —144)"

20p

(p? +144)"

21

(p*-169)""

22p

(p? +169)*"

23

(p? —196)°"

24p

(p? +196)*"

25

(p*-225)"

26p

(p? +225)*"

27

(p?—256)"

28p

(p? +256)%"

29

(p*-289)"

30p

(p*+289)*°

p—17

p*(p®+121)°
p+18

p*(p®-121)°
p—-19

p*(p® +144)°
p+20

p2(p? _144)’
p-21

p?(p®+169)°
p+22

p*(p®-169)’
p—23

p?(p® +196)°
p+24

p*(p®-196)’
p—25

p?(p*+225)°
p+ 26

p*(p®-225)°
p—27

p*(p® +256)°
p+28

p*(p® —256)°
p—29

p*(p®+289)°
p+30

p?(p*-289)°
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-19
e p

(p—10)-(p*+12p+40)

18
ep

(p+18)-(p?-12p+40)

-19
e p

(p—19)-(p*+4p+29)

20
ep

(p+20)-(p?>-4p+29)

-21
e p

(p-21)-(p?+12p +40)

22
ep

(p+22)-(p®-12p+40)

-23
e p

(p—23)-(p?+14p+53)

24
ep

(p+24)-(p?-14p+53)

-25
e p

(p-25)-(p*+2p+65)

26
ep

(p+26)-(p>-2p+65)

=27
e p

(p—27)-(p*+4p+85)

28
ep

(p+28)-(p*—4p+85)

-29
e p

(p-29)-(p*+2p+229)

30
ep

(p+30)-(p?—2p+229)



8.4.2 [lo 3amanHOMy rpaduKy (QYHKIMU-OpPUTHHANIA HAWTH H300paKeHUe
(GyHKITUY.
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8.4.2.11

8.4.2.13

8.4.2.15

8.4.2.17

8.4.2.19
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9 PEINEHUE JJU®O®EPEHIIUAJIBHBIX YPABHEHUI METOJAMHA
OIIEPAIIMOHHOI'O NCYUCJIEHUA

Conep:kanue: pemieHue auddepeHnanbHbIX YpaBHEHUH n cucteM audde-
PEHIMALHBIX YPaBHEHUH ONEPAlMOHHBIMU METOJaMHU.

9.1 TeopeaneCKnﬁ MaTepUuaJ 1o TEME NMPAKTHYECCKOI0 3aHATHSA

[Tycth 3agano nuHeHOE MU PepeHIaTbHOe YpaBHEHNUE C TIOCTOSHHBIMU KO-
sppumuentamu:  a YV (t) +ay" P ) +a,y" P t) +...+a yt)=f(t). Tpebyercs
HAUTH peIIeHUe 3aJIaHHOTO ypaBHEHHsS, KOTOPOE yIOBJICTBOPSCT HAYAJIBHBIM YCIIO-
BUSIM

y(0)=vY,, Y (0) =V, y'(0) =yy,... y"P(0) = yi"?,

-1
e Yo, Yoo Yohoon YO — HeKOTOpBIE 3a1aHHBIE YHCIIA.

PaccmoTpum ajiroputm pemienusi 1uddepeHHaIbHOTO YpaBHEHUs € I0-
MoOLIbIO IpeodpasoBanus Jlanaaca.

1. Ilepexoaum OT TaHHOTO ypaBHEHUS C MOMOILBIO TeOpeMbl O audPepeHin-
poBanuu opuruHaia Y(t), ucrmonb3ys HayalbHBIE YCIOBUS, K ONEPATOPHOMY ypaB-

Henuto. To ecTh K ypaBHEHHIO OTHOCUTEIBHO M300paxkenus Y (P)3alaHHOrO OpUTH-
Hana, yuuteiBas, uto f(t) umeer nzobpaxenue F(p).Ilonyyaem ypaBHeHnue Buga

Q.(P)Y(p)=F(p)+R,(p),

rae Q (p)=a,p" +a,p"*+a,p"* +...a — xapakTepucTudeckuii Muorounes, P_ (p)
— MHOTOUWIEH cTeneHn He Boime (N—1).
2. Haxonum u3o0paskeHre opuruHaia

F(P) + R (P)
Qu(P)

Y(p)=

3. C momortipio TabIUIBI OPUTHHATIOB W M300paXKEHUM, a TaKKe MPUMEHSS
cBoiicTBa mpeoOpas3oBanus Jlamnaca, no 3aaHHOMY HM300paXKEHUIO HAXOJIUM OpPHUTH-
HaJl, KOTOPbIN OyneT MpEeCTaBIsATh YaCTHOE PEIIeHHe 3aJaHHOTO JauddepeHITnaTb-
HOTO YpaBHECHHSI.

4. Cxema peuieHusi cuctembl IUDPepeHIMANbHBIX yYpaBHEHUI aHajJoru4yHa
YKa3aHHOH BBIIIE cxeMe pereHus TuddepeHInanIbHOT0 YpaBHEHHS.
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9.2 IlpuMepsl penieHUs: THNOBBIX 33124

9.2.1 MeTtooM OIEpallMOHHOTO HMCUMUCIICHHUS HaWTh perieHue auddepeHiu-
anpHOro ypaBHEeHHS X" +16X=4sin4t, yIoBIETBOPSIOIICe HAYAIBHBIM YCIOBUSIM
x(0)=-1, x'(0)=0.

Pemenue. Ilepeitnem ot auddepeHmanb-HOr0 YpaBHEHUS BTOPOTO MOPSIKA K
omepatopHoMy ypaBHeHuio. [Iycts X(t) =" X(p). Ilo Teopeme muddepennupona-
HUSl OpUTHHAIA UMEEM

X"(t) =" p*- X(p)—p-x(0)—x(0)=p* - X(p)+p.

Kpome 3Toro, mo tabiuie OpuriHaioB U U300paxkeHui npaBas yacth qudde-
PEHLMAIBHOTO YPaBHEHUS UMEET U300pakKeHue

4sin4t = 216 :
p-+16
[lepexogum oT McxonHOTrO AU(GEepeHInaTbHOr0 YpaBHEHHSI K YPAaBHEHHIO B
uzobpaxkenusax p° - X(p)+ p+16-X(p) = 216 :
p°+16

) 16
Torna nomy4yaem oneparopHoe ypasHenue (p° +16) - X(p) =—; ™S p win

p-+

16 p
X(p)= 2 2 2 :
(p°+16)° p°+16
[IpaByro yacTh MOCIAEAHETO PABEHCTBA MIPUBOJANTH K OOIIEMYy 3HAMECHATEIIO HE
UMEeT CMbICIa, TaK KaK OpHWTHHAI IS BTOPOTO CJIAaraéMoro M3BECTCH

L no0OHee HAWTH 10
(p* +16)° °

[pz 316 =, COS4tJ, a OpUTMHAN JJIsI BBIPAXKEHUS

CBOMCTBY M300paK€HUs1 CBEPTKH OPUTHUHAJIOB.

4 . .
13BecTHO, 4TO — =, SIin4t, mosTomy

p°+16

10 4 % [singr-sind(t-7)dr=
(p°+16)° p°+16 p°+16 0

= lj(c:os(8r —4t) —cos4t)dr = [isin(& — 4t) — 1 cos4t}
2% 16 2

0

= isin 4t — 1t - COoS4t + isin 4t = 1sin 4t — 1t - C0S4t .
16 2 16 8 2

86



Takum 00pazom,

X(p) "=, x(t)= 1sin 4t — lt - C0S4t — cos4t = 1sin 4t — Ecos4t .
8 2 8 2
Pemenniem 3amanHoro aud@epeHImaIbHOr0 ypaBHEHHUS SBISCTCS (YHKIIUS
X(t) = 1sin 4t — Ecos4t :
8 2

9.2.2 Metogamu onepalioOHHOTO MCUYUCIEHUSI HAWTU pEIlIeHUe CUCTEMbl AUQ-
(bepeHImanbHbBIX YPAaBHEHHM, YAOBIETBOPSIONIEE YKA3aHHBIM HaYalbHBIM YCIOBHSIM.

X +3x — 4y =9e*;
{X” YT x0)=2, y(0)=0.

y + 2x — 3y =3e”,

Pemrenue. Ilycte X(t) ,=" X(p), y(t) .=" Y(p). B cuny HayanbHBIX YCIOBUH U
coiictB auddepennupoBanus opururana Y(t) .= pY(p), x() .= pX(p)-2. Ilo
Ta0JIUIlE OPUTUHAIIOB U M300paxkeHui e = LZ Cucrema nuddepeHIuanbHbIX

p —

ypaBHEHU B orepaTopHOi (hopMe UMEET BUI:

PX(P)-2+3X(p) =AY (p)=——;  [(p+3X(p)-4Y(p)=2P*>;
p_2 nJIn p_z
PY (P) + 2X ()~ 3Y () = ——, 2X(P)+ (- ()=~

s HaxoxxaeHus uzoOpaxkenuit X (p) m Y(p) Bocmonb3yemcst GopmyriaMmu

Kpamepa:

-4
3 -4 _ Z_p-
2 p-3 3,3 P2
p-2
2p+5
+3
P p-2 p+1
Ayz 3 = —
2 2| P2
p-2
Torna
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X(p)=lx_ 2P -p=3 _  (p-3(p+D) _  2p-3
A (p-2(P*-D) (P-2(p-D(p+D) (p-2)(p-1)
y(p):A_Y:_ p+1 p+1 1

A (p-2(P°-1)  (p-2(p-D(p+) (p-2)(p-1)

BoccraHoBUM OpUTHHAIBI TIO 33JJaHHBIM U300PaKEHUSIM, UCIOJB3Ys TaOIuIly
OpUTHHAJIOB U U300paKEHUH.

2p-3 1 1

X (p) = _
(P) (p-2)(p-1) p—1+p—2‘

=" x(t)=e' +e”,

1 _ 11
(p-2)(p-1) p-1 p-2°

Y(p)=- = y(t)=e' —e?.

Takum oOpazom, peleHreM 3aJJlaHHON CUCTeMbl U depeHIInaTbHBIX YpaBHE-
Huii apasorca pynkuun X(t) =e' +e* u y(t) =e' —e”.

9.3 3apanus AJs1 pelieHUs] HA MPAKTUYECKOM 3aHATHH

9.3.1 Haiitn wactHoe pemeHue auddepernuanpaoro ypasuenus y'"' +4y =1,
yJIoBJeTBOpstolee HadanbHbIM yeaoBusMm Y(0) = y'(0) = y"(0) =0.
9.3.2 Haittu  yacTHoe  pemieHue  audQepeHIraibHOr0  YpaBHEHHUS
y" -3y’ +2y =te', ynosnerBopsromee HauanbHbM yeitosuam Y(0) =1, y'(0) = -2.
9.3.3 Haittu  yactHoe  pemieHne  audQepeHIHalIbHOTO  YpaBHEHHUS
y'+2y'+2y =2+ 2t, ynoaerBopsiroinee HadaibHbIM yeiaoBusM Y(0) =0, y'(0) =1.
9.3.4 Haiitu  vactHoe  pemerne  auddepeHINaTbHOTO  ypaBHEHUS
y" +y' =1+ 2t, ynonersopsromee HauanpHeIM yernouam Y(0) =—2, y'(0) =1.
9.3.5 Haittu  yactHoe  pemieHne  audpepeHIHaIbHOTO  YpaBHEHHUS
y" —7y'+ 6y =sint, ynosaerBopsroiee HadanbHbiM yciaoBusMm Y(0) =0, y'(0)=0.
9.3.6 Haiftu  yactHoe  pemieHue  aud@pepeHIHalIbHOIO0  YpaBHEHHS
y" + 2y’ +5y =cost, yaosierBopstoiee HauaabHbIM yenoBusim Y(0) =0, y'(0)=0.
9.3.7 Haittu  yactHoe  pemieHne  audQepeHnraIbHOTO0  YpaBHEHHUS
y" +2y"+y =—-2e ynosnerBopsioniee HaganpHeIM yenousiM Y(0) =2, y'(0) =1,

y'(0)=1.

nr
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9.3.8 OnepatopHbIMH METOJAaMH HAWTH pelIeHue cucTteMbl nuddepeHnuans-

X'—y=0,
HBIX YpaBHEHUU { , y ) NP 33JaHHBIX HavyaabHbIX ycnoBusax X(0)=0, y(0)=0
y —X=

9.3.9 OneparopHbIMU METOJIaMH HAWTH peEIIeHUuE cUcTeMbl auddepeHInaTb-
X'=y+z,
HBIX YpPaBHGHUH <Y =X+2Z, TpU 3aJaHHBIX HadaubHBIX ycioBusax X(0)=-1,
Z'=X+Yy
y(0)=1wu z(0)=0.
9.3.10 OnepaTopHbIMU METOJIaMU HAWTH PEIICHUE CUCTEMbI AU(depeHIInaTb-
| X +3x—4y=9¢",
HBIX ypaBHEHUI ,. TIPU 3aIaHHBIX HAYATBHBIX YCTOBHSIX x(0)=2,
y' +2x-3y=3e
y(0)=0.
9.3.11 OnepaTopHbIMU METOJIaMU HAWTH PEIICHUE CUCTEMbI TU(hepeHITnaTb-
X'—2x—4y = cost,

, i IpY 3aJaHHBIX HadaIbHBIX ycnoBusax 0 x(0) =2
y'+ X+ 2y =sint

HBIX YpaBHEHUU {

, ¥(0)=0.

9.3.12 OnepaTopHbIMU METOJIaMU HAWTH PEIICHUE CUCTEMbI TU(depeHIInaTb-
X"—3x—4y=-3,
y'+Xx+y=-5
x(0)=x'(0)=0, y(0)=y'(0)=0.

9.3.13 BetBb, umMetomias conpotusieHue R, (pucynok 9.3.13), moakiroueHa kK

HBIX ypaBHEHUU { IPY  33JaHHBIX HAYaJbHBIX YCJIOBHIX

anekTpuueckoit 1enu. Mcnonb3ys mpaBuia Kuproda, cocraButh cucremy nudde-
PEHITMATBHBIX YPAaBHEHUN W HAWTH ONEPATOPHBIM METOJIOM CHUJIBI MIEPEXOTHBIX TOKOB
L, 1, u i, ecu u3BectHo, yto U =30 B, R, =10 Om, R, =5 Om, L=2 I'n.

/K

7 Vi

—_>
E.?'

Pucynok 9.3.13 — Dnekrpuyeckas 1enp

89



3ameuanue. [Ipu pemenun 3agaun He0OXOIUMO HCIIONIB30BaTh npaBuia Kup-
roda. Iepsoe npaBuio Kuproga: anrebpanyeckas cymma TOKOB, CXOMSILIUXCS B
TOUYKe, paBHa HyJ0. Bropoe mpaBuino Kuproga: B m000M 3aMKHYTOM KOHTYpE,
IPOU3BOJIBHO BHIOPAaHHOM B PAa3BETBIEHHON LM IPOBOJAHMUKOB, anredpanyeckas
CyMMa IaJIeHUI HaNpsKEHUM Ha OTAEIbHBIX YYacTKax KOHTypa paBHa ajredpaude-
ckoit cymme D/IC B 3TOM K€ KOHTYpE.

9.4 3apanus 1)1 KOHTPOJIMPYEMOii caMOCTOSITeIbLHOH padoThI

9.4.1 Metonamu OIEepaIMOHHOTO MCYHUCIICHHS pemuTh 3amady Komm ns 3a-
JaHHOTO TH(HEepeHIINANTBHOTO YPaBHEHUS.

94.1.1 X"+x —2x=2sint—3cost, 94.1.2 X"+x=sh2t,
x(0) =2, x'(0) =1. x(0) =1, x'(0) = 2.

9413 XxX"+4x +5x=ch2t, 0414 X"—x'—2x=3sin2t—-2cos2t,
x(0) =2, x'(0) =3. x(0) =3, x'(0) =2.

9415 Xx"-5x"+6x=2sin3t+cos3t, 9416 Xx"+4x=ch2t,
x(0) =3, X'(0) =4. x(0) =4, x'(0) =3.

9.4.1.7 XxX"-4x"+5x=ch3t, 0418 Xx"+5X +6x=sin4t—cos4t,
x(0) =4, x'(0) =5. x(0) =5, x'(0) = 4.

9419 XxX'+4x' —5x=2sin5t—cos5t, 9.4.1.10 X"+ 9x=sh4t,
x(0) =5, x'(0) = 6. x(0) =6, x'(0) =5.

0.4.1.11 x"+2x'+2x=ch4t, 04.1.12 x"—-6x"+8x=6sin6t—6c0s6t,
x(0) =6, x'(0)=7. x(0) =7, x'(0) =6.

94.1.13 X"+6x +8x=sin7t+7cos7t, 9.4.1.14 Xx"+16x=chb5t,
x(0) =7, x'(0) =8. x(0)=8, X'(0)=7.

9.4.1.15 x"-2x"+2x=chbt, 04.1.16 Xx"+7x —8x=2sin8t—cos8t,
x(0) =8, x'(0) =9. x(0) =9, x'(0) =8.

0.4.1.17 Xx"-6x"+5x=sin9t+4cos9%, 9.4.1.18 X"+ 25x=sh6t,
x(0) =3, x'(0) =1. x(0)=1, x'(0) =3.

9.4.1.19 x"+6Xx +13x=_chét, 04120 Xx"+6x +5x=-5sin2t+3cos2t,
x(0) =2, x'(0)=0. x(0) =3, x'(0) =4.

04.121 Xx"-8x'+7x=sin5t+3cos5t, 9.4.1.22 x"+36x=3chTt,
x(0) =4, X'(0) =5. x(0)=2,x'(0)=7.

90.4.1.23 x"-6x"+13x=chTt, 04124 X"+8x +7x=6sin5t—-6co0s5t,

x(0) =2, x'(0) =4.
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9.4.1.25 x"—-8x"+15x=2sint —3cost,

x(0) =3, x'(0) =5.
9.4.1.27 x"+2x' +17x=ch8t,
x(0) =1, x'(0) =2.

9.4.1.29 Xx"+6X +9x=3sin3t+3cos3t, 9.4.1.30

x(0) =3, x'(0) =3.

9.4.1.26

9.4.1.28

X"+ 49x = sh8t,

x(0)=7, x'(0) =-7.

X" +8x"+15x =sint — cost,
x(0) =-3, x'(0) =-5.

X"+ 64x = chot,

x(0) =-8, x'(0) =8.

9.4.2 MertogamMu ONEpaiMOHHOTO WCYHCIICHUS PEIIUTh cUcTeMy auddepeH-
[IMAJHHBIX YPaBHEHUH MPU 3aIaHHBIX HAYAJbHBIX YCIOBUSX.

y' =5Xx -2y +2e';
x(0) =1, y(0) =—-4.

9421 {X,_ZX-F y+et’

9423  [x' =4x-3y+2e”,
y'=-X+2y-5e%;
x(0) =3, y(0) =5.

9.425 [x'=-4x+3y+8e™,
Y =3x+4y + 2e°;
x(0) =3, y(0) =-1.

9427 [x=2x-4y+2e™,
y'=-x+5y-5e";
X(0) =4, y(0) =-1.

y' =3x+5y+2e”;
x(0) =4, y(0) =-2.

9.4.29 {X’—_Sx_3y+e9t,

9.4.2.11 X’:4x_3y+3e_t’
Yy =x+4e™;
x(0) =2, y(0) =-9.

y' =x-3y+2e”;

9.4.2.2 {x’ =3x+7y+e”,

x(0)=-2, y(0) =3.

94.2.4 {X’—X_y+8e4t’

y'=x+3y-e*;
x(0)=2, y(0) =1.

9.4.2.6 {X’—X+4y_6e5t’

y'=2x-y+4e”;
x(0) =-1, y(0) =-2.

9.4.2.8 {x’ =3x+2y +8e™,

9.4.2.10 {X’ =6X _11y + elOt’

y'=x+2y—e*;
x(0) =3, y(0)=8.

10t.

y'=X-6y+2e;
x(0) =-4, y(0) =-5.

9.4.2.12 {X’ — _2y + 8e_2t’
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9.4.2.13

9.4.2.15

9.4.2.17

9.4.2.19

94.2.21

9.4.2.23

9.4.2.25

9.4.2.27

X' =-Tx+4y+8",
Yy =8x+7y+2e;
x(0)=2, y(0)=-5

{x’ =3x—2y+2e™,

y' =-2X+6y—2e™;

x(0) =6, y(0) =-3

{x’ =-9x+19y +2e ",

y=x+9y+e";
x(0)=2, y(0)=-3

X' =3x— 5y+7e‘gt
Yy =—x+7y—-e
x(0)=1y(0)=-5

12t

y'=3x+11y + 2e
x(0)=-3,y(0) =~

{x =-11x+7y +8¢e™,

llt

X' =6x—-3y+2e ",
y'=—X+4y-—5e"
x(0)=8,y(0)=-5

13t

X' =-13x -3y +e",
y'=23x+13y + 2e
x(0)=-2,y(0)=-2

{x =7x-3y+2e™,

13t

y' =4x+3e”
x(0)=1y(0)=-5

9.4.2.14

9.4.2.16

9.4.2.18

9.4.2.20

9.4.2.22

9.4.2.24

9.4.2.26

9.4.2.28
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X' =8x+5y —6e™,
y' =-3x—-8y+4e™
Xx(0)=-3, y(0)=—4

X' =2x-2y+6e™,
y =2x+7y—-3e™;
x(0)=-2,y(0)=-3

X' =10x 16y +e™®,
y' =4x-10y +2e™®;
x(0) =-5, y(0) =5.

lOt

X' =4x -2y +8e™",
y'=—-6Xx+5y—3e”
x(0) =5, y(0) =10.

y' =11x —12y + 4e™;
x(0)=1, y(0) =2.

{x =12x + 4y —6e™,

X' =5x—3y +6e ™,
y' =-5x+7y—e™
x(0)=1,y(0)=-7

{x’ =14x + 29y + ',

y = x-14y + 2e**";
x(0)=-3,y(0)=—4
X' =-2y+8e,
y'=-3x+5y—e™

x(0)=2, y(0)=-2



9.42.29 (x'=_-16x-12y+e™, 94230 (x'=17x-11y+e™,
y'=-12x+16y +e™; y'=3x-17y +e";
x(0)=-1, y(0) =1. x(0) =-1, y(0) =-2.

10 UHTEI'PAJI JIOAMEJIA

Conep:xanue: dhopmyna u unrerpan Jroamens, npuMeHeHUE UHTETpalia K pe-
meHuto AuddepeHaIbHbIX YpaBHEHUH.

10.1 Teopeanecmlifl MaTepHual 1o TEME NMPAKTHYECCKOIo 3aHATUSA

Ilycts Qynxuus f(t) HempepbiBHa Ha untepBane [0;+), a QyHkuus @(t)

HEnpephrIBHO AuddepeHupyemMa Ha 3ToM HUHTepBasie. lIpeanonoxuMm, 4Tto JaHHBIE
(GyHKUMH  SBISIOTCA OpPUTMHAJIAMH M HMMEIOT COOTBETCTBEHHO W300paKEHHUS:

f(t).="F(p), o(t) =" D(p). Torma mno TEopeMe HU300paXKCHHUS  CBEPTKU
t

F(p) - @ (p)°=, I f(r)p(t—7)dr. Ilo Teopeme muddepeHIMpPOBaHKUS OpPUTHHAIIA,
0

MOJIy4aeM CIPaBeTUBOCTb (POPMYIIBI:
t
p-F(p) @ (p)°=. f(t).¢(0)+j f(0)@'(t-7)dr, (10.1.1)
0

KOoTopasi Ha3biBaeTcs popmyroit Jlroamerns.
Paccmotpum nuHeitHoe auddepeHimaibHoe ypaBHEHUE C MOCTOSHHBIMH KO-
s pueHTamMu

L(x) =a,x™ (t) +ax" V) +a,x" @) +...+axt)=f(t). (10.1.2)
TpeOyeTcst HalTH pelieHHE 3aJIaHHOTO YPaBHEHHUS, KOTOPOE YIOBICTBOPSET

HavaneHeM yerosusaMm: X(0) = x'(0) = x"(0) =...= x""(0) = 0.
[penmnosaoxum, 9To H3BECTHO PELICHUE YPaBHEHHUS

L(x)=1. (10.1.3)
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[lepeiinem B nuddepenmmansupix ypaaenusx (10.1.2) u (10.1.3) x oneparop-
HBIM YpPaBHEHUSM.
s ypaBuenus (10.1.2) mosrygaeM onepaTopHOE ypaBHEHHUE

A(p)- X(p)=F(p), (10.1.4)
a s ypasHeHus (10.1.3) onepaTopHoe ypaBHEHHE UMEET BH/T
1
A(P) - X,(p) s (10.1.5)
F(p)

W3 ypaBuenus (10.1.4) naxoaum uzoopakenue X (p) = , a U3 HOPMYJIBI

A(Pp)

. Ioxcrasinsas usodpaxenne A(pP) B

(10.1.5) Haxoaum n3obpaxenue A(p) =
pX,(p)

MEepPBOE PABEHCTBO, MOJIy4aeM BhIpaKeHUE 1 PYHKITUU-U300paKEHUS PEIICHUS UC-
xonHoro ypasHeHus: X (p)=p- X,(p)- F(p). [Ipumensaem k nocienHeMy paBeHCTBY

dhopmyny Hroamens (10.1.1).
X(p)=p- X, (p)-F(p) =, f(t)-X1(0)+jf(T)Xl'(t—T)df- (10.1.6)

Tak xak x,(0) = x(0) =0, To pemerre UCXOTHOTO yPAaBHEHHSI UMEET BU/T

X(p)° = X(t)ZJt.f(T)X{(t—T)dT. (10.1.7)

3ameuanue. TpeOoBaHHE HAYAIbHBIX YCIOBHI ObITh HYJIEBBIMH HECYIIECTBEH-
HO, TaK KaK C MOMOIIBIO 3aMEHbI UCKOMOUN ()YHKLIHUH MOYXHO HEHYJIEBBIE YCIIOBUS
CBECTHU K HYJIEBBIM YCIIOBHSIM.

10.2 lIpuMepbI pelieHUs1 TUMOBBIX 32124

10.2.1 Haiitu  vacTHoe  pemieHre  AUPPEpeHIINaNbHOTO  ypaBHEHUS
y"—2y'+y=sht mnpu HyJIeBbIX HAYAIBHBIX YCIOBHSIX C MOMOIIBIO (OPMYJIbI

Hroamerns.

Perrenune. [{ns HaxoxaeHus perreHus auddepeHnanbHOr0 ypaBHEHUS C HY-
JICBBIMU HayaJIbHBIMU YCJIOBHSIMH OYyJEeM HCIOJb30BaTh (Gopmyinbl Jroamens. Pac-
cmotpuMm auddepennmanbioe ypaBHenue Y, -2y, +Yy =1, mpuuem Y,(0)=0,
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y;(0)=0. Iycrs y(t) .="Y(p),a y,(t) .="Y,(p), npuuem f(t)=sht. Torna, Ha oc-
HOBaHWU CBO¥cTBa A depeHIIMpOBaHUS OPUTHHATIA MOJIyYaeM H300paKEHUsS MPo-
u3BoaHbIX (ynkmmit: Y, (t) =" pY,(p), VY/(t) .= p?Y,(p). [To Tabnuie opuruHAIOB

y .1
u uzobpaxenuit 1 ,=" —, nepexoaum ot nuddepeHmanbHOrO ypaBHEHUs K orepa-

TOPHOMY YPaBHEHHIO

p*Y,(p) —2pY,(p) +Y.(p) =%;

(p’ —2p+1)vl(p)=% o (p 1)’ -Yl(p)=%.

W13 nocnennero ypaBHeHus: BeipaxkaeM Y, (P) = . Hdns onpenenenus

1
2
p-(p-1
opurvHaiia OyJieM UCI0JIb30BaTh CBOMCTBO MHTETPUPOBAHUS OPUTHHATIA: HHTETPUPO-
BaHMIO OpUTHHaNA B mpenenax oT 0 10 t cOOTBETCTBYET JelieHHe M300pakeHHs Ha
1

p-1°’

!

p. B nauane OIIPpCACIIMM OpHUIHHAII I/I306pa)K€HI/I$I HCIIOJIB3YA CBOMCTBO

muddepeHurpoBaHusl U300pAKEHUSA: 1 > :(— LJ ="t-e".
(-1 p-1

t
Torma Y,(p) .="y,(t)= I 7-e" dr. Bocnons3yemcst popmynoil MHTErpupoBa-
0

b b
HUS 10 YaCTIM Iu dv=u V‘Z —J.V du.
a a

t
0:t-e‘—e‘+1.

u=r du=dr ]
] _|=7-e
dv=e'dr v=e

yl(t)=jz'-e’ drz{

t
t
—jefdrzt-et—e’
0 0

Omnpenenum opurunan Y(t) mo dopmyne y(t) = I y,(z)- f(t—7)dr. Haitnem

npou3BoaHy0 Y, (1) :(t-eI —e' +1) =e' +t-e' —e' =t-¢e'.
Takum 00pazom,

—

t t etfr_erft e
t)=|r-e" -sh(t—-7)dr=|7r-¢"-—dr=—
y(t) !r (t-7)dr {r 5 =3

O )
N
o
N
|
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t -t t “tt t t
= ) ) —e—-rz —e—-r-eZT +e—jezr dr:e— -ty
dv=e“dr v==e~ 4 , 4 . 439 4 4
. 1 1 1
+—e| == tPe-Ste+e-Ze'==tPe-=te+>sht
4 8 4

Pemennem ncxoanoro nuddepeHInanbHOr0 YpaBHEHHS SBIAETCS QYHKIUS

1 1 1
t)=="t’e' —==te'+=sht.
y(t) 1 1 4

10.3 3aganusa 1 PeIICHUA HA MPAKTUYICCKOM 3aHATHHU

10.3.1 Haiitu  yactHoe  pemieHue  audepeHIInaIbHOr0  ypaBHEHUS
y' -3y +2y=e" npu HyTeBBIX HAYATBHBIX YCIOBUAX C ITIOMOUIBIO (hOPMYIEI

Jroamensi.
10.3.2 Haiitu  uyactHoe  pemieHue  auddepeHnaIbHOTO  YPaBHEHHS
X"+ 2X =sin3t mpu HyJIEeBbIX HAYaJIBHBIX YCIOBUAX C TOMOINEIO (hopMyIbl J[roamers.
10.3.3 Haiitu  uwactHoe  pemeHue  auddepeHINaIbHOTO  YPaBHEHHS

1
y'—y' =————. Tpu HYJIEBBIX HAYAIBHBIX YCIOBUSIX C TIOMOIIBIO (HOPMYIIBI

2
(l +e )
Jroamens.
10.3.4 Haiitu  4yactHoe  pemieHue  auddepeHnaIbHOTO  YPaBHEHHS

IpU HYJEBBIX HAYaJbHBIX YCIOBHSIX C TOMOIIBIO (HOPMYIIBI

”—36 —
y y ch?6t

Jroamens.
10.3.5 Haiitu  4yactHoe  pemieHue  auddepeHnanibHOTO  ypaBHEHUS

y”_ 2y! —

1 o1 IIpU HYJICBBIX HAYaAJIbHBIX YCIOBHAX C IIOMOIIBIO (1)0pMYJ'H>I
+€

Jroamers.
10.3.6 Haiitu  vactHoe  pemieHre  aAUPPEpeHIIMaANbHOTO  ypaBHEHUS
X"—4x'+4x=ch2t mpu HyIEeBBIX HAYAIBHBIX YCIOBHSX C IOMOIIBIO (HOpMYIIBI

Hroamerns.
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10.4 3agaHus A1 KOHTPOJIMPYEMOii CaMOCTOSITeIbHON PadoThI

10.4.1 Metonamu oneparimOHHOTO UCYUCIICHUSI HAUTH peleHne quddepeHIim-
QJIIBHOTO ypaBHEHUS, YIOBIETBOPSIONICe 33aJaHHbIM HadalbHbIM ycnoBusiM X(0) =0,

x'(0) =0.
10.4.1.1

10.4.1.3

10.4.1.5

10.4.1.7

10.4.1.9

10.4.1.11

10.4.1.13
10.4.1.15

10.4.1.17
10.4.1.19

10.4.1.21

10.4.1.23

10.4.1.25

10.4.1.27

10.4.1.29

14 4
X'=X=——% .
e“ +e " +2
e—t
X” _ XI — —~ ]
l+e
x”+4x'+4x:;2.
(et + 2te‘)
N 2¢
1+e*
4e'
X"—2X' + x=
e’ +e? 42
1
X"+ X' = T
2+ —cht
2
8e2t
X"—4x" +4x =
et +e ™42
" gy = sh3t
ch?3t’
X"—4x = i
ch”2t

X" —10x" + 25x =™ (1+t2).

X" —9x = th?3t.
672t
X'+X =——W—.
(L+e™)?
X" —16x = th?4t.
”n 14 1
X" =X = -
(1+ e‘t)
X" —25x = % .
ch°5t

10.4.1.2

10.4.1.4

10.4.1.6

10.4.1.8

10.4.1.10

10.4.1.12

10.4.1.14

10.4.1.16

10.4.1.18

10.4.1.20

10.4.1.22

10.4.1.24

10.4.1.26

10.4.1.28

10.4.1.30

97

x"+2x’+x:t -
te' +e

—4x

T 1+ch2t’

-3t

X"+6X +9x = 5
(t+3)

X" —9x =th3t.

X" — 4x = 2e% (e‘“ +1).

t

X"—x'= i :
2e +1
-2t
X" +4x' +4x = e
ch®2t
2t
e
X"+ X = -
2+e
1
X"+ X' = —.
l+e
2
X"=2x"= -
l+e
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MMPUJIOXEHUE A
Ta6muma A.1 — TaGauia mpon3BOIHBIX OCHOBHBIX 3JIEMEHTAPHBIX (YHKITUH

1) | C'=0,1ne C=Const; 2) | (x")=n-x"*
3) | (@")'=a“‘lna,tnea>0,a=l; 4) | (") =e"
log. x)' = ,
5) (1og. x) X-lna 6) (Inx)’:i,mex>0;
a>0,a=1 x>0; X
7) | (sinx)'=cosx; 8) | (cosx)' =-sinx;
9) | (tgx)=——, xz=+xk keZ |10) | (ctgx) =——,x =7k keZ
COS” X 2 sin‘ X
11) | (arcsinx)’ = ! ,rae || <1 12) | (arccosx)’ = —#, rae x| <1;
V1-x2 V1-x*
1 1
13 arctgx)’' = ; 14 arcctg x)' = — )
) | (arotgx)' = ) | (arcctgx) =——
15) | (shx)'=chx; 16) | (chx) =shx;
1
17 thx) = ; 18 cthx) =— ,rae X = 0.
) | (thx) . ) | (cthx) A
Ta6muma A.2 — Tabnuiia OCHOBHBIX HEONPEACIEHHBIX HHTETPAIOB
. n+1 'd
1) X"dx = +C,n=-1; 2) —X:In|x|+C;
. n+1 "X
3) 'axdx:la +C,a>0, az1x>0; |4) [e*dx=e*+C;
o na o
5) | [sinxdx=—cosx+C; 6) [ cosxdx =sinx+C;
7) d); =tgx+C; 8) ' _d>2< =—Cctgx+C;
Y COS” X Y sin” x
9) ._d—X:In tgz +C; 10) .izln tg(§+£j+c;
7 sin X 7 COS X 2 4
dx 1 X e dx . X
11 =—arctg—+C a=0; 12 ————=arcsin—+C, |x|<|a[;
)| ] L1’ a ga ) | ] J a | <[a]
dx 1. |x+a o dx [ 2
1 =—In——+C; 14 —:In‘x+ x“+ta“|+C;
3) ‘a’—-x* 2a |x-a ) Ty
15) [shxdx = chx+C; 16) [ chxdx =shx+C;
» dx e dx
17 =thx+C; 18 =—cthx+C,rme x #0.
)| ch®x )| sh®x ia
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Tabnuna A.3 — Tabnuia OCHOBHBIX OPUTMHAIOB U N300pakKeHU

DyHKIUSA-OpUTHHAT

OYHKIUA-U300paKeHHE

1(t) 1
p
n n!
t pn+1
N 1
p—A
. (0]
Sinwt
p2+a)2
Y
cosmt
p2+a)2
shwt pzi)a)z
chwt pzf)a)z
20
t-sinwt 5 pzz
(p*+a’)
2 2
t-cosmt P —® >
(p*+0°)
. nke™??
(t_a) pn+l
n!
tn.e/i-t —
(p—-A)™
()]
/H. - t
et .sinw (0 A+ o
| )
e*.coswt
@ (p— 1) + @
(0]
e*t.shwt
(p—A) -’
| )
e*'.chwt
(p—1) -’
~t
1-e In(1+£j
t P
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